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« 106. $31. Tba talt tUtmOMikuaiAKad (A ±B)C^ AC ±BC. 
- 186. The third fonnulft sboald re»d A (f — V) =j . 

" 132. F<x>t-notc, second line of second pariLgrapb, read7= ^Oi — J'^)*'— (1 + JM- 

136. LMt line of foot-note. Fore, read T 
« 148L lIiilttpUoHtiaitelil«or(4). Far^=l, nad^s^. 

" 171. l.nflt line of foot-note, insert I, at beginning of Une. 

" 182. Foot-note. Add that on ■ab«titating&-^i;/ fork, the algebra (aw,) redaces to (<u^), 
aad llw MOM mlwtltatlaii ndMM (afO to (a%). 

" 187. LmI line of foot-note. Fori. read/. 

" 346, line 14. After the word that insert with a vahu 9/ k eapattk 0/ being made les* than 
oHy OM^ynaMt fMaafOy. 




0» the 34 OonemnUanU of the Ternary OuXtU, 

\i\ Profe&sob Cayley, Cambridge, Elt^dML 



I hftve (by aid of Gundelfinger'sformulfe, afterwards referred to,) calculated, 
and I give in the present paper, the exjuessioiiH of tlie 34 conconiifantH of the 
canonical ternary cubic aar" + + + or, what is the t<anie thing, 

the 84 ooTmriantfl of this cubic and the aiifjoint linear ftinetion + i;y + (s : 
this is the dlief object of the paper. I piufix a list of memoirH, with short 
reiiiarkf> iipo!i soiiio nf thoiii ; iuid. after a few obeervntion.'*, inooced to the expres- 
sions for the 34 concomitants ; and, in conclusion, exhibit the process of calcii- 
Istion of these concomitants other than such of them as are taken to b« known 
forms. I insert a supplemental taMe of 6 derived fbrms. 

The list of memoirs (not by any means a complete one) is a» follows : 

Hkhsi;, I clier die Kliniinatinn der Variabeln aiw drci algcbraiM^hen (Heichun- 
gen Toni zwciten Qradc mit «wei \'arial>eln : C'tM; t. xxviii (1844), pp. 08-9G. 
Although purporting to relate to a different subject, this is in ihet the earliest, 
and a very important, memoir in regitrd tu the general ternar}' cubic; and in it 
IM estiiMisht'd the caiKtuicnl form, lus HesHe writes it, //-J + -f- .'A + '"'^.'/I'/i,'/^- 

Akonuoud, Zur Theorie der homogeueu Functiouen dritleu tirades von drei 
* Variabeh): (Wfr, 1 zxxiz (1860), pp. 140-160. 

Oatiat. a Third Memoir on Quantics: PkU. TVnwt., t. oxM (1866), pp. 
627-647. 

Aron'hold, Theorie der hoinogenen Functionen dritten Grades von drei 
Variabeln: CWl/t; t. Iv (1868), pp. 1)7-191. 

SAUiOif, Lessons Introductory to the Modem ffigher Algebra : 8^, Dublin, 

1859. 

CATLsr, A Seventh Memoir on Quanties: PhU. Ihum^ U di (1861), pp. . 
277-292. 

Bmosohi, Sur la theorie dee formes cubiques a trois indetermin^es : Complea 

Bendm, u Ivi (1868), pp. 804-307. 
Tou nr. 
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Herjute, Extrait d'une lettro a M. Hrioschi: Crelle, U bciii (1864), pp.30-S2, 
followed hj a note by Bbioschi, pp. 32-33. 

The skew oovariant of tlie ninth order (y* — i^. i^— a^. a^— for the 

cannnical form a? + + «* + ^Ij'yt), and the cnrresponding oontravariant 

k' — — £*. — - r'. alluded to p. 110 ol' Sahmm s Los.«onH, wore nbtained, 
the covariaut hy Hriuscbi aud the coutravariaul Ueriuite, in tliti laKl-iueii- 
iioaed papers. 

CLEB.sca and Gordan, Ueber die Tbeorie der temftmn eutMecihen Formen : 

Math. Amuihn. t. i (1869), pp. ")ti-89. 

The establishmeut of thu complete system of the 34 ooTariants, contravariants 
and ZwiKhen/ormen, or, as 1 have here called tliein, the 34 ctmcouiitaiitfl, waa 
first effected by Oordan in the next following memoir: 

Gordan, Ueber die temiren Formen dritten Grades: MM. Amaitn, i. i 
(1869), pp. 90-128. 

And the theory is further considered : 

Ginnin.niroiB, Zur Theorie der temftren cubischen Formen: JfiiM. Amtaim 
t. vi (1871), pp. 144-168. The author speaks of the 34 forms as being "theils 

uiit den von Gordan gf-wahlfcn idcntisch, theils nioglichHf einfarhn ('i>n>binii- 
tionen derselben." They are, in fact, the 34 forms Riven in the prewint paper 
for the canonical form of the cubic, and the meaning iif the adopted couiV>ina- 
tions of Gordan's forms will presently dearly appear. 



There is an advantage in usragthe form ax* + Ay* + + rather than 

the Hessian form jr* + y + + QUijz , employed in my Third and Seventh 
Memoirs on Qualities : for the form tij'^ + hi/' + f-s* -f Glrt/z is what the peneral 
cubic {a, b, V,/, y, k, k, l){x, 1/, z)* becomes by no other change than 
the reduction to aero of certain of its oo^eients ; and thus any concomitant of 
the canonical form consists of terms whidi are leading terms of the same con> 
eomitant of the general form. 

The concomitants are functions of tlie coeflicients («,/>.../), of ($,>?, ^), 
and of (x, y , z) : tlie dimensions in regard to the tliree sets respectively may be 
distinguiahed as the degree, class, and order | and we have thus to consider the 
deg-daae-order of « eoaoomitant 

Two or more concomitants of the same dcg-class-nnler may be linearly 
combined ti(<rt"ther: viz., the linear combination is the sum of the concomitants 
each multipl K: 1 ] ,y a mere number. The question thus arises as to the selection 
of a representative concomitant. As already mentioned, I follow Gundelfinger, 
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vi/.. my S4 concomitants of the canonical fonn correspund imh Ii to each (with 
only the difl*erence of a numerical factor of the entire coiicoraitant) to hifl 34 
oonoomHuito of the general form. The prindple underlying the selcctioii would, 
in rogpurd to the general fonn, have to be explained altogiBther differently ; but 
this principl(^ nxhi1iit8 itself in a very remariutble manner in regard to the 
canonical form a.r' 4- }>;/' -|- '-z^ ^Mxifz. 

Each cuucomitant of the general form is an indecuniposable function, not 
breaking up into rational ftetors ; but this t« not of neceamty the case in regard 
t<^ II niiionical form (only a concomitant which docH break up miutbe regarded 
as indecomposable, no factor of such cotuoniitjiiit being rejected, or eeparated). 
So far from it, there is, in regard to the canonical form in question, a frequent 
occurrence of afo + 82* or a power thereof^ either as a ISutor of a unique oon- 
onnitaat, or when there are two or sum ccmomnitantB of the waf» def<daBB> 
order, then as a fac-tor of a properly selected liiieur coiiibiiuifioii of such con- 
coiuitantH : and the principle referred to is in fact that of the selection of such 
combination for the representative concomitant ; or (in other words) the repre- 
eentatiTe concomitant la taken ao aa to contain aa a ihctor the highett power 
that may be of alx- + 8/*. (As to the signification of this expression «Ae + 8ff, 
I call to mind thiit the discriniiiiaut of the form is nh'^ah- + 8/")'). 

Aa to numerical factor : my principle has been, and is, to throw out any 
common numerical divicor of all the terma : thus I write S^ — abd + I*, 
inatead of Aronhold's 8 = — iabcl -f 4/*. There !a also the queation of nomen- 
clrtfiire : T retain that of my l^i'vonfli ^femoir on Quantios, except that T nse 
single letters //, P. <Stc., instead of the same letters with U, thus UU, PU, &C. ; 
in particular I U, H, P, Q instead of Aronhold's /, A, i^, 7^. It ia thus 
at all eventa necessary to make some change in Gundelfinger^i letters ; and there 
is moreover a laxity in his use of accented letters; his /?. 17, Bf', B", and so 
in other ca-ses E . E\ K", Ac, are nsed to denote functions derived in a detenni- 
nalu manner each from the preceding one (by the ^-process explained furtlier 
on); whereas his £, 1/; if, JT; if , JIT are flmctions having to each other an 
altogether different relation ; also three of his functions are not denoted by any 
letters at all. Under the circmnstances, I retain only a few of his Ictterp : use 
the accent where it denotes the A-process; and introduce barred letters J , K . 
to denote a ditierent correspondence with the unbarred letters J, K, kc. But I 
attach also to eadi concomitont a numerical symbol showing ite degsdass-order, 
thus: 541 (degree = 5, class = 4, order = 1) or 1290, (there is no ambi* 
guity in the two-digit numbers 10, 11, 12 which present themselves in the system 
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lit the 34 ••ynibob'): and it !^,exti* to ine very defiraViIf that tho -iin>ifiration* of 
lbe*« Hfg rliwi TrHfr (•rmbols shuuld \te o^iu-idered iu> penuaueut and uiiulierable. 
Thiw. in writing S= iSOss: —ahet+ /*, I wiifa the 400 to bengvded u d»- 
notiri)? itj. expre-'^ Tshie — «/W + if the Mine letter 5 in u> be used in 
AronhoM - •*ftifv to denote — 4<//* / -f- 4''. thi- would f-^ <-omiilet»>Iy expresv^d 
hy the new detiuition <S' = 4.4U<). the meaning of tbe»rmbol 4U0 being explained 
b J refereoce to tiieprcMnt memoir. or bj the netual qnotntion 400s — aM + /*. 

I proceed at onee to the table : tor flfaortneii. I omit in gmeiml tmne which 
can be derired from an expresMed term by mere cydieel iuterdmnfee of the letten 

TIiWp o/ the Si Cmuiea^ ^ tke Gmmieal Cubic 4u> + + of + (Uiys and 

Umar form |z + isy + ^t* 



Tirat Part, 10 Fomw. Clam = Older. 



1 


.V 


= 400 = 


— abd-^t*. 


2 


T 


= 600 = 


aWc* — 20oW — 8^. 


S 


A 


= 011 = 


{jt 4- «]r + ^ 


4 


e 


= 222 = 


Jt» [ - - 2«/0 . . 








+ yi[fc^»+ 2/»rs] .. 


b 




= 422 = 


[/(ait- + 2/')i» + a(<i*c-* 4/^) rsl • • 








+ ^ (jM'£> — 2 (<i«p + 20 >0 • 


6 




= 022 = 










-1- r^*)/" /':' -f- -2 {nh- + 2/»)»j:^1 . , 


7 


B 


= 333 = 





+ [- (a*c + «») H^" - - 12d^ . . 



8 jy = 638 = ^ [3</'/* [rr* — hC)'].. 

+ ^* [— /* («*^ + ^) + 46/ (— uU + C»£ 

— Ac(aAe— 10/')iVj . . 
+ ^ + 8/^,yi:« + ftr(<iie — lOO^f 

-4c/(-o6c + /»)fi;»].. 

9 jr = 733 = ^ (.V - . . 

+ 6(«fc+2l^«ie-10/^<^+eW^-«*c+/*)£V] - . 
+ ^ [- /(afc + 8/«K2afc + ns^ 
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CoiTMik Ha- 
lo ir = 088 = a? [27€i»/' (oj' - K')] • 

+ ^ [- (a*c + «»)(a4c - + 9i/»(«6c + •2/'')»«.^r 

Kecond Part, (4 + 4 =:) 8 fonus. Glum = 0 , aud Order = 0 . 

CbM = 0. 

U Cr = 103 = ax' + V + r^r^ + U/xjf/z. 

12 = 808 = ?(aa? + V + «^ - 2*^*.'!^ 

18 ♦ = 806 = (fl*c+8/')'}«V+/r//"+-V-10{/>rv/»r'+r,^^^^^^ 

U n =1209 = (ci6o+8Pyj6/ — «».«» — aa:».a«" — 
OfdarsO. 

15 P = 330 = — / + >^'>7' + + I— «ic + 40 ^Ji<. 

16 Q = 680=(«fc!?-10/^Ac? + ««>» + ff*?:*)-««(6«ie + 4O&ri:. 

17 Jf = 460 = c»«'^*+ 2 + 1 *5/»)(rtr V + /^^f + 

18 ri = 1290 = («ir,- + Wf\ CI, ' - i^^. a^* - c^'. i^' - a,?* (. 
Third Put. (8 + 8 =) 16 forms. Olaas leas or greater thao Order. 

OlaM Imb than Order. 



19 


J 




414 




30 


K 




514 


= (alK + 8/')i ^ [a/j-' - 2A/.r/— 2f/«»+ 3&-y«*] . . j . 


21 


K* 




714 


= (««c+ 81^f f [(«Ae + an (cw*- 2Mr»» — 2cfai?) 

- 18WVy] . .\. 


22 


E 




625 


— {abc + 8f) — ^2/^^ + fx-ifz] . . 


28 


E' 




825 


= {abe+ 80 {? - €^{l{abe + 2<») a*- 8WV] • • 

+ y:'< (V - '^')[ " i"^ — 40 + ' + '-f*)//*] • 


24 






1U25 


= (,/y,.' + 8n ;f»(V + 2/')\--' + i8/;-7V] . • 
+ fW- <«')[- 12.*/' + 2/ V+i"'''' + 20>] • 4- 


25 


M 




917 




26 


W 




1117 





+ i8wys'3..^. 



Ord«r Itm Uwn Claa*. 

27 J = 84l=(ate+8P)»^x|«K-Ar)+JW*(<-«?)+<c(*P— 

28 r~ 641 = (aie + 80j«[i«**-2«igii'-2a4f(«-6a6,«^ ..J. 
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(UtrreM N<>. Order lam than CUm. 



2» 


/r 


— 


741 = 




SO 


IS 
















+ jre(T — + ^"TsJ • •.'• 


81 






852 = 












-h //2 ('■>:'— ("/'^ + If f ' + " ('//" —4^) r,C\..\- 


32 






10 '»2 = 












+4^z('V-*OC(«fc+2m'-8a/«(afe-4n>jO 4. 


■SS 


SI 




771 = 


(ufc - [(«*«? - «^ £• — «'cJ»T» - <rhiC 












34 


J/' 




971 = 












+ M (.l/xr — f ) «Vs + — ^^f ) nV] • • } • 


To 




may he joined the fullowiag Supplements] Tsble of cerUin De- 


rived Komui 








85 


R 




1 200 = 


64 .S" — r = — ',f^- (',f^- + HP f. 


36 


0 




703 = 


— TU+2i.SII= (aU + «0U— "'*+4f)(./j-'+ 












37 


D 




003 = 


85»ir— 87'^=(«A«+80{/»(6«*r+4/^«r»+6/+«^ 










+ 3oA< — 10/»)ryj}. 


38 


Y 




930 = 


STy — 4ii'g = (uAc + 8Py{{(bcS'' + eoj;' + af^ 












39 


Z 




1180 = 


— 48J*P+ TQ={iifm+SPy\{.ih+2l%bee+mf!'+afJ^) 










+ IftiWI^K 


40 






1640 = 


12(a6c + WfF - JHS.s r/* + 768.S'*/'(? - STQI' 



viz., thei^e ure derived luruiK i-haniclerized by baviug a ]juwei- of uU- + u« a 
factor: i2is the dilcrimiiiant ; C^, />, y, Zoccurin ATonbold,andaeem7SeTeiit]i 
memoir on Quantiei: 4> in Clebsdi and Gbrdan's memoir of 1860. 

I repard known fornm .\ , H, P . Q . S . T, F, that i», the eight forms 
'■\ . 11. \'l . \h . 16. 1 . 2, 17 ; the remaining: 2ti furnis are expresnod in lorniH of 
tlioo liy tiiriimia' involving notations »hi< h will he explained, viz : We luive 

13 = 3 ( W+h'o -2fl\ . . gb'+^h — af'-a'f . . .{X, Y, Z^X', Y\ Z') + TU\ 

14 ll = s Jac(C;, H. 
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18 


n = — 


[-.Tac] (P, (?, f ). 


4 


0 = 


(bc-f,..gh-af,,.j[£,n.f)*. 


6 


= 




6 


= 




7 


js = — 


4 j«j(tr,e.A). . 


8 


J* = 






fl" = 




10 


B"' = 




19 


J = - 


J Jac (rr, //. A) . 


27 


J = 


1 [Ja^O(/^ V. A). 


20 


JT = - 


T \d^d,H + a,ea,i7 + o^Ba.tf { - sua . 


21 


JTs — 




28 


^ = 




29 


A'' = 


I f'V) A"'. 


22 


A" = — 


H .)ar (A', f', A). 


23 


A" = — 


\ (A) A'. 


24 






80 


S =_ 


T JM;(Jf, IT, A). 


81 


f' = - 




32 


E" — — 




25 


M = 


i .Jac(C^, A). 


20 


J/ = — 




33 


Jf = — 


i [.lacj(y-, A). 


84 


M' = 





Ill explanation of the nutfitions, obst'i ve that 

£/■= „r^+ t,i^+ <-J + G/jv/z, 

Henoe, writing 

we have 

of, y. cT, f = 6a?. 6«», 6c«*, — (oie + 2^. 
And this being m, we write ■ 

Z, T, Z =s«i*+2/y», V+ 2&r, a*+ 2foy, 

a, b, c, f, g, hsoar, iy, «, fe, /jjr, /<, 



s 



for ! of th* firrt diff^ereiiiinj c .^f? i^^ui-. and « of the w^od differeniiai co«ffi- 

ci«iit« of t'. aii i ill iiitt toJOjij'rr 

«'. b, c. f , g. b Ir'jr, fx, fx. />. r«. 

fyr \ of tbe Srvt differentiftl eoeffid«Dta. and J of tbe Moood diflereotiaJ oodE- 
cieuU' of GjBL 

Jae. M vritteo to denote ihe Jacobum, viz : 

c.f. c ,r, c.c 

and in like maimer to deuote iLe Jaiuobinii, wbeu the <j:}fereuiiiitioa» are 

in resanil to (f . r . Ci nii?tead of (.r, 2h d i« -yruiN.l of \hv ''-procv;*. or 
tul>elJtutiou of ibe o^llicjeuu (</', fc', e', f) in ^i^kk of \a, 6. <-. /»: in lat-t 
A = o'd, h'd^ + <'d!, + fd|: ^, ^e.. each operate directly on a function of 
(a, b. «. fy, the ((/'. 6'. /') of the i<Tnibol ^ being iu tbe linrt iuetjixioe regarded 
a.^ '-on-iari!'- and rephiwj lUiiiuan-lv 't._v iheir valuf?; for instance, 

oiiAc = aU: + ai'c + ait-, ^oAc = 2 (oAV -f- a 6c + a 6 < I , d*aAc = Ui'4V. 

In aererd of the formuhe, iustead of ^ or ^, tbe sjmbol used is or : 
in tlieiie cues tlw function operated tipon contains tbe fiutor (trie 4- 8/*) or 
(afer + and n of the form (aic + '/T + ^.7+ cIT) or (-tU + ST}* 
(a*r+ <iAr+ Ac. I: the meaning i*. that the A or i-^ -upfio^ed to of^.erattf 
ihrougb the (<*<*c- 5'">i, or {-iIm: + 6<' 4tc., a,- if ihis were a ^-uiifiaut, upou 
t}ie CT. F. Ac. onlj; thus: ^A).(a6c ^){aU-\- 6F+ cfT) is used to denote 

+ HP){'i>iU -I- WF+ As to ihLs observe that, operating with i 

i i-'f^a/l of (>(, there would l>e the addiiiMiial teriiif {'if^ + h/'M + ic. ; we 
luiTt in ibiK ca*« A (oAc + 6r>i , = a \;2jh U -J- uA'c + aAt ' -1- + b/V, = 2i<^bcP 

— i4af(fAc + 2/*) + ^6aP, = 0 ; or the rejected teime in Act ranish. For 
(^j .(<i&e + W)(aU + + cIT), operating with », we should have, in like 
manner, terms CV(abc + 6P^, Ac; here A» (///x = + 2aia'r' 

4- + «f»<<V + 24/««V' + il**//'-. whi. h i- f^.tuid to 1^ = — 2 }-* i/i/^ + SP) 

( — oAc/ + /*), liiai IS, = — 'J.i6{'il> + 6/ ja; aud ibe ierui5 iu quei>iiuu are 
thus = — 245(a4e+ SP}{aU+ bV+ eW), vii. (<i*c+ «*)(ot'+*r+ er) 
Wing a eorariant, tbiB is also a oovariant ; that is, in tising (A*) instead of we 
ui faz-t rej»fi <-»-n«iri •••.variant l^nu- : or f^v. for iiistant-e. A'/,' Keiiij: a rovariant, 
\itttu {^)K lb -Airij a <./»variaiil. but a dillereni oovariaui. Tbe calcuktioD with (A) 
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or (9) is more simple than it would have been with i ot9. See patt, the calcula- 
tions of /T', F', *c. 

I give for each of the 26 covariants a caloiiliitioii showing how at lea^t a 
single term of the final result is arrived at, ami, in die several cases for which 
there is a power of abe 87' as a Ihctor, diowing how this fiwtor presmts itself. 

Calrnhtiom for the CorarimU-s. 
18. * = 3 (Ix-'-f h'c. — 2W. . . gh'+ g'h — ttf — a'f, . i\ ZIX\ Y\ Z') + 7T'», 

+ r(aW + ..). 

The whole ooeffident of is 

- Wa^ + 7h*, = 86a»/» (ofe + 21^) + Jh», 
vis. the coefScient of (I'j-' \» 

= Sti/" (aAc + 2/') + «tW — 20«M' - 8/« 
= + 18aM* + 64?*, 
s (oSe + 



14. 
Here 



Z, Z'. i D.* 



= (&/ — i'r) yz* + (2 6f — b'{ )xt/—'l {cF — i/i ) xz\ 

Henoe the whole is 

= (oAc + 8/^ - «^)(<^' - «.r')(«x^ - V) . 

16. n = - i [JmIcp, Q/^) = - i a,p. a,g. a,/" , 

vis. if, in thia calculation, wc write 
«=sa'«»+b^«+«^r+ n »',V,i>',l'=(«*>-10I^fc», «, ;«6),-l'{6ci4e + tf), 



n = -i 



a?+ 21,j<, aV''+ 21'nf,-ia,/^ 

v+2i?«, b'i;»+2i'fMa^ 
< + 2i€^, tf^+2i'{,-, ia^ 



Vol. IV. 



10 CAnsT: Oh Ae H OemomiMt ^ Ae Vrmarg fhMe. 

Bcic 

(W + is'iHcV + 2 1'fn) - (»/ir» + 2 iv«K<^ + 2 

or nncc 

b«/— l/c= 0, 

br->l/l8-'6««. — /*('5a^ + 4r)-(«Ar- 10rj<»(— «4e-|- 4/*) 
= «a {6/*(5aie + AT) + (abe— iPKaie—lW)} 

•od U»e like for cl' — (/I , the expre«ij<ion is 

and the iriiole is thm 

= — i (ofte + 8/7 ; - - ('//^ + 1 6/*) (ACT + '^V') + Ac] 

+ (/iV — M')['-*«V — + l*5/^)('i''»:'+ + *<?•] 

Here the ooefieient of fV. uinde the { is 

.i/A' + irj«(a4c + 16/0. = 2fa»(flfc + ST), 
and oMiMqiieDUy the whole i<* 

= — (oAc + 8/Y(/x.-'cV — . .) . 

4. e= (bc-f». ..gh-af. ..j^.r.O* 

which are the terms of the final utmh 

5 and 6. The <^-j«ro< i -.^ ai'j'lifd to the termf of (-i jiwt written tiown gives 

and iub«tituting for a", 2^, if, V their values, we have the oorreepondlng terms of 
fit and reapectively. 

7. «=-iJac.(er,e, A), = -| r, a,e, 17 ' 

A term w Xii^bfi — XjbJSS , and ii; in this calcuktion, we write 
«=M. H, CP, G,B\»,9,*Y, i.e. A = -Pe-2abX,..F=\bc?+1hii:, 
then thf. Usrm w 

= + 'll!ft),x.2(Gr, - HQ + y.2(/'i5 - ^) + 2.2(Ci: — J^f. 
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Here 

and heuce the whole term in r* is - f/V(f>:' — hi^). 

8, 9, 10. The coefficient of A' in ^ is <rV, and hence in iiB, h*B, h^B 
the eoaffidente of this term are %iac + aV, 2<j''r? + 4oc^e', 6<ifV, whence in 
SftSffB'^riBtufFBf^lFB reapeotively, the ooeffidents are 
I (aV + 2a<ife), i (<ii?»c + Wt^) , i a"c', 
= mfo, 9l*t^e, 27^<^c reapectivelj. 

19. iJac(t/, iZ, A) = — T F. r, 

i z', r 

a term ia — I {YZ — FZ)^ , where, as in a previous culculation, 
FZ*— FZ = — 2 (a6c + 8/')« (V" «') • 

Henoe, whole is 

= (aic + 8/'){Cx(V-«*) + »ry(cz'-ai») + ^8(ai'-tjr')l. 

b,:' + 2 l^-f . ly,.' + 2 I'Cf . y 
ci:» + 21{i7. c?^ + 21'f>,. s 
if, as in a prcvioufi calculation 

«P=a^'+ 61^,ff, g = a'f + bV+ crf»+ Cl'^uf. 

Here, as before, 

(b,^+2i«5X<^«:+ai'|ifHW+arfeKor+2i€9)«2(afa+«7(oa^ 

Ebnoe, whtde k 

20. f = — I (d^.ir + d,ed,ir + dfid,E) —sua, 

whidi, fl^homg 

= i (a'x» + ////» + t/z* + 6/'xyz), 

and putting e = {A, B, 0, F, 0, SlU, tit (f, A = — iV + be^, . . 

F= — aJj^ + l*yz, . . ia 

= - I + + i?^ + (?0 - (— oW + /«) ©-(^ + + f,) 



27. /=i[Jac](P. Q.A)=i 
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The whole ciMjfticiont of ; in thui- 

= — I W'/V -4- 2/'//:) .4 + (//y + 2/V) // + (- V -I- -j/Vy) ^: - (- aW + /"jr^- 

+ f/'i' + 2/Vy)l - i/y + /«6r)i - (— oW + + &y+ crf+ McVil . 

ari'l herviij the <-oe<h<'ieiit of w 

= V — «/(— o/x- + r-). = y«/« — a£e + = (oAr + 8/ ) «/ ; 
vb. we hsTe thiw the term + Hr) £ . «i£r' of the find result. 

21. A' = — A", where A' is uf the form (uAr + b/ ) ('/T + 61' r»'). 
mnd operating with {h), we obtain {abe + 8/*X«r4r+ Ur + cAlF). Teking for 

initanoe the term of K. (afar + V*)i[aLfi—'2J,lxf — + S/^yr] . iheu. in 
o[x'niiiri<; u'iTli ( S. ttic tonii may cfiiiitidered indifiereutly as belonging 
Ui //Tor rW, aud ihe resulting term of A" 

/f' = — (A) /r = - + H/') f ['i/V - 2/./Vy - -J' /..-r^ + 3/M-yf ]. 

28. K = .d/-idj' + C\'-)d,P -f d.Hd-P: + ; viz. writing 
then this is 

= 3 • [- 3-!^ /4» + (- aU- + 4/') >rfj 2 {Ax -k- Hy\- Gz) 

+ [- ZaU^-lr (- aAr + 4/»)^>] 2 (Cx + + <^2)f 

+ \{nbe - lO/'XAcP o«fl» + a*;*)- W»(6ci4c + l/*)^-}!?/- + + ,'«). 

The whole ooefllcient uf x is thus 

= SI [- Sfar^P + (- ofa: + 4/^i{{] (- 2/«P- 

+ [- -4- ( - + Al*)ii^(ah^ + /»£■/:) 

-f- [- ^lU;- + {- ///x- + 4/»)fr](«'r' + 

+ («/^ — 1(1 -H or/£r*+ «A£r)— W(5"Af + 4/')i*>'C'- 

ai.'l lierein th.- • oetiicieiil of £' is 18/W + — 10/»)far. = (nhc + 8/') 4r, 
giving, ill the dual retiult. the term (<iIk- + 8/')£ . 

29. 1^ = 1 («) ^ 

Here A'i« of the f'-i i. + S/^(„r + AT -f - ID, aini we have 

A" = \ {'lU -I- 8/')M£;' + WF + cAir). 
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A term of alj + hV rW \h x _ 2m^,j» — 2«/>c^— (mVC] where Ini* 
may be cuusidered an belungiug indiil'creutly to bV or cW , and so fur tiic other 
tenns. The remilttng term in | {aiU + hiV+ e^W) ia tbm 

which 18 = a: [/" (bc^* — 2«i^jj" — 2a4$f ) + a {abc + 21") , and we liavc thus 
ft ienn of K', 

22. Jr = — Jac (if. U, A) : 

A' cuiilaiiisi the factor ubc + 8P, and if, uiuitling this fuctor, the value of A' is 
caUed A( + Bri -i- tb«ii we fasv« 

and the term herein in ie — f T (-^(^y^ — where A ia 

= aAc* — 2Mr^— 2efin^ + SAc^; viz. the eoeffioient of |* ia 

= - i + 2/xy)(- 6Wxy» + 66cy«') - (V + '^ZJ:)(- Mx^ + QfK!,*z)\, 
= «V»-Wjf*' + 28ft«»j(' — 2cJW, 
= (2iV + 4i^)(V-«aF): 

Henoe, restoring the omitted flwtor {ate + W), we have in .ff tlie term 

(afo + SP)e{b^— (^) [2Ai^ + 
28,24. S' = — \{i)Ei S''=\i»)E: 

i? ia of the form (abe + 8f) {aU+ bV + cW), and, ae befiMre, in a tern such as 
{abe + 8^g'(V'-«>^(2Ar* +ftejfx) we operate with i or 9 only on the Ihotor 
beffs; and hi and reapeetively, operating upon this fiietor, we obtain 

-H«/V+(W+ye)^f. and ^\W+2»ifygl 
▼iz. we thus obtain in f the term 

{abe + a") [/(aJc + 2^ a^- SW^i], 

and in £" the term 

(life + 8P)eW - «^ [(o^ + +18Ae«V>]- 

so. £=-lJ»c{K, U, A), = — i d^, Y, n 



J. X. c 

R«:u!ft. r«Mcr>r;r.^ toe betor «B« + 8^, ve bftve th« tenE« 

£ M of tike frjfm ^o/iT + 8/^, laC -^rhV ■\- tWy wi we oper»:e wi± > *xA F on 
J*i-ldP -t- AC> = -i^'? + ^iid «« thn» obtain in ^ tbe term 

iflH in 7* the term 

25. JTs Jaefr, 9, A): tluL omhtiiigthe liM»or(<ifo + 9t» 

the coefRcierit of £ herein is 

= (V— o^rSob*— Uy— eii^— Sk|V]. 

HeD«e. natoring the &etor (ofe + we have the tenn 

(oie + 8/*f .f (V— aOC««ifc*— S&jV]- 

24. JT = — JH Heie Jf u of the form {abe + STfyt^U Ac) ; and 
the <l opentea tbrang^ the («i6e + 8/*)^, Ae. ; we in fhet hare in JT the tenn 

which ii 

s= + «V . ^ t V - «')[(aAc + 2/»XW- lay - erf) + ISbciy/] . 
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— 3lbcp + {—abc+il*)y:^, dfF, X 

- 3/mr;' + (- al.- -\- 4/')^£ , d,F. y 



38. M=-^ [J«c] ^, A), = - i 
and the whole oo^baent of a; is thus 

or rabfltitoting for \ « d, ^ their valueB, thii is 

= i8faBi«+(«fc-4I»)af[a?«^«:»-(ate + 16/»)(W + «M 

- 4/»(/.<f V + ^c>r« + \ah^r,^) - 8/(nAc + 2^»){V^ 

— \ 3/ai^+ (oAc — 4/») ( - (rt/x; + 1 6/^)(an*r + '^'j'P) 

— 4/»{K^' + 4<«f»j'? + abS.}^) — «l{tibc + 2/') . 

Collecting first the terms independent of uU' — 4/ '. and next those which con- 
tun oie — 41*, eadi set eontunt the Iketor of— b^, and tibe whole iea: etf—VS^ 
into 

— 3«*/(aAc+8iVr-12P(oie«'+ aH'j'+a'fcfD- 24tt/'(«Ac+2?)pijf 
+{aie- + ISo^'e^h 

ami here cnllerfing the terniH in f', andlj^, OBidl of thOM 

containw tlic fai-tor + 8/', and, finally, the terra of 

= ((lAc + 8/^)(ci7»- Af')[(a6c - 8/») P - „'r^,;»- a»i{^— 12a/»p>j^ — 6a* V^j « • 
34. if' = i (i) Jf 

ilf here of the form {(tU' + 8/'){'j ^/'^ /y <• W) ; and, operating with h through 

the {fibc + 8i")a . Ac, we obtain in M' (he term 

; {afx- + 8/') X (cV - /<:)[(>/'^- + r</yr + - 24W) + Ac], 

where a'lm + o6'o + oic' — 24/'/' = 18a6c/' + 24/" (oAc + 2/»), = 6/»(7aAc + 8/»), 
and the term thus is 

= (o6o + 80»(«l'-AnC(7o*e + • • ]• 

Thia oondudea the aeries of calculations. 
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lir KmuKV MtUUNTOCK, /. A. 



I 

Anj ftinctioii f// < an \n- '•x|>!iiifl<'il in teniiH ([xtHitive integral powers) of x, if 
f/ = j-ipi/ . prfiviHf'l f// (iii'l rfii/ <-iiu cxjiati'lcd in tfrtn-* of y. and <pi/ f\ooii not 
vaiiiMii with y ; t>e(-4iiiMe j: aui, by dividiug y by <pif, be expressed in terms of y. 
and by reverrion y, and therefore fy, is tenne of ar. Hum algebraic opermtiona 
do not, however, diaclofle the law of the coelBcieota, wlueh maj be found in the 
following manner. 

Amuming it iuiown that ly* ~ '(^)*o«*^^ ^ = 0 ^where o = ankaa «i = n, 
when it beoomes equal to 1 . 2 . 8 . . . n or nt, we havetMippoMng s + «]« 

«>""H*irr«>%to-<i = + ii#r + . . .) = ^ a,a! = 

aliio fO s ao that 

= fyi, = « + « • ♦*o*'yto-«i + Y "(♦yJ^'yc* - •! + — (i) 

For aereral reaionawhidi will appear, I think thiaaeriM will be found highly 
important. Lying midway between those of Lagrange and Barmann, and trana- 

fiirtfiiiblr* at oncf; inti) either of thoHC well-known serieH, the preaent reaultappears 
both itiniplor in form and easier of proof than either of them, 
f The correclnesB of the aosumptiuu upon which (1) is founded is readily 
ahown. Binoe » s w 

If ni > «, this vanidhcH, Hinw // is n factor. If m = n, the .second term van- 
inhoa, and there remaina d'^'d^" = r 1. If m < », the whole expression again 

vaniihea. We may write it n^' o*"'^ ,^3^ "^""^.i,- ^ 
we NUppoee thia expanded in terma of y, all of the terma necesaarily vaniafa, 

M 



Digitized by Google 



McCuntock: Oii Cettam Ex/tumioii Tlworems. 



17 



since y = 0, except the term inflciKMidont of // . Supposing to he the uoeffi- 
<nent of y*-" in the expanaion of ^"'"i the independent term will be 

I have 8ud that (1) can be traiwromied at onoe into Lagrange's tlieonan. 

If « = y + 2, i»»f« = D,f«- In (1). let fy =/". W = Theo « = » 
+ and we have Lagrange's theorem, in its later form, 

>%»=>i + SB.^*DJ%+ j^a?.P.(4«y»J% + .... 
If X = 1 , we have the same theorem in its original form, 

where t» = s + I have also said that (1) is simpler in form and easier of 

proof than Lagraiif^i^'.^ HioonMti. As rognrdfl its form, it is almost i<leiitiral wltli 
that case of Lagrange 'h thuurcui in whicli 2 = 0, and, consequently , u = ;y = ;c^^ , 

fy = .1] + • <f 2i>.f2[. - .,1 + • • • . 

a case declared b^' Lagraiige himueif, in comparison with that theorem, to bo 
equally general and much more shnple. Even thb ease of Lagrange's theorem is in 
form less simple than (1), beoauwe it introduces unnecessarilj' a third quantity, s, 
in addition to those given by the conditions of the problem, ar and //. T am 
disposed to regard (1) m new and dlBtiuct, not only on account of thiB slight 
dillbraice of form, but also, and diiefly, on acoomit of its origin, diametrically 
opposite to that of the series just referred to ; the one being a essual deduction 
from a more complex expression, retaining a remnant of its complexity in the 
unnecessary variable z, the other being, of and by it.self, a simple ami complete 
ttolutiou of the general problem of reversion. As regurd^t dumonstratiou, il is 
to be remarked that Lagrange's theorem has not been fbund easy to prove. By 
far the boat and simplest demonstration, of many which I have met, is that of 
Laplace, usually followed by the text-books. Concerning it, we may observe 
that it afittumes Maclaurin's theorem ; that it proceeds, step by step, from one 
d^jiee to the next higher; and that it keeps up a cross-firs of diflhraitiationB 
with respect to different variablesi. Conoemtng the proof of (1) we may remaA 
that it involvesb in the most elementary manner, a few of the most elementary 




IT- vsir as wrar— »^-'«r»r , 

ff BHbiIbs m a Cictor. When m < n , the t«nn Independent of y U 



VOblV. 
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prindpleR, and aniiouiic<?H at once tlie value of tlic poncral term. It ha^ alw> the 
merit of indicating at the ptarl the claw* of funftionw to which it is applicable. 
liy iiicaiiH of it we may observe tiiat Lagrange 'h tlieureiu can be employed when 
/ii and 4«eui be expanded in tenna of =: v — a, provided i« does notTiniah 
when It = 2. Of course /waiid 4.1 . •>t/(y + f)«ndi)»(y + f)i can be expanded 
in teriiiH of // in all (•a.He^^ to which Tavliii "n theorem appllea. 

1 have on the other hand, that ( 1 ) <nn he transformed at on<"e into 

Bunnuun's ilit-orein. Let j- Ik- any l iiin lion of f , aud let 1"^ — //; iheu, timce 

<fy — , (I) becoiueu Hurniunn'.s lirst tiieorem, 

ft =/iym.n + — ^i/'to*.* + 

I call thin "first'' hccHU-sc two other aenas aometimea get the name of 
"Bdmiann'H titcoreni." It was devised fur the purpose of expandinir one func- 
tion of t in teruia uf another. Publinlied iu 1706, it was long regarded a<9 uoi 
only differant from, but more comprehennTe than, th^ of Lagrange.* 

Bflnnann himself ahowed that Laipange'e theorem can be readilj derived 
from bin owu. The coiiverHC, at* will he seen, is eijually true. BOimann's proof 
of his theorem, the t»nly deni()n>iralion of it with wliicli 1 have met. may be 
found in Ltacroix's Appendix and lu (irunerl's J>upplenieul lo Klugei'ti Worlerbuch. 
aa well ae in the works cited in the footnote. It occupies five of Grunert's pages. 
There can )h.> no doubt of the correctness of my -tatement that (1) is both simpler 

in form and easier of proof than Bririnaiui'.s the(jreni. 

\S c have, tiieu, in (1) a series which i» ctatentially identical with tiiosc of 
I^grange and BOrmaun, whidi is simpler in form than either, and which is at 
onoe a connecting link between them and a necessary step in the most direct 

demonstration of both. The inference seems warranted that we should regard it 
SLH the main projMisition, of which the otherf< are corolhuics. This inference will 
be strengthened when we see how readilj other corollariett can be deduced from 
it, which are osoally referred to Lagrange's and BOrmann's theorems. 

For inrtance, ietv = ■\- y) , = j(^o =■ x4'{i + i^), and fy =/» = /|/ (s+jf). 
Then r = -\- j-x'') ■ ^ince. with regard to any function of s + y, 0^ = d„ 

wu Imve from (1) Laplace's titenrem. 

/C — /4.2 + J . x^'zojiz + , . . . 

*8««th« Rticvi-|i>{Krdia Mrtropotitanu. Article Inle^/ral Videiilun. |>iirt8. p. SW : DvlfoiSUI. Oi/nviit*. |ip. 
MS-a05. la the appendix lo Uie CtUcultu. p. 774, l>e llorguo nay*, however. "BttnaHia's theorem k 



Digitized by Google 



MoC^TOOK: Om Certain Bxjitmtion Iteenmt, 19 

Aguii« let jr = u — a, =>W, «= =4«, bo tli«t^= and 

we have from (1) what we may call Blinnann^ second theorem, 

/« = /"(. - <.) + ^' • »/«{«-.) + 

This "very rpmnrknhli' fnrnuiln," as Lacroix mid others style it, gives 
explicitly the development of uue I'uuctiou, /u , in leriuu of another, ^i. 

Anotiier of Bdrmann's aenes may be derived from (1) by substituting for 

y, « — a; for j-, 4,u — for (ffi/, ~; and for fy,/«. 

Nearly Hoveiity ycni-s apo, M. Wronski {)uJ)lished ti theoreni tor develop- 
ment, afterwards chiiraclerized by De Morgan as "excessively general,'' "ele- 
gant,'' '* really remarkable." For this theorem, Professor Oayley has presented 
{Quarterij/ Jmrmd, zii, 821) a simpler aubstitnte, as follows : 

"Suppose, in general, ^ = (e — a)-^, or let the equation be (a; — a) 4* 

+ Xfic = 0 , that is, ar— a + X ^ = 0 ; we have then, by Lagrange's theorem, 

- = ^- T - i + lil -(^)T- rrlr. 1 Ki)' \ _ 

Consider, for example, the term | ^(^)' | " ; this is = | . | 

the aooents denoting differentiation in regard to ae, and or being ultimately 

put = a ; or. what is tiie same tiung, it is = (^[JF' (a + tf) + ^'Jj.'] , 

the accents now denoting differentiation in regsrd to $, and this being ulti- 
mately put =0. This is 

This may be written (^/'^\-)'. where A = <p' + ^ (i(p"+ ^ bY'-^ it 

being understood that ob regards /y, which is expressed as a function of a only 
(B having been therein put s 0), the exterior aooents denote diiforentiatitws in 

respeet to a , whereas, in regard to il , = ^ + l ti<p"+ &c., they denote diAr^ 

entiatiom in regard to 6, which is afterwards put = 0. And the theorem thus » 
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IL 

♦a.- "■•t i:--. w-.i > triii^f- ri_v.. '■ \ *.:irrr • f u.^:rei-*. or 

■-T I . Tifr2r •TiTf*. tberefore. !:«• is ±e belp wi;-i tb*T -rf 

RKJV :f Fv i trvi^-f n_*-.: rA If we L»t« :o eijur 2 in vtirzA <f v«, «:4 
— ia;}^:j* :•. "«* rsuillv 'Lriif- le It « — <«. Birr-*:-:. * *«e*rz5 will 
*i* ^r^- kTk£** > »r. i <f cicsrse. aKful I£ » ai'a:! s.. re II«t>. v« 

Tfij a -> ". . k f r j.:^-* f^i- :: - ...f » vi: h vA^isii* v*. 
iz. ft ii.-* rx*: :. Ti-* i* ri-i:^r T*i-i*. ^ » r_»:-.er i f » -. -ikl c..#: 

:c* :f -i* '.-iM' III-.** ^w--" «• ti.««:re=jw d*T»iiz \\ tie ri.i a»i.*f:r- 
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the general term being — (/••)■. if* ~ ^Qj^^ • U» in applying thb 

rule, we find Uiat/u can he conveniently divided by »/ — o, the seriofl becomes 

equivalent, as a special ciUMc, to Burnmun's second theorem, whicli it thuH practi- 
cally rcplaccH. Asan illuHtiiition, let/rt =M ' — ««*. Here /i^ is rliviHible by n' — a. 

HO that 4'~'m — m\ — and — (y — (y' — "yO — !/~ *• Hence, 

fti = ftrl +/h . cr* D,fa* + ^ (A)'. D.o-«D.fi» + . . . . 
The aeries (2) i» derived from (1) by putting r = /m, // — a, 

^whence « = 4(y + o),^ = |= j^{J'+af = ^» = ^l' (* + «)). 
writing y — a for y, throuphont. Tt may nhn be derived very readily from 
Laplace's theorem, to which it bears exactly the same relation as that Ixtrne to 
Lagrange's by Biirmann'a aecond theorem. Wiiether there is any real necessity 
for en explicit formula, dietinct from Laplace's theorem, for dealing with this 
subject, may be qiMetioned. Burmaan and many other writera haye thought it 
desirable to have one or more. The present formula appears to meet the require- 
ment. 

m. 

Among the questions to whidi (1) is directly applicable, one of the most 

important i^ that of Hw common reversion of series. Expressed most (<im|ily, 
this <|uestion is, given j- = // -|- "//' "I" + . t<> expand // in terms of x. Here 
jf = x^y, where ^^is the reciprocal of 1 + + Z»y + . . or (1 + ay + . . .)"', 
and from (1) we Imve 



This is the same result, of ronrse, as that usually doriviMl from Lagrange's 
theorem, with the merely fornml difference that // takes tlie place of : in the 
second member. The determination of the coefficients is a matter of some diffi- 
culty ; BO mudi so that on several oooasions on whieh ezttmuons have been made 
to the known portion of the series, thenameof theesleolatorhas hem recorded. 
The latest calculation appears to have been that made by De Morgan (Tenny 
Cyclopaedia, Article Revenimo/ Sariea), who describes the process devised by him 
to facilitate the worle. 
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It haft, litirhap*, not been noticed that, having given the i<eriei> 

it ie peculiarly eMj to esprad jr in terms of x. Here we here, ea before, 
y = agfy, and 

if = at + -5- >^.D(^)F(,.„ + . . .. 

but in thix caM> = 1 + uj/ + •i>/' + . ■ .. and the coeffictent<> are simpler and 
easier to detennine. In the former instance, 

2i]^)a^— (e— 5aft+5a^a!»— (<i— W— 6«r+21<i»6— 14««>i»— . . 
while in the present* 

y = « + aar» + /Sat* + 0' + 2««)a» + (a + «aJ)a» + .... (S) 

Either result may be derived from the other by pottinges — or. — .Jr. 
kc In another light* we may regard (3) as the development of a root of the 

equation 1 — ^ + <ij^ + jiV+'" = ®« descending powers ai the coelB- 

cientof jr. When this equation has a very small root, the series may be employed 
for its arithmetical computation, thou^ it is not so good for that purpose as the 

other w?ries. produced by reversion. 

My chief purpose in presenting (3) is to «bow how it may be employed in 
ftdlitating the determination of the usual reverrion-eoelBdents; by a method 
even teas laborious than that pursued by De Morgan. The reason why the ooeS- 
cients of (8) are. in compariBon with thof<c <>f the other ppriei. ;io ofi.*y to deter- 
mine btW0*fold : 6r8t, ^if is not a fraetion. and 8econdly| vaniiiliet« when tf=M. 
b cmsequenoe of these bvoring circumstances, the ooeflBcients may, by the help 
of the eombinatcffial analysb (see De Iforgsn, Cblmltt*. pp. S85, 336), be written 
down almost at will. To find the ooefBcient of ar", let us first see how jT"' can 
re.-olved into faetftrs of the form . . . If for example, m — 10, 

we find that if oan lie rexjlved in several ways, as follows: y, jfjf', j^jf, y*jf*. 
^^y*. /yy . yW' it'/sfst- expressions stands for a term or 

element of the rsault, it being understood that instead of each power of jf we must 

write its coefficient in 1 — + . .. = 0. Thus oiT, |3e. yi, a^, 

u^, and will be dements in the case chosen. To each element thus 

found. eontairiinfT more than one factor, a numerical coefficient is to be an- 
nexed. Each element being of the form a'ji*/' . . ., its coefficient will be 
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(«t l)fm- -2) (i» ^i,ere« = r + «+< + ... • Thm, tlie ooeflBcient 

r! «! n . . . 

9 8 

of a^y b 9 . 8 = 72 ; that of a*^ — ^ other cases. The result, 

in the erase cho!<eii, may thus be written out: 

Cooflioiont ..f r'" = + 9 (a? + fif + >"^) + 3Ca'^ + 72a/^y + + 84aV. 

It. iheiel'urc, it is desired to detennine the revereion-coefficientj* far a» 
thot>e of x" inclusive, we must find the ooeffioiente of (3) iu this way as far as 
the mtb power, and also oertain elements of the coefficiente of higher powen 
(iwmely, tboee elementa of the coefScient of each bi^^ier power, my a*"'", for 

which n is not lew than r), and then put a = — ^ = — end so on. 

The prooBH thus indicated will give the expanaion of jr, where z = y 

+ + V + • • • • f'"' f?'^'*'*" **'^''ies is X = t\y + r,y + c„if + .... it 
can be reduced tu the liniL form by dividing both members by q , when jf can be 

expanded in terms of . 

IV. 

I-iifrniiif^eV and LapiaccV thcorpnis can W (lenioii.stniled by the nicann 
cuijiloyed in proving (1), without explicitly naming the latter as a step iu the 
process. In doing so, however, we cannot foil to be impressed with the Ihct that 
we are not treating the subject in the best and nmplest manner. For Laplace's 
theorem, the proof wmild 1)e lus follows. 

If f4'(.'/ + 2) aud ^il* (j/ + z) cau bo exiniinieri in teriuH (positive integral 
powers) ut 1/ , and if is not 0 , and if x = y <p4' (!/ z), then uau x be 
expanded in terras of g, and by reversion y, and therefore ^ (y + e), in terms 
of It is required to determine the coefficients in the latter case. That is to 
say, it is required to determine the general form of a, in 

Hijf + s)= «,+ i.o, + J x.a, + 

Let it be showu, as before, that the expression dJ~'[^>4(.'/ + «)J"DjSb" vanishes 
when y = 0 , unless m = n , when it is equal to n 1 . Then 

o?-*[**(» + «)]• (y + = (y + «)]^ K+ «.a, + . . .) 
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= f; -p^r-'-'vi- 

jr = JBfi jgf + 2; s yi^M. we hare « =: i^>t + j!<pMi. o'ir £rc «<,wi<«B 

f<>T I^jrrarisrf 'jt -h-'-r'n.: rhe proof Wtt*iA l« »fi* ^vs*. omlttir.Jf thrnisdl- 

OUT. tfj'r fiKi' TtOfj.i! j'VJiilf'ji ^. 
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Sonne Theorems in Numbere, 
Bt 0. H. Mnonui, 

nUom U am Mum Eb fMHt XJmtum tU§. 



§1. On t/w Renduea mod. h of tht Ssmauitne SkmoHant ^ Ute NvnAan lem 
than k, vhen k = any btuffBr. 

In the following B will denote identical oongniity, i. 0., ^(z) M ^(x), mod. A, 
will denote thet tke coefficients of corresponding power>< of x arc respectively 
congruous to one another mod. k. If [1 (x — a) denote llie product ( j — 1 )(x — 2) 
(as — 3) .... (x — a + i)i where a is a prime number, we know that 11 (z — a) 
B (If* — 1 mod. a. Tliie ezpreBHB the fiut tliel tbe ^nmetrie fimetioiM 2a, 
SafitSa^, ftaoftIienymben]eaBthaa(>ndprimeto)aareeeGli = Omod.a, 
except the liust , which is =— 1 mod. a . It is proposed in this section to determine 
the value of 11 (j: — a) for any integer, k , = u'li" . . . (fh". . where a, h, ifec. are 
prime numbers^ or, more generally, to determine the residue, mod. k, of n(x — 
where #«, Ij^i ^Tt ^ <^ those numbeie less than A which contain »sski.. .q, 
and no prime ftotor of k not found in «. These numbers were called in my 
former jmpcr. Vol. 3, Xo. 4, of this Journal, the s-totitives of k. T\w uuiiiber 

, of them was called the «-totieui of k, and denoted by r,{k). it was there seen 

' that r,{k) = of-»8^-». — !)(/<— 1) .. . 

Theorem I. If ll,.;(x — 6,) denote the product {x — diX* — — ft, ') . . 
where the numbers 9| are the prime totitives of a^, a being an odd prime 
number, thai 

nrf(»— 603(a(— » — 1)"-' mod.a'i 
and if C ^ be the »4iotitiTea of c^. then 

n.1 {9—$^m af*"' mod. tf. 
To prove the theorem it will be shown first that 

!!,.(« — 61) = [11.-' (X — 6i)y mod. a?. 

H 

ToklT. 
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t^.t a. i. Y . . . u^>*t tilt pt'iaus UtiiUTHn of 'ut-.i *..•■.* pr..^- -.iv^^ -ji -t' 

wi.i gjy»i> bjr a + W *. 4-¥M Ac. irh«r« X t** t*.^ fr>a •> v> 
« — I . .Vow 

kf-.. ar<; - '. '-»?— ive Ki.Mjinial o<j«;I}i' i»^rit/- »»f the a** p«'Wer ar.l .1 = " 4- 1 

■r -r .i -r . . . -t- — 1 » = "^Zll/ , But ^ = 0 m-A a . .-. A-r - ■ = •> m-yi-o*. 

2 

fl U—a + W-'j s (x— af mod. 
/. fiv (* — ojrfar — J;" . , . (x — *»)• S [IV- ix — mod. « . 
Now. 

I1«U — 6,JS Ji*-*— 1 iiK^l a. 

/. n^ijc— ^,>= 1 r"' ■• a*. 

an'l Tfie tjr-T fjart of the theorem U proved. The nme pr«"">f applies t.« the 
y»n of ihe iheoretii. if we feuppoi-e a, J. Ao. to W not the priuie iu;i- 
tiv«<«. but tb« «-MtitiT«s of 4*-'. Tbeo we get. jutt m» before. 

B^tx—$jm plrf-. (x — •.)]• mod. «*. 

But «e bare 

.*. n^(x — 6«js2* mod. a*, kc. 

lU- (x — *,) saf ' mod. a*. Q. E. D. 
If. iij f:i«¥ foregoing, we put <i = 2. then 

n(jr-«4-2'-'/.» = jc»-(2a±2'-')j- + (a»±2'-') mod. 2*. 
tifice j1 = 0+1 = ±1 mod. 2 . This may be written 

fliz — oT^^'-'a^sU — aj*± 2'-'(x— 1) mod. 2'. 

/.flr/x-».|S;(x— af iy-^lx-DHU— i)*±2*->lx-lV- 

iifx— «/=b2'"'('-l)f mod. 2*. 

.'.flgix—hj S [riy Cj- — a)]' i: 2'-'(r — 1 i'lj- — . .(jr — 

+ ( r— a jt— y . .( jr— u t' + . . . + 1 jr— a I V— J ) V— ^ >*• . •( Jr— :• mod. 2». 
Sow. :f #>.2. the number of the prime totitires of 2*"' w even. ^ , 

kn. are :.'.« 2f odd numbers from 1 to 2*'* — 1 . Thus, we hare 

<-^;3rn,- fx-'ii)]«±2'-Mx~i);2*-V-l/"'-'+V(*niwML2j 
IV x— = CIV- mod. 2*. when # > 2 . 
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It a, i3 , y . fcp. be the 2-totitive3 of 2*'-*, t. «l, the 2*-' even numben flfom 0 to 
2*~* — 2, then we get, an 1>ef()re, 

n,.(x-0,)^ [n,-(x-e,)]' ± 2'-»(y- l){2*-V"-*+i^{x)\ mod. 2' 
.-. n,. (x — »,) = [n,.-.(x — mod. 2', when < > 2 . 
By inspection, we keve 

• • n,(x — rtO^r*— 1 mod. 4, 

. . 11, (x — ©0 = (a^ — 1)* mod. 8 , 
end thence, bj induction. 

n,. (x - «,) = (x* — 1 )«• " mod. 2*. 

So wo have, by itwpectiou, 

n,(x~e,) = x. 

n4(x-fl,) = x(x-2) 

.-. n,(x— fl,) = a^(x— 2)' mu,i 8, 

,'.nU^-e,)m^*{T-2y i6, 

.-. n,.(x- e,) = [x (X - 2)j«""' mod. 2*. 
This last expnasion may evidently be written 

nr(«— 6^)Sa?' '-•(a?+2*-'«+2'-»)mod. 2'. 

Thus we have 

Tlwurem 11. If n(x — denote the coutmued product (» — ^iX* — ^l)-"t 
where tiie numben (), are the mieoenive odd numben firom 1 to 2* — 1 , then, 
I being > I. 

n(«-«i)s(a?- 1)*"' mod. 2f; 

and if n (.r — th'iinte n .similar proHiirt where the nnmben fl^ are the suc- 
cessive even nunibers from U to 2' — 2 , then, t being > 2 , 

n (x - e,) = [x{x - 2)]"' ' = x»' '-• (x" + 2'-'» + 2'-') mod. 2'. 
Example of Thwrm /. Suppose o' = 27. Then 

(sc— l){x - 2)(x - 4)(x— 5)(x - 7)(x — 8X« — 10K«— UK»— 13) 
(x+13Xx+ll)...(x+l) 
s (a»— l)(a?- 10)(a?— 19)(a*— 4)(a^— 7)(a*— 16)(a?— 22)(a?— 25)(x»— IS) 
S {tf— 1) V- 1 W + S (aj»— W + 12a?— !)• ^ (a*— 1/ mod. 27. 

TfaAtia,n(x-9i)a(s>?— l)^*mod.8*. So. 

n (ar — ^) = (a - OXx — 8X« — 6) . . . (« + 6X» + 8) 5 e? mod. 27. 
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fl'it — ♦..s/jr— 7/x— * x— 11 x— 15» 

.->/ V-0 ^-z ^-4, V — «y'x— %,rx+C,'x + 4, x+2.is*'>x— S 4i» 
^<j> -^■<^r ^ r^^^y — 2 mod. 1« . 

In f'>..'/Vi:tjg. if k=- f/h*. . ^k* . . ^. tsiA 4 = ki . .q. B, will <iirr.o:« 
*iut of th* fwM*ii of tto4 1'. which k aa c-UrtiUre of A. iFor the 

]/itU]^.r*'.*t* of tiwM« ffofx or npiiVtu'j*. «ee mj paper. VoL II L So. 4. of tbi« 
Jh',ruii.f. R, will d^ino'* that rep^rt*?riT „f i: wh'r^ >-'i^Mmpt ma'^os all thoee 

primo of k not f'^ jii-J in - Th i- /f, will >\*^uorfi f-rieflr the Ani« thing 

M W« <;ari no*r yrore the jfeneral tli^oreui ojii Tern::.^ tiie fuc<n;on 

lltfx—t,) tii may intcfer *. 

Th^ifm III If X = . . •fh' . . '/. where a . /y. i ;. are di!Tfrer;» [.rirne 
uiu't^r*, and if« = A...y. a — h"...^. aiid 6, . 6, . Ac. be the *-toi;iiTe* 
)f A, then 

+ iK«-j^'"'iDod.ft: 
except (1) when -y s 4 or • bi^er power ni 2,'m which ceae 

n,(«- «.) = Ri{^- 1)*^+ i^*'-* mod. *. 
aiwl (2) wh«n = 1 and 0*= 2* where 1= or >^2, in which cm«. if 2. 
then 

!!,(»- aa^»» + j mod. *. 

end if <>2, then 

nt<x—0,)Sgr''*' + J fa'^'-»+ \ mod. *. 

To prove the theorem, let lu consider each component of the moduliu sepa- 
raiel/. Ifitb respeet to mod. the formula to be prored reduces to 

n,(ar— s (sf- » — iyj» mod. o*, 

sirH» Ji^, R^, ...R^, Rg each contain a', and i?a= 1 , mod. d'. Now it ia 
dear that if we talte the rendoea mod. 1^ of the numbers we diaD get 
each prime totitive of a* the aane number of times, and shall oonaequentlj fst, 

in all, groups, eaeb group containing all the prime totitiTee of c^. Jt 
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TTo (x — a,) denote the product taken for those numbers 6, which compose 
any one of these groups, then by Theorem I 

n.. (x - e.) s — Vf-^ mod. o*. 
if a b« u odd prime number. Henoe 

n,(a)- E (flf-' - ir"'^ mod 

or 

n» (ar — tf.) m (af l^-W mod. a'. 
If a = 2, we have, by Theorem II, 

(x - e.) = (x* - If-' mod. 2«, 

.-. n» (x - fl.) s («• - If -5^ mod. 2*. 
Now, If - J contain at least one odd prime number, then 2' - *. [^^^ ^ = J is 

divisible by 2' - ' ; but (x»— 1)'' " = (x — l)*' 1 + 2)»' and (x — 1 + 2)«-" 

a (« — If" mod. 2*. therefore (a^— If" S (e — If mod. 2*. Therefore, 

n»(;e— 9.) s (x— l)*-^ mod. 2*. 
But if s 4, or a hi|^r power of 2, according to exception (1), then we have, 

aa above. II. (» — 0!.) S (o^ — mod. 2'. 

Kmng shown that the fonnnU holds true for mod. of, we have shown it true 

for mod. — , since no distinction is to be made among a, b, . , .g. 

Let us now consider one of the components of o, as 9*. The formula to be 
proved reduces to 

n» (x — e.) g mod. 7'. 

since = 1 mod. , and /?„ ii$ , . . i?, each couluiu . The numbers 
6, all contain q, and it is clear that, if we talce their residues mod. ^, we shall 
get each 9-totitive of g* the same number of times, and shall consequentlj get, 

in all, ^1 groups, each group containing all the 9-totitives of 9*. If 11^ (a — $,) 

denote the product taken for those numbers 9« which compoae any one of these 
groups, then, by Theorem I, we have, when q is odd, 

Ufix—B,) S ^"^^ mod. 9*. 
.-. 11* (as — $i) s ^ mod. j*. 

But if 9 = 2, we have, by Theorem 11, second part, 

Ilr (« - 9,) m ia(x - 2)f '* mod. 2*. 
.♦. n» (»-«.) a (a<sB— 2))**«' mod. 2*. 
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KuA i1 ^hti not «qii»l to unit/, titen -j- r^ir; wj, 'At d-T-^.'-.l* -.j S*-* wbta 
f s 2. Tb«n. «n<!« — 2>j''' S 2*. it ±»: 

n.fx— s (jf/-* mod. 2*. m Vfors. 

B *r if ^ ss I and q = 2. tb*n ^~>so^ a*^*- '-7 Tweorta IL m h^fore. 

— m + 2— » * + 2"=, DMd i*. 

wh«r« th« iMt t«rTb in the parentbe»i« u present or nbM&: Mcori:£.g s ^ 2 
orxs 2. 

A nj«— •.jS + 2—^ + 2—',^ nod. 2-. 

.Vow. r«» -I- 2— »« + 2"'/* S + ii;jji*r-'|2— 'xi + H2— «»:• mod. 2* 
wtAk. when « ie odd. beeomee 

= 2-'je^-»+ 2— V- •= a*-«(a*-»> 2— »» + 2— »» mod. 2'. 

Th«n. ftir^ odd, we hftre for « ^ 2 , 

n/x — #,>gjer"'"-»(j*+ 2— »* + 2— mod. 2*. 

wh^r* i» = . ' Vow. finoe ^ la odd, we have ^ t = 2' ~ ' v^. -♦- I > . Then 

/. n,(z— Sa'^-* (a» + f fc + ^ *) mod. 2*. 

wfav«ih i* exeep'ioB (2). second pert. In ezactir the aune waj we get 
wftM tss i. 

a,(x-$,)S^^''(^ + -J ^) mod. 2*. 

whidk h exrj^ptton ^2;. first put. 

fbvioK abown. now, that the fbmuk of the theorem holds good with 

r»;»;/*:'t u, uTij eomponf^nr f^f fhe moduli«. the theorem i> proved, 
in expaiution of ^f, (;e»-' — 1 )'-•*' the coefficient of jr' is 

= Jfe or = 0. 

•etwHing m r is or is not divinble by n — 1 , where CC*^ » • binominl ooeffi- ■ 
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cieut. For, if r contain a — 1 , ttien ( — ) ■^=:(— )«-'. Tiierelore, put- 
ting T, (A) — r = M , the prooeding theorem may be stated aa IbUowa : 

Theorem IV. If A = a't". . . y'A". . . j*. « = A . . . j , and PJp,) denote 
20X>'-04r^ where0;,&e.arethe«^totitiTeaof ifc, then 

/».(e.)="i'(-)-'ifct7y mod. k, 

the summation including. only thoee terma for which ^''i^.'^*^' t except 

(1) wfaMi s 4 or a hi|^r power of 2 , in whieh oaae 

PM = ( - mod. * . 

and (2) when = ^ "ud one of the componenta of ib = 2*, in which caae, if 
« = 2. then p^^j J s 4 *. = 0 mod. t, 

but if n > 2, then 

Pi(«,)sP,(0,)=-i*, and P,+» = Omod.*. 
When m = t,(A*) , (he formula becomes 

Pr.M = Jii -\- R,+. . . + a, = R„TTr, = «. mod. k, 
except when = ji", Spi*, or 4, and i> *t the aame time an odd number, in 

which ease z/Jk) :p — 1 ia odd, and the formula becomes 

I\„,{e.)=— R.nnxl k. 

Thin special ca.se of the formula is the generalization of the Wilsonian theorem 
givtMi in luy former paper, for (8,) = the product, of the »-totitivefl of k . 

Ejxm^h. tiuppose A = 60 = 2*. 3 . 5 , then those three roots of jt*=x 
mod. 60 which I have denoted by ^ , R^, are 46 . 40 , 36 respectively. 
/. • = 1 . 

= (-)•-"■ (fT + (-)'^' RiC'T + (-r"' i^iC^r mod. 00 . 
Whence P, (6.) = - 45 . 16 = 0 , 

P.COO^ 46.*4^-40.8=-20. 

J',(WS-46.'4^ = 0. 

46. + 40.^-86,4516. 
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-.XT... to r'j'h)= A. + ^1 + = 1 . 

Thf^. Ty:\nU<>ii-. ftx\>rf;*j^:ii iiy Th«;or<^£ii III. i>f'.t>iae 

n{x-^0 = Jiiiz-lf'*' + + Bi (3^ — If*' mod. 60. 

or, 

nte-*,) S ir+ *0(aP~l/+ 8$ (*•-!/• mod «0. 

//. • ss «. 

/».(ak) S (-J^ i^Cl'* + C':'* mod. 60. 

P,(«,)=~46.4 = 0, 

P,(^)= 45 + 40 = 2o=i?, 
7]kege rehtioni, wlicn expressed br Tb^oreu III. Y<^i-ome 

n(x— <k)S4&(*— 1)*+ 40(i'— 1/+ Z^moL 

PM^i-f^BtCV" + {-r'BtCV" mod. 60. 
=-45.8 = 0. 

p.(«,)= « 4il = o. 

PMS 45.5^1^-86.2 = 18. etc.. 10 

Pt{9,)= 45 + W S 21 = ; otherwise. 
n(x-e^S 46(»— l)»+40x»+86(a6«-l)»mod.60. 

iT. •s2. . _ 

P.(«b) = (-)^i2vCV" mod. 60. 

A((J.)=-40.L! = 20. 

P. (•.) s 40 . ; 1^ I - 36 . 4 = 16 . etc. to 
P,(a|) = 40 + 36 = 16 = 
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F. « = 2.8. 

i*- W..) = A^?';* """W 60. 

i',(^.,)SJ', = P, = 0, 

/^(O,,,) =-36.2 = — 12, 

A=y',= p, = o, 

i',(e,.,) = 36 = 

VI. 

This ia a case of exception (1), since — = = 4. 

i*«(^..)S(-)^iii<7i'"*"*mod. 60, 
/*iS0, * 

F//. . = 6.2. 

i%(4..)S(H*^J^f0jr *'**mod. 60, 

P, = P, = 0, 

P,(e« .) =- 40.2 =-20, 
F///. « = 2.8.6. 

This ifl a cue of exoeptioii (2), siiice — = ^ ^ ^ = 1 , and 60 conUuiu 4. 

.•.P.(V,.,)s|(60). aiid/», = 0 = i^.,.,. 
ISie only two numben included here are 

0 and 80, s 0 + SO, and P. =: 0.80. 

Theemn F. If £ = a'dP. . « gi*, and lit (» — 0) denote the continued j^roduet, 
SB(e— IXae— 2) . . . (as — f^l) , then 

n,(«- •) 3lfe(af — »f + Bi(a^—x)^+.. . + J?y(a«— »)* mod. A; 
except when one of the Ihotois of ft, as a, s 2 , and < > 1 , in wlucb caee 

n, (as— «) S Bf[isf- »f—2{^~»)f+Bs{if—»)^ +. . .+«f (a<»— sBf'mod. t 
To prove thifl theorem we have only to consider one component of the 
modulue, as o^. Since Bf , Bs,...Bi each ootttata tf, and 1 mod. «f, the 

congruenoe to be proved reduces to lit (« — 0) g (af — x) * mod. tf. Now it is 
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forms a* + X, a*-' + 7^-* + Ac, x* + + //.a:*-' + fee.., Ac. respect- 

ively. It is well known that A' can he so represented in only oue way. 

A function. ^ (x), in said to contain another fuoctiou, /{x), with mapect to />, wbon 
= f{x\fx{j-) + 1/1(0). In the followiBg the words mA reaped to p toe 
always to be understood when the wdnl contain is uaed with reference to func- 
tions, and when one fiiiietion is wiid to ho prime to another it IB to be under- 
stood that they have no oommou factor iri/h rtMjM ct to p. 

Let the number of inoongmoitt (mod. p) funetuHM of a leas degree than 
that of JTand prime to JThe called the prime totient of JT, and let it be denoted 
by T,(A') after the analogy of Professor Sylvester'.s notation and nomcnolatiiro in 
the ca.se of intep;ers. Likewise let the functions themselves he called the prime 
toiiti vcHof A', in the »amc way let the number of those which contain A but no other 
prime fiMtor of JTbe ealled Uie A-totient of K, and let it be denoted by Tj(ir); 
and let the functions themselves be called the .4-totiUTe8 of K. So on, for 
"^Asi^' '^AtiA^)- <^'^' There are plainly 2' diU'orent classes of totitive.s of A', 
if t denote the number of the unequal prime factors of K. A means of tinding 
the value of the different totients of iT will be Aimiehed by the following: 

Lemma. There are p^^^ MdongmwtM {mod. p) /tmeHOHB of x, degree < n , 
toAteft oonAim a girnn /tutetion ^(x) qf farm af* -|- •\- Xf^~* •\- + 

For let t^j;) = ax"~' + &c.. where o, ^, &c. are variable coefB- 

cientfl. Dividing \j.(.c) by <p{x), wc get a remainder of degree m — 1. In order 
that there may be an exact division, each of the coclHcieuts of the remainder 
moat be equal to nro. We thua have m equations, whieh, as the prooess of 
division shows, are linear in the n quantities, a, ^, kc. We may give arbitreiiy 
values to u — m of these quantities, and eoiisi'lering the system of equations as 
a system of congruences mod. p, we may evidently satisfy the system in ^*-" 
different ways. Henoe Uie femma is proved 

Aippoae, now, that K=z A'B'C. We easily find, by neaas of the pre- 
ceding lemma, and by use of the process employed to find the totients of an 
integer, tliat 

T,{A') = p»-»y-tt*^-tt»(j^_ n(y-'- !)(/,'- 1), 
T,(/r) = « (y_ 1). 

T^*(A')= " (//-I), &c. 

The analogy between these numbers and the totients of an integer is at once 
apparent, viz: if an integer k = a'b'c'' where a, b, c are prime numbers, the 
totients of f are derived from the totients of k by substituting in the latter 
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for 'I , for />, Ac, where, however, a, 6, e, the degrsM of .A, B, C, an 
nut jirime tiumberH, but an^' integeni. 

It k propofled, in what Ibllom, to show brieflj that oertain tlieoreiiiB of mj 
torner paper, an well as those of the preoeding mcUod, have their analoguM in 

the theory of funrtions {mm A. /« A') . 

Lot iiR first cuiiMider the propertieat of tJie rout^ of JT' = X (mod. y<. A'), 
where K - A'Jf. . . Cfff'. . . Q". Ijet » =z H .. Q , tmH a = H* ... We 

evideiilly liav>' .\' 0 (mod. p, a), ;irnl -V^ 1 ^iiiud. j> , J > thence 

K ' 
Xa — fe — = 1 inod. // . Binoe a and - have no common fartor with respect 

to /> . thin ronp"uenrp pves one. niid mily one. value of >. . i S.-e Sorret. f\iir>f 
ti'A/y. S'l/'.. § 341). and couiie<^utiutl^- one, and only one, value of X for the 
two preceding cuugruenoes. This vahM eontains a . Gall it . It is arident 
now that there are twice aa many roots of .Z* = X (mod. £^ as there are 
ways of wparating A' into two faoton* prime to oii>:- another, viz : 2', and that 
one of them Iwlongs t<i eai h of the 2' clax-ies of the totitives of A', where / ifi 
the number of tlie uuei^nul prime factor.^ in A'. It isi at once evident that these 
roots or repetentt of JT have the same properties as the integer roots of ^= « 
mod. k. For conTOnience, I restate Mime of them : 

(1) . It.fi. ~ fl„ (ino'I. // . A'), where > aii'l :ire prime to each other. 

(2) . The ttum of any given number of the repeteut« of K is cougruoua 
(mod. JSf) to the smn of the same number of any others of them, provided 
only that the produet of the suheeripts is the same for eadi sum. 

{%). Ifi denote the product of all the unequal prime factors K not 
oontwned in «, then 

JiiRf = 0 (mod. i>, K), 

(4). Rf + Si- + . . , + ifn*i s (mod. y<, K) . 

(6). If .d', Bf, . . . he prime totitives of jt*. fl", . . . G*, respectively, 

and //'. . . . (/ are multiples of H. I. . . . Q, re.-iiioetively. then the re.xidue 
(mod. A') of the function, A'H^ + BHj, + . . . + (//^^ is an «-totitive of A'. 

The ajialogue of FermatH extended theorem is A';- '^* = R, (mod. p, K), 
where Jr« is an «-totitive of K. 

If /fa A*, it is proved^ m the ordinary way, that 

Xl''^' = 1 (mod. /», K), 
and it is, of course, obvious that 

j^d^'i ^ 0 (mod. p, K). 
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Hence tlie Uieoreui is true for Jr= A*, dooe = 1 and R^=0 (mod. p, K). 
Hhbh lince [we (5)] 

-V, ^ .^7^, + B'li, + ...+ qii^ (iiio.l. A'), 

iiavc, by ruining both sides to power T,(A'), inasmuch as t,(A') cotitaiua 

and the general theorem ie proTed. 

Let it be rotjiiiri'd now to find tlio residues (mod. /», of the symmetric 
functions iH, , iH,f-), . k'-.. where (-), , .Ic. are llie *-totitives of JT, or, in 
other words, to find the rcHidue of the function ^^^X — 0,), iu analogy with 
the reaults of the preceding section, first, let us prove that nv(X— 6i) 
s [nv-i(X— ©,)]»• (mod. y>, Af). The method of proof is precisely that of 
last section. I-ct «, ii , y, kc. V>e the itriinc tolitivos of A'~^ ; then thost* of A' 
will be given by « + XA'~\ + XA'. Sec. where X is any one of the jt" iucou- 
gruous (mod. {>) functions of n less degree than that of A . But 

n{X — a + XA'- •) = A>- — ( Cf tt + XU' - ») X'- - ' + ( Cfa* + CrUA' - •a)^'* - • 

- (Cr«* + Or-^*-V)Z'^-* + to. (mod. p. A*) 
juflt as before, where fi here equals the sum of tbe ^ incongruous (mod. p) ftmc> 
tions of a less degree than that of A. But we evidenUj have A 5 0 mod. p. 

.-. U{X — a + XA'-')m {X — of, {mod. ,,. A'). 

:. n.,(x- e.) = [{x-<l)(x -3) . . . Y- ("><»i- A*), 
ny(.r- «,) = [n,. (X- «,)]"', (mod. i,, a*). 

Now we know (Stmt, § 345, tt ««/.) that 

(X— s X»— » — 1, (mod. A), 
.'. nj<X- ©0 S (X*"-' - l)r (mod. p. A*), 
n^X— e,) s (X»— » — !)»•• '•, (mod. p, A*). 
In the same way, we evidently get 

UAX-e,) m (X)»— (mod. p, A% 
In general we have the following 

Tfu-onm. If /r= A'B'. . . O'lT". . . Q*. tiriiere ^4 , /? .1 are different 
irreducible (mod. />) functions of x, of degrees, a, b, &C. and if iS= .fl/. . Q, 

and (->;, Ac. be the iS-totitives of K, then 

n,(A'— 0,) = /fi(X'^-» — 1)'^'> + Jt^ (Z*— » - l)"*^ 

+ RgX'^'\ (mod. p, X)' 
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There are no ex'-cjitinii- to this formula as* in the rax^ fif the correjtponding 
formula for integers, fi»r the unique prime num}«er. 2. has no analogue in this 
theory of functioas. The proof of the theorem is nearlr the same a^ that of 
the one for integBn UmI it does not seem worth wliik to repemi it htn. It is 
mmplj a rabfltltution of />' for a. j^torh, Ac. tA (mod j». for mod k in 
the prwtf of Theorem III in the la«t !«?<tion. 

If fi<-!iote iH.H, . . H,~ . we have ai> another forxu of the preceding 

tbeortm. aualoguus to Theoreni 1\ of the iaj-t sectiou. 

P.(e.) = ° I"! - J?, ci"' . mod U,, K\ 

iriiete the process of siunnntion includes onlv those terms for which 

T = an intenr. 

When M = T^CJr). the formuk becomes 

except when ~ = • power of an irreducible function, as Jf, and /• is not 2. in 

which case *• c- 4.'' ^ 1 • w odd. and we hare 

P,,f = — Rj = — N,. imo.l /.. A't. 
Since P,,g = the product of the «-totitive.<* of A'. ihi« :ijH»cial case of the 
aboTe theorem constitutes the analogue of the generaliaed WiUonian theorem. 
It is casj to see that Theorem T of kst section alM> ha5 it« analogue here. 

viz • If n, I .r — f> I denote the mntiiiued product (T — H' )( A* — 0"> . . . where 
*f . ff' ^c. are the wh-Je set of the « = /**"*•* + - incongruous {moi.p,K) 
(•mn'ions of z from 0 up to K. then 



or 



« ■ m m 

P^i^) = (-)'"'R^ <r^+.. + (-r"'i?,C^. (mod. p. K). 
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you on the Frequency of Use of Ihe Different IHgUe In 

NaihiirtU Hfwrnbere, 



By Siuon NBWOOiiii. 



That the ten digjta do not occur with equal flrequency miut be evident to 
any one making much use of logarithm if tablt;s, and noticing how much fn.«(er 
the lirst pages wear out than the la.st oneH. The lirsi signiiicaut figure in ofteuor 
1 than any other digit, aud the frequency diminiahea up to 9. The question 
iwturaUy •riwa whether the reverse would be true of logiurithnui. That ia, in a 
table, of aati-Iogarithniii, would the hut part be more uaed than the first, or 
would every part be ui^ed equally "■ The law of frequency in tlie one ca«e may 
be deduced from that in the other. The quetjtiou we have to consider is, what 
tt the {trobftbilHy that if a natural number be taken at random its firat lignificant 
digit will be «, its second nf, etc 

Ab natural numbers occtir in niitiire, they are to be considcu'd as the ratios 
of quantities. Therefore, instead of ttclccting a number at I'andoni, we must 
select two numbers, and inquire what is the probability that the first signlfioant 
digit of their ratio i» the digit n . To aolve the problem we may form an indefi- 
nite number of Huch ratios, taken independently ; and then must make the same 
inquiry respecting their quotient.s. and continue the process BO as to find the 
limit towards which the probability approaches. 

Let us suppose the numbers with which we commence to be arranged in 
periods according to the number of their di^^ts, or, which » the same thing, 
according to the characteriHtics of their logurithms on the Hcale of which the 
ba«i8 is i, (i being 10 iu the common system). Then, if two numbers are »" + * 
and 1°' ', c and d being integers, the significant figures of the ratio will be inde- 
pendent of e and einoe dumging these integers will cmly change the 
deouKial point We may, therefore, take both numerator and denominator of 
the ratio out of the same period. 

Moreove.r, since both numerator and denominator are formed by the same 
prooeae, we may suppose the law of distribution of Che numbers from which 
they are selected to be the same. Our problem ia thus reduced to the fol* 
lowing: « 
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We ham • »mnm of BunlMri b«t««Mt 1 ud i, represented hy rnctioul 
pow«m of {, my «^ the distribution of the ezponenta «. and therefore of the 

niimhcrN, being acconliiig to any arbitrary law. Snce these expouent^i are 
f(irine«l l»y (•tinting off all the integerH from a .series of nuniVH>r- we may -iup- 
poMu theiu urraiigtid around a circle accurdiug to noue law. Thea, if we M^lect 
2* exponents at random and call them iT, etc^ the final mtiOk obtained in 
the manner we have described, will be 

•"+ r"- 0""+ «tb 

The question is, what is the probability that the f>..-itive fractional portion 
of V — «" + f"' — -+- etc., will be contaim:*'! l..-tweeu the liunu - and " + 
It its evident that, whatever be the original law of arraiigcuienl. the fractions 
will apjHroadi to an equal distribution around the circle as n is increased, or 
tbe required probability will be equal to But. the fractional part of 

V — V -f- — <'to. ii* the mantissa of the logarithm of the limiting ratio. We 
thus readi tiie conclusion : 

nelawo/ prtMnKtjf <if 0» oee urv a u e ^ ttwmien i» »uei tint ail awnfiMce t/ 
Utdr hgariUmt an eguattjf pnbaUe. 

In other words, every part of a table of anti-logarithms \b entered with 
equal frequency. We ihua find the required probaViililies of oecurrence in the 
ca«e of the hrst two ttignilicant digits of a natural number to be: 





nm Digit. 


8«ooiul Digit. 


0 . . 




0.1197 


1 . 


. 0.3010 


0.1139 


2 . 


. 0.17C1 


0.1088 


3 . . 


. 0.1249 


0.1043 


4 . 


. . O.M69 


0.1008 


S . . 


. 0.0792 


0.0907 


6 . 




0.0934 


7 . 


. 0.0080 


0.0904 


8 . 


. 0.0512 


0.0876 


9 . 


. . 0.0458 


0.0850 



In the ease of the third figure the probability wiU be nearly tbe same for 
each digit, and for the fourth and following ones the difference will be inappre- 
ciable. 

It i."! curiou-i to remark that this law would enable u.s to docjile whether a • 
large cdlection of iude{iendent numerical results were composed of natural 
numbers or logarithms. 
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Tables of ilie Generating PunctiotiH and Orotmdforms 
of the Binary Duodecimic, with tome General 
Remarks, and Tables of the Irreducible 
dffxygiee of certa4M Quanttes,* 

By J. J. Sylvbstbs. 



Grinrti/iiiij Fiiiti liuii for diffcrcntiaiUn, 
Denominator : 

(1 — aXl — a»)'(l — a'Xl — a'Xl - «»X1 - «'X1 " "'X^ " " 
Nuiue rater : 

1 + 4a' + 17a» + 49a' -f 126«'' + 286aF + 594a' + 1148ii» + 2068a» 
+ S617a»+ 5698a"+8817a>*+18104a»+18Te9a"+26979a»-HS4880ii» 

+ 45317'f" + 57327«" + 70-595o» + 8473(W«»+ 99214«"+ 113430,," 
+ 126«98<i''+13834r).i"+147722«"+154297«"+167689<,''+167«89<t» 
+ 154297o'"+ 147722a»'+ 138345«"+ 126698<i»+ 113430o"+ 99214a?* 
+ 847S(ki"+ 70595a^+ 57S27a*'+ 45317a** + 34830a** + 26979a** 
+ 18709«" + 13104«'»+8817r/" + 5693<," + 3517rt« + 2068rt"+114aa«» 
+ 694a" + 286a«+ 126a" + 49a" + 17a" + 4a'»+a». 

Oeneratmg Funa^on fof aovariemta, reduoed form. 
Denominator : 

(1 — a«)(l — a*Xl — o*Xl — «')(! — «*)(! " «')(! " «*)(! — «*)(! — «'*) 
(1 - a")(l — 08^(1 — aai«Kl — «"^X1 - — «:"K1 - 



*HMtableB of the dnodMdmk have boon cnlculaud bjr Mi. F. FranUin in aooordanoe with Fratanr 
^iTtrtwrli moond tatOmd ttua Joumal. Vol. III,p.14a), in p<ir»ttaaoeor»gniitiiiaid»bgrlli»Brikiib 
AmodmUentot th« AdTMtOMMBt of Boianoe. The eocwponding toblea tor tko Maiy qiWBtto o< tto 
flnttaBordenmflnB ia thto JdotiMl, TcLII,p.an;tlMiMi for •jraimiMof quaattoof tiMllntfknr 
ovdin, taken two uki «o tagather, mm gfvn ]M0t Ml <i< tha mum vduw. 
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amd Onrndformm 



Numerator 

7f «• ;t*a^a'x^2»x"«"«»<»*"*»*i****jr»«»*»*«»«" 



a' 

a* 
«» 



a- 



a" 
«■ 
a" 





1 


1 


1 


1 


1 




















n 




1 


I 


2 




3 




•> 


I 


1 














1 




1 


1 


1 






3 


S 


s 


2 


1 


I 






» 


1 


S 




1 






1 


1 


t 


t 


« 


t 




t 


♦ 


t 


t 


t 


_t 


s 


t 


t 


t 




J 




1 


s 


X 


r 


4 


4 




.J 


~i 










1. 


t 


I 




2 




_T 


4. 


_l 


• 


7 


S 


_4. 


Jl 


1 


1 






r 


It 


17 


I* 


• 






IS 


12 


» 


t_ 


_4 


S 


• 


_ * 


• 


» 


» 


<* 


T 


• 


» 


M 


» 


19 


-.• 


_ 7 


7 




_t 


IT 




m 




» 


1% 




4-% 




14 


1 


14 


14 


IS 


S 




V5 




« 


1 


33 




7? 


'A 


1» 


» 


81 


S4 


S4 


» 



1 I 

1 1 7 



1 



I 
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Numerator — {Continvtl) : 

3? a* a* «• «• x>* x'' aH* x^* x"* J*' x« a* a* x« x« 
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44 Stltmtbb: lUbkt ^ tke Otmrafing Fimcliom md Gnmd/uwm 
GenenUmg Functkn /or comim/t, npretentatitx /arm. 



Denomirjiitor : 

(1 — <i»)ll —«*)(! — .I'Ul — - '/'111 - "'Id — .r'Ml —<»'") 
(1 — aVAl — aVxl — «'x»Xl — <iV*)(l — n'j^)(\ — ciyJ*). 

>iuraerai<>r : 



a' 
«» 



I 
1 
3 
4 

7 



I 1 
3 3 
» C 



2 12 2 
4 9 4 4 
7 8 • • 



I 'I r~j 

IS 2S M M 4S 



. 4S 71 W » IW 

, — ^ , 1 , 



a" 
a» 
««• 
«" 
a» 
o» 
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Tijt a*iibV«r of groundfoniu leonnncf in the a^«i.-Iute <*<u:ust and 



Ti^ rriar. i^rript •he<?ti> coTitaining the orizina! <■»'. ula:;- :;? fr«.>ai which the 
(»f«c^i.f.j| U'/l*t« lure \/^a constructed <m is iLe '■a.-e al-o with the cmI>.-u!atioiu 
«y«&fkiMt«4 wiUt ftU tike nmilar ub!et which hare {^-eared in thi5 jourcali are 
Jttty/kiUsA in the iroD talb of the Johns Hopkins UnirenitT. Baltimore, wheie 
ti^f *»t, ar.'l ^xamiijed. or copied, bT UT one iniere^te i :: "U^jm. 

From *.^t« mabifoi'l ixidependeDt evstematic te^ts* to which the work been 

* 'm^ 'M ihMW |M«> lU^^mU apna the (oUowiai; prr>|>mT of the fcaetWiBf (UKt>«- vtm-ts h«* bcaa 
tj^VM^ r.-y 'AMrrwat^m. ttui 'A whjrh tb* wg n i fk-a n n r ■ one rwt knows. Oa piTt-Jis a = I m tke 

'4 Om <7«<IVn«m 'if ac. Tkn* ia the caae of the dDodecinuc. ibc DoowrMor of tb« tcdaoed form 
fMk I ia^ 4^-4^-lae'+lkN-9ae»+*t*-f a«*-f fct»- te-- 4iF— 4i*- 

ThM Ik* aMMrtv aJ ■ii:fit.,'.i\x r,{ th<r rnoh of {lattine a = 1 fami-l -- a t'-~t T r ihr mnwof thr 
ogfcMHM. tk* alRcbraie diruiUlitj of the fcanh of psuas ^ = 1 we thia Journal. VoL lU. iSl I 
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subjected, Mr. Franklin estimates that the chance is far more than a million to 
one that the generatinj^ functions for the twolfthic as calculated do not contain 
a single numerical error. The highest order of any ground-covariant to the 
twelfthte it will be seen is 34, which is the superior limit of order given bj M. 
Oatnille Jordan's formula for the ground-covariantH to a system of an indefinite 
number of simultaneous hinary forms of eudi of which the onler is 12 <tr less : 
M. Jordan's "superior limit" in fact in thi8 as in all the other Ciileulatcd cuses, 
being actually attained by one (and only one) ground-covariant to a single 
form.* It will also be noticed that for all orders of the primitive whidi have 
been calculated, viz., from 3 to 12 (with 11 omitted), the decree of the covariant 
of highest order is eitlier 3 or 4. Looking; at single quantirs of the even orderfl 
6, 8, 10, 12, it will be observed that the uiuximum order of tiieir ground cova- 
riants for any degree (from and after the 4ih degree) diminishes, or, to speak 
more strictly, never increases as the degree increases. As regards quantios of 
the odd firders 5, 7, 9, the same rule applies for the maximnm order of their 
grouudibrms of even degrees; and in respect to their groundforiux of odd degrees, 
the masrimum order firom and after the 8d degree diminishes or remains station- 
ary as the degree increases. AUo (alike for quantios of odd or even order) when 
(beginning with the 3d degree) in passing from an odd to (lie next even 
or from an even to the next odd degree of the groundlbrnis, an increase in the 
maximum order takes place, it is only to tiie extent of u single unit. These 
fiwts, whidi coDsUtute a sort of law tkrinhage, assume practical importance 
when the successive tables of groundforms are compared together, with • 
view to track the groiind-diflercntiants, (or, in Mr. C'aylcy's langiiapc, the 
ground-semiuvariants or «oum-« of covariants) as the order of the primitive 
quantio is ineressed. Some of these ground-sources retain their irreducible 
character permanently, others only up to a particular limit of order in the 
primitive. The former may be regarded as the irreducible difTereiitianta to a 
quautic of an infinite order : such for instance are all the difl'erentiants of the 
second and Hard degree. But when we coadder dilferentianta of the 4th degree 
this is no longer true. Thus we have the well-known example of the diserimi- 



* U la also putionUriy Dotioeable that the mmber at the m acM a tTriy pMiUra and MfMiv* blocka 
ta (to Mil* IliBsm tiM kw otor?^ ia Uw infhrior ewM, via. te 

■iBgielilink, torQnanlinafocdmKKBdStwo UookB, ftar oeiMSOniw MoalB.Mid ftemden • aad 
lSftmUoolM.anN b«lag fly dkdnict btoeka alimiatdypoillif MdamstlTOte (to i—fawee hefaw 
w of (he Quantic of oldar IS. ^ 

Vou IV. 
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•cr,* »: >*ff-. '.f -L^ T*:.-;-!: : i.dj?ir»:::L.r.'.5 : c -. wi-rf7*r u,*re are f 
t: . ^'/..zz-- f : i-rj. c to » vi*^-*- ••^ '• ' - J if— A«.f tb* 
•:-j2-'. ri*r y . # — -f, rh* q-iaiU-.*- t-f :1t •• r:*r i ♦ i., w# kc ■ t tL*: »: A of 
•i* •<• .r!*» V* *L* A'2r-.-^'if:rx*. i. A i-::?*r*^:Ii:.y: ^'f c*rre« / ftsd 

t'.zz-i f-.r y-^-*--*^ eiL ' .> a cti.\.l r:u of <irr-;ri'rr 4. 4. ». of de«- 
4 . * : * -i- -i* !« of rr«>-;i-if rnyi f-^r t'~* s#r::-r r.* cro-^d- 

f'.rs. cf 'i* *Mi* diz-wiis.^. i. * . ct d<iz-i>riir 4 . S - Hei>f xr.* d:5#?e!:::int 
f.i i-iZ-ir^. i . 2. -r :jh irr-? i : :" w':.«a rfjiriv i a - f$>r»rf 

A« ft f-x.r;-,i of 7 or ri.-. r«. 

ft2»Ii. f.-.r ft like reftA<:3. th* er»."r. 1-c:?*nf:.::4:.t? «-'f 5 of 
'i*z-'-ri*?» -la r**j«t to il* r,.u--; > o.l ir. i -^.T. ». r. of •i*i:-w«r:g!i» 
•v . >. ar<» ""-I j trar>:*r.'.!y irrv i u ;^ !e : a:, i. :* T^ry :r.*er<^r.:ne it 

'-•i ^ ft tl^-. -e here ;he of *Lrlr.kaj<? s-Ae? it* :r:.ivr^ce 
f-:!- '2* of ftU :Le er»>r:=.'ifvr=3 to ft <iuir.::o of ft Lijb^r order than 

•i* ?tc. ftr« cs^T trmi-vlv^rr - or f roval.ii!:*!. so 10 iaT« 5r:'u::-i^:5ere&ti4iit«. So 
>. rr.*r',-?r ;• rv ^ — iz'- 1 * r o rr.jinr.j the :a' . — .:. rru« for 

•i* ftE.i thit of tie 'J gTv-m !-?. urves the d^zree 6 to the 

$.7 — 2 

ftr=:"%r. cz'.j :-w; run f«rT.Ar.er:t. vit one »<f the wei^rt — — ^ «nd oae of 
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the ()ther8 hecoininj: resoluble when an additional letter is introduced into the 
quantic. Moreover, as the tabic for the eightbic cuutuius no grouudformu of deg- 
order 7 . 8, we see from the law of ehrinkaige tliat there can be no Kround-flource 
to the levenihie of a hi^r than the 6th degi«e whteh is permanentlj inredadble.* 

A systematic weeding out of the tninsitory groand>flouree8fTOm the published 

tables, which cannot in all eases for f^roundforms of earlier deirrces lie efTeded 
completely without aii exiiuiination of a more searching kind than iliat illuslraled 
by the above examples, must be reserved for a fliture occasion — after I shall 
have completed, as I hope soon to do, the study of a subject of higher interest 
and more pressiu}; importance, which has for its oliject to determine not only the 
groimd-forms so called, but also the ground-syzygants. the uround-counter- 
8yzygant8,etc.,of quaaties from their generating functions by u purely arithmetical 
procem, which I believe to be already substantially in my possession. 

As the fii-sf fruits of this method, I may state that the invariantive grouud- 
.syzygants (or, if the expression is jireferrcd, fundamental syzygics) to the octavian 
quantic (x,^)* are 6 in number, and of the degrees It), 17, 18, 19, 20 respect- 
ively in the coefficients. As regards the ground-eysygants (invariantive and 
covariantive) of the (piinlic, my method furnishes the same list as that given in 
Professor Gayley's Tenth Memoir on Quantics. Their deg-orders may be found as 
followa. 

By the supernumerary ground-types understand the degnnders of the ground- 
oovariants exclusive of those represented by the factors which appear in the 
denominator of the representative generating ftmction,t which are therefore 
23 — 6, i. e. 17 in number. Let these types be added each to itaelf and every 

17 18 

other, thus giving rise to — ^ — types: out of these sums strike out the types 

8 4 9.6 10.2 10.4 11.8 12.2 U.4 16.2 

and replace them by 

13. r, 14, H 15.3 15.5 16.4 17.3 19.5 21.3 

The 153 types thus formed, together with the types, 26 in number, fin ni>hed by 
the negative terms in the numerator to the generating function, (see this Journal, 



* For the mil Jr'k'rw it will ut imcv bv M!«n that tiMnflaa ImbOI 
e^cf pt one o( the 2d ami oue cif Uie 4th order. 

t In such denomin.itor the nunilxT nf fiu^torfi for n Quiintiv i<f uny odd order 1 toSi— S, MBd fOC 
any mm ordw S{ l»Si — 2 (t in ««ch caaa twiag Mppoaed greater than uni^). 
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vol. ff, p. 224.) I7d in »ll, will Vi* »hA Af.%-*»TAKm of f S'iuiuRi'al frzraaaL 

Kf. 0»yl«y frujn'lx rii> on hi.-4 theory of rh« tfr-^jiA. B^al 'jrtnrtraris* F'sm- 
whi^'J* ^-wiifiHi./ '■/<Ti'i'f.'» III Ai-iat may vrr.."*'! Dui!"";-" Pr*»»»c'Adi q 
of »h« IUpr*!!t*iTifAMv«! f#. F. fif.r fli« Qt*j.'.:w:— r«»r,^> m x "iji ::-* pa:r». «»:a 
puir Wrfifiuriiftjf on« po«iifiv« ax>d or.e nA;^ti7« »tsraa of i ;n:«»ra: r ?-t 
t^tft HKn^'Tninaror, wtifiTti^'l &»r«5rir»j'inction 'haj 'he <iAT4l<.p«d-i5pri*>i«>a«;f eftdi 

nyvjt*f,'A 'Ui*-^ not appear Iaii f.ir »>• I <5iM •«> 'i* itar^fi 3, La 

m^mriir. TTift dia!yti<i |S>nii f<uppocinz, m ii> pro***' '7 'h^ •»■«. h al'«i>j4 «sidu 
titt /ifiif^ r»:pr*i!»»'rifAfive J5Rn*?raTit.;:' f' i:.i^ior--( b« n-zt «x-y arri-r* »t: s sen«>« 
a^ti'iorial ofi^ta/:!*i To th« ij-*^ -.f rrrfr 'iialj.^io » • »rL?* :r: v.-^ -x^ 

wh*T* fiw for afcVfthiiiio^ th«; ni.rfn^rarorof rh** rv- fi'-ir-'^UT-* 5 na ';•^.•» *a 
in/it.ttft Mrie«. Th« method I erriploy •^Jea af>r pe<^ ilr« ±« '.we of *Ji« disklrde 
awtthod. w»r ev«n of the rtf^nitudattf^t turxa of the G. F- ts* Fr»i:ti<»l 

prf,f . -J rr. K:h <implifi*;d f»y rhe ifc* of t!i»* p;pr*r-i»CiUri-e r... » bu- a r!..::e 
riijrn*;ra''.r, result I obtain for tK-j f ir-'Liirt- n-.i". :' ".t *ex::-: u m 

(i>!k>w/«: T»ke ihn 19 itiiperoumenn' tfr ^ i^'i-tvp'r? v. I IL y. 'Ho.) aad 
aAd them e«dt to each and to every t>t}«er. a^ in the pre«.-e<ii:./ cade. Tben strike 
o«it r*f the jwnwi formed the tyf»« fif the «leg-«/rder« »5 . 4 . 0 . "5 . 5.4. 1 1 . 1 ' . 4 . 
7.H. H.fi. 11.4.aj< woil a- '.'i.-of the tw>i 13.4 t.r.-alL^.l fr.-u the ».t i -: ri..f 
$ . 2 and 8 . 2 or of 3 . 2 and 1 'J . 2 aud repUc-e the utoe types 91 > oi^Utte^i r-y :he e:^t 
typ<M 12 . 8. 14 . 8. 13 . «. lo . 6. 10 . 10. 11 . 8. 14 . «. . « . There wul thtu ariae 

19, ^ — 9 + 8, or 180> typ»?«: to tht?^ adjointhe 2:* tyj^.,rj r.ven v ihr? negatiTe 

terrrm in the miuieraUjr of the Rep. G. F. : the total uumWr >•( typ^ 1S9 + 29 
or 218 ao obtained will t«e the de^r-ordera of the complete jvictem of AmdameDtal 
njzytl^tM to the «extte. The two ty]ies of the doir-jrier rj.*> whioh appear 
among the iiiipemumerarT type;", it w ill of c«>ur>e l e uri li r>-."-l. are to he treated 
a« dl^nct types in forming the hinaiy oums. It i« ju^t barely pi.ie<»iMe (hut I think 
very im'ikely) that I may have eommitted wme ovei^ight in the table of replace^ 
ment in the aWe cakiihtion, and that the true nimiber of gT«>imd-#yzype« mar be 

Id . ~ + 2» or 219 instead of 218 * 

z 

• *; r.»- f.ir_»rv «iirfi. ■,{ f-^ »r>- "jmit;>'<l, *ri'l are rvpUi i y unlv r.^rht <nh'T O'labioationo. Till* 
If.-. ■ v"i« '■''^ ''f a 'iriit in < '■untinif th«- irT<?"iai iblt- ?viyf n— t" tl.>' irnarixnt» i>f ui rijrtiUu' - The 

gvfifnunmfTttff iii*amBta in Uu« cms are S in number : of decrcM . •. 10 r « 8| »« t tiT«ly. Their buuMr7 
«MMM«b>M wmM giro t. bat tte tnM aniAar Of imiMabW qr^^ 
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I .siihjoiii a brief njn^rtpi of the genornl thpoiy. 

A geueraliug fuuctiuu (whatever its ttubject-matter) developed in a series 
oonnsta of &ckiitB and coaffidentB, where enj ihdent is a product of a finite aet 
of letters each nueed to a certain power. The totality of the exponents ezpreering 

thpso ]i(i\vors may he teniierl tlie type of the fhcient. In the generuMiif; functions 
to he referred to heniinunder, the lettei-t* employed are just a» many in number 
as there are quantics in tiie system to be considered: viz., cue letter corresponds 
to each quantic 

A generating function proper (with reference to the present theory) is defined 
to be one that is or can he develujicd into a series of fucieiits wlioye cocflioients 
and whose types are omni-positive integers, and whei-e each such numerical 
ooefBdent is the number of linearly independent iuTarianta whose degrees in the 
coefficients of the several (pliant i s of the system are identical with the indioeH of 
the eonespoiiding letters in tlie fueient to which that nuiiierical ooeffieienl is 
attached.* The type of the facient may be also styled the type of the connoted 
mvariairia^ A binomial expression consiBting of unity fUtowed by a fiudent and 
separated from it by the negative sign may be termed a generator. 

A proper generating f\mction to a aysteni of quantics may always by known 
methods (ace this .Journal, vol. Ill, p. 133) he expresftod by a fraction whose 
numerator is a finite series of facients with numerical coefficients and its 
denominator a finite product of generators. 

It may also be expressed (aooording to u definite process), and in one way 
only, liy a fraction whose iininenitor uimI denominator alike con.sist of a finite 
or iuliuite (except in a few trivial cases, au infinite) product of geaerator8.t 

* I H|ie.ik detii^ncHll}' (forgreatd' (iu ilitj, uf < x|jri'^sioii: of invurlant« only, whioh c«n bi> done for 
bimiry quutiM wiUWBt aiqr kM Of gvannUtjr, iuMmuoh •• oovariaaU ta»j b« rogardad m iaraitooU 
uf afpvea^frtmotqwoMnwJIhaUaMrqwuilieinpwaddad. 

tif a, »,«,... m Awieato, 1— . . . iia||MMia«ar,and«, fi,it > . .(tskMilBad«flBilt 
arto)islli4BM. 

tltarlariMMMlatOlwtliaccMtBllBcftaiMtlw paniw to 

(1 — o»Kl — a' 1(1 — a'Hl — o»)(l — a«)(l — a') 
= [(l_„i|(l_ai|(l_o.)(l_a>)(i-a»)(l-a'Kl— «•)(!— ••HI— •1»)J"' 

. (l-a'*|<l— a")(I — o"Ml — a")(l — a'°) 
. [U — a")(l-a")(l — a'-)ll-o")(l-a")]-' 

. (l-o'MU- a»M(l— a'M»(t-a")'U-a">»(l— «"HI-«") 



V. •./ 4 < >r /^.-.- -.-^ » J •- J- -. -u-a-i'. T:»*i 

'A.^yf^ar.-.'. v» r. •.-jtf. '.t •ut *">»• 1* c 'ic* 

'fe-.v.f.-. .•.*.v,r «..*.. .->-«;^>--:t*;7 .••;,rt>i*s.r •*.rA..-T f ^ ji' Lb 

*;t.j7x;.-* ;* ' '/ 2 . . . . ■ — i v.»* * M_*7 '-u* '~:~.rn * 'lii 

< ^.'.j* •jx7;tt.-.-j» '^f Vat "jif* »L1 'x^re of 'n.r:«-«v.- Lix xr»i«r. 
gf!T.».nfr,r'i^,'.}M fyj. that 

it if wwMMT/y *J^\ — G; f — G; ^* — G: f^' — O:.. 

wj^. <fc-sr»:>,f*4 in wrn^n of tkritu'* wi*?. oiiiu-p.*:::ve ir.'ii-aw* »* tl'eezA'jtiy 
iiti.ZA'y ^ \:A ornrii-fi^gaf ivfr. B it ex;>i'e:. < f -I-.- ir.- .. S^r':^ x.— - izh 
• WfmtMfj, i.* r^/i • nu^^f^imi cofiiraon iaorier u-»: u.c F ? ?r^^ ?«.. repre- 
««ri*V»r«; fr, F*. F* ftod F|.Ft mief.t eridentir l« regarded a» 
tr>->\^ tA tfie ir.ftqiisili:i<r« wr-iild -'ill -.i- • . .j; >.»it we furtber Umit 

r* ill n-Mmtair/o b/ U«e fr^IIowing rule. viz.. Uiat on «rithdniri£^ acr va« of 

tpojsntf/it'tu^tn tt*m F« and calUng FH ^ eroup so i«duoed 4-, — G i» no 

*//r.^r '.ir.rti-po*i*ir«. tlkii will serve to d'-Mne T, a'f-solmelv; F« being <o 'leter- 
tb'.tj-A, r, nwjr in like nuutner be limited bj the ooodition that it« quvtiem br an/ 

f 

'>ri« *4 i/iM ff^f tmum betni; called Fi , -7 — G ahall be no longer omni-negatire : then 
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Tx u.aocurately determined, and, proceeding in like manner with each group in 
gacC6«8ion, tlip wlinh' system of proiips becomes exactly definorl, and thua W« 
obtain the ucocssury ainl siillioicut coudiliou of group-rcprci«eiUation. 

OftUing ^, yj, jjjj, "it re»peotiToIy, 

tlie V leriM of quftntities stand to 0 in somewhat fhe same relation as .the com- 
plete quotients of a continued fraction to its complete value. Obaerve tiiat 

— 1 , V, — 1 , I', — 1 . . . . eacli vanisli wlien \ siriables in 0 are each lero, 
and become infinite when the variables in G arc cacti unity. 

When each such variable has any value intermediate between 0 and 1 , I 
think it almoet certain tlu,t no two of the can become equal, so that for all 
values of the variables inside those limits the parabolic linen or surfaces or hyper- 
siirfBcc^, kc, represented (after introducing a new variaVile u) by the equations 
t) — ) 0 — 0 , « — )'| = 0 , u — I'l = 0 . . . . (which coincide for tlie limitiug values 
of the origbal variables at the origin and at a point at infinity) will never inters 
sect, so that within the prescribed limits Va~ v^, r, — y^, — v^.. . . will be 

always positive iui<l i , — i , — n will be always negative, the limited 

boundaries represented l>y 

o» — o — n, o — I'j, » — Vt, . . . 

being each external to the one that precedes it on one side of o — and 

o — Q, a — 1^, u — Vi, o — t^, , . . 

following the same law on tlie other side. It is po.<*sibIe, moreover, tliat a more 
stringent condition than the above may be verified, viz., tliat 

V„— ff. I', — t'o, — tr, . . . . 
ri — »•, , vx — Vt, y, — »'(... . 

may each t)c ilovclopablo into omiii-negative futictioiis, and again (to complete the 
analogy with the parallel theory of continued fractions or converging continued 
products) that 

fl", 0 — 9x, vt— — »ti »«— O, 

shall form a angto series of contmually deereui«ing (|uantities, or even in their 
developed state, of ftuwtiQiHi hi which the corresponding coefficients to each 
thdent fbrm a continually decreasing (or, at least, never^increasbg) series of 



5»/A.*.r.'. • 4 I — «• — »i v -. Jj .* — i,. 

i:. U-.ift U> t:^ ♦'ir'i': 'he {.'/-/.Iv* ::.-^z^r Z f .z.i ^ -Ji* _::•» 'J-ii 
v*;..*:.:^ b'ii'avs* that *L«re 2 fr»:*i^,i-c. TAnAr,> -"f if|-<r:*r {."S. Tie 
b«iBk3UT« K.*jgfptT 1 to-xA it tt« l2*Ji 2:* 1=11. ii. ii a*^ ti*: 'hart are 

7 irr*': -vzT;r;*f4 i,f d-i'-'H-^r 12 12 + Tr.>» z.-ri.'.~* * — . L* *r:r:rru:#. 
ir.art.'.vh m ev^n- i:.i-j>-r. i-rr.: fyiji^J **-J ---^J" - ^"^"^ J* 
r.'iH.'^ of Ur.earlT uA'-.i^zAki.i in- or- «>TaH«=.t5 ■ 5 -irr-iri-r -jx:. 1* 
prod J0e4 o'rt of tiys iL^nor gro:u:d5>nuw m tLk: tytvzK.'* zukj V m 
Wsp^ste eri>'tencea in regard to gro'iL'ifonEj: CKZTi:;2 «; ts* i«x« iie«^ «c3;»r» 
•;.-zyjrairi"- rx.ii'h' iitiml^ered intege»c»riyi£^rir*>:ie2fttiT«s£:^«i:::3»ii:ting 
ea^rh oth«r, axid m> ob iitdefixiiurlv. 

Tbe method tA partitio&s or genend::; tj^srivZA. mH-Hx » tbese-sar* 
p*mir.f «r>ti«<tra<nioBkft. looks at mTarianu and lAeir cons«xiv=# «ct«tr with regard 
u, 'K'rir d.-?-or<fer or tvpe without takir.z arij a<Yv>-.:-! of :r.-:r .1 r.:er.: : in < "h^'r 
worift it deals oulv with the idea or m/Ujn of the?e t«ir.2!^ a:;d U;eir r«^<.>a». 



* N B.— A nzTKant v>* (Vucii' i« a rat;-«ul tct'f>-r fi]&~t> c y ;v =' ■<~aiteatt v^iclk afnanA 
M » i'iuryia 'A tij*- " lanuii^ vir-m^-xJ.^. tut is^t i-rrMW' !■ **4c|n* iB 1h> 

•vMAmcM* " 10 IB— n tbe iltgiw o( anf a«>e «< lb* tcnot of wiuck « m tbr <u*. 

♦ttjiroMna A* h%kMt itfwmr «Her wip«ciirily finai ■ «v i*:cl or. if Blrtiiw (tal 

'^C'^^tT—^ThT^thl lltnlr tp- tn th- J"thiT— 11 "iniia rf TtrT ■n'-'f ifctwwhir fc ilM>ifcm 
lia»irn4Mt4»ci<i»dfom«ixsn7<><<ke4ar«(4cri.«. IitiaeaiUMcxhftiwd ft Ww«a ihM 

4, Wmaem /—J. « ai* aeilfcer of Asm nd «ae of Um<b i» crMier ikiui em>. Tint mmf >> tr»r 
lor all TMBlva wtuHk b»T« a fttuu Rrp. O. F.. bat n'< D«'-t~«anlT u j pr' '^bJr n«T«r atrtcAliy o.^ 
M CMkBi: tfii* or. jr. U> the v»-v«ith»r belong- xa irrt-ju .' .1- ir.<»j-i»r.t of ^ir^rrr- ir. ! »n 

irfi-tf.-^ TZjfT -A ■i'tfr** i"> m> b«Te th^ 7. ' ' .- Lr.f.r. -r t-' ti.-= ; t ?i ■ Th# fi-rt c.f 
•'*'7 / ' *a;*rviC l<j tht > . t aui be expretted by savin^i: tli^ ih* u>T«nu>UTr rytytcf^ puruuo* 

«f ali>V ^' F i^'^anMiHamna«Mli«li»Mill^aFnandn^b»diTiMft«Mw 
«>S0« r'Xitoto'/m cut. 
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mad may therefore, I think, suitably be termed the Idealistic method.* I cannot 
see the fiuntest possibility of the symbolic method serviag to delermiue a 
oomplete lysbem of tyijpM in uy but the trivial ewes of qamties of the 8d or 
4<h order— the only caeee vhece ihe infiuite procesdon of beings (syzygants, 
coimter-syzyfraiits, anti-countcr-syzygants, etc.,) rising out of cnch other, comes to 
» stop — there being for those cases no prooeasiou after the let step, us is also true 
of inrariAnts (as diitingDifllied from Gorariante) for quaatioB of the 6th order. 
This is how it came to pass in the io&ncy of the Uieoty that the number of 
ground-c()%'ariants was supposed to become infinite for quantics beyond the 
fourth and tlu'ir Lnniuul-iiivariants fur (niantics beyond the 6th order. 

I tlunk It luuy be iuterestiug to some of the readers of the Jourual to be 
put in poflBeadon of the complete eystem of irreducible syqrgies to a eyatem of 
two or more (luantiCBi and I select as an ea^ example the case of a combined 
quadratic and cubic, reserving the other combinations of which the proundfonn 
tables iiave lieeu publislied for a subsequent number of the Journal. The super- 
numerary ground1i»mB for the quadri«cubic ajstem (see thia Journal, yoL II, pp. 
296, 2M,) are of the deg-deg-orders 3.4.0, 1.1.1, 2.1.1, 1.8.1, 8.8.1, 
1.2.2, 1.1.3, 0.3.3. where the finst and second numbers express the degreoa 
ill the coefficients of the quadric aud cubic respectively, and tlie last number 

• My proof in the Phil. TVi/im.. f<iuricji'.l on tli<- < Minonii i>l form i.f rhr Qninii. nf its 4th, Sth, 12th and 
ISth-ileprPP'l invarianta fonuint; :i conijiletc t.y..tt'ni tlif late Mr K"ik V ili-^i m\ . ry of the cubinvBrmnt 
to tin- i^ii;iitii - tlif viuiiMii <iif.]ir*Mtt"fs It) th-' f ■ '.■i.ri'r.T tii^uluti jiiiii lu •.£LI^ .Ir'iiiiiivl "f tliu t'X Lstunc*^ 4)f KU|»- 
|M>s.-.l (,^riiiirnlfi ■nils nrt' nil oxt>ni[iliticatinnh rif tl>- Ui';ili»tk' [mint > 'f view. riii- nynilKilic lies twtwcpn 
tl»i?4 M'.-aLi.-.i i, of lhti KiihjtH'l. in ■ f:ii the i>jKjrutii iih Ijv '<v]ii.h Jiivariunls art- fiincn- 

<lor<sl c-tnistUut<i a iir-w uriii r«> to wiy finvr Hubj<'«'t iiuitl^*r. rjiiiciblt! nf lirjnj; iti**'U op«:ruU'(l iijwiri in all 
leupt'cts liko nrdm.ary algebrair^il Hubtitance. In PrufcRtiir Cayleys lOlh .Momivir <jii liunntn ii tluro is a 
sort of half ri-turn from thu MoiiliKtic U> thii RwiliHtii: view — a kind of mibi-ta^utiality bt-iiiK attrihiit4Ml 
to thv)ptnindfunnisth<.*ini*«lres AS primary elements in the study of tiii-ir Ky7,y>i;ftic- IritiTiotiiiivtionti. It may 
be well to notice, for the benefit of Uio readers of that memoir {PhU. Tratu, 1!$7S. i that in the Repreoen- 
tatiTe Form given nt p. Kil two temu are omitted by an OTeniglit, viz. —a"x' mu\ n'x". I n««d 
hardly odd (iiinc-e the publication of my tables in this Journal), with reference to a doubt eiprwweii by 
Prof. Oyley [loe. cit.), that I had obtained the form referred to In the pAragiapli foiDowiiig the 
R. O. F. in quettion. though not by dividing out the ooomMn laoton fMm the nunwrator and 
denoaunjitor <tf the R. O. F. ; on the cootraiyi Uw N. O. F. it fint obtaiMd Cron Um gunerating functiaa 
in ita cruA»fomtwhioh if kft totoMtfam nwd* hmi jwriw). ^mAm 

''"nel^iiDbaltoaBd ttoUMU^ gnIM aUto, m 

f» «■ Is faMww, owa tlnir wi a m y tk« loaOTMw( wiiimw iii ri r toh> a— d) acuf andw^wcionainteUect. 
IVMte niNb flHl ta ««alial, fMurins to b« adM t» (be CTMt dl^^ 

!■ tte dinetfoB of tfM fanner may reoaonably be deuMad, but no such niiBMBa caa be nBlwrtatned 
with ineet fa the letter, whUh alreedy ba» givea riee to — ny more g m i H g — ttn tllneMMled (of a 
Mad, »w> or which a MiMm watmmr or le>e> imiy woiCBibily be aBUdjaled). 

■ nr. 
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«w«w7<ri:#*r. «j«<r»^Jft^*f»Js.^li»^•/^ 2,S.2. S.S.i. i.4.i fc;j««rir 

+ 2.1.1. 1.1.1-1.3.1., fi?;.:Ar^iz^=: -jtjjt Lrr^r M l 

-fi.i.i-«-i.i.i. 1.1.1-^1.1.1-^-2.1.1. 1. 1-1. 

•*T« VffT.'.^ I;; r. v,r of t:^ F.. tj>t •.;,**1.-t .f -_-.rr _~>r: . > tyr- Cii* 



«.%.0, 4.5.1. 4.7.1. «.5 

iZ.fi. 2^, 4.2.2, U.4.2/' 4 

f.*>.5.S/. $.6.3. 

l-'!.4. 2.2.4, <2.4.4/. 2.o 

n.$.o/, 2.3.S, 2.S.0, 3.0 

2.2.9, 4.7.«, 



.1. 


5.7.1. 


2.«.2. 


3.4.2f 




i . -> . -3 


2.3.3. 


.2.^.0^. 


3 


4.3.3 


4 - i 


1.4.4. 


.4. 


3.2.4. 


3.4.4. 


3.6.4. 


.9. 


O.i.i. 


1.3.6. 


1.4.6. 



tk^m Im:^ xh'i§ oTie irTtdiiatj]^ iiiTuiMiiure €r^^ uii 4. 10. 12. 11. 5. 0 
wnnaz-tiy* tjzy^^ of ordera 1, 2. 3. 4. 5. € rMpecdrelr. 

It mftj be worth while just to notice that the trpe* to the cosp i^item 
of irr*-A . -J-.A •¥zj'gi«s to s rimuluneoiu lioear ALd :* r:.; ^'.\ consist 

lirr.piv of yinn of the 13 .snf-^n.uri.erary type?. i.V. M. J . v. L II. p. 2J'5.) 
*;.3.0, 3.1.1, 3.2.1, 5.3.1, 2.1.2, 2.2.2. 4.3.2. l.l.S. 
1.2.3. 3.S.S, 2.3.4, 1.3.5, 0.3.6. sdiedcMfa to itaelf sod eveiy 
other, togeiber with the 1 4 t;. f«es uken from the nt-rauve term* in the numerator 
of th« f . viz : 7.3.1. 6.3.2, 0.3.3, 4.3.4. '3.4.4. 6.5.4. 
3.3.5, 0.4.5, 5.5.5. 2.3.6. 4.4.6. 4.5.6. 1.3.7. 7.6.7, 

uakiag ^^-—^ + 14, Lt. lOo in alL In ihi« in«tAtu:e there n no rejection or 

tulrfrt/u-lon of fun« called for. 

A irord or two aeeuu nc-ceaeary to leave unainbiguoud lite meaning of the 
tern tyzygintf of anj specified grade in what pi«oede«L 
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In- or- covariaiit^ may be tormod syzygants of gradi' zero (as already Htated). 
Sjzygante of the iirst grade are defined lu be rational integer fuuctious of Uioae 
of grade wro whidi vaniah wlien the Istter are exprened in tamiB of the ongiiMl 
coefficients. It is not necessary to define theie t^ftyg/Ukis as functions of ttneAioilMs 
ones of grade zero (which vaiiifh under the condition aforesaid), bccanse every in- 
or- covariant ia a rational integer function of the irreducible in- or- cuvariants. 
But when we come to syzjgaate of the eeoond gi-adc (since those of the first grade 
are not neceasarilj Ametiona of the irredodble ones of that grade, but may be 
HO of the ill- or- covariant.^ as well), it becomes iiei'i>ssarv f.n dofmo syzypjints of 
the second grade {aiiter countAir-ajzygants) as rational integer functions of irrcdu- 
eiUe ones of the fint grade which vanish when they are expressed in terms of 
the quaatitiee (here the in* or* oovariaata) which immediately precede them in 
the scale of generation. And so, iti general, following out tfae defining proceiS 
step by step, by a svzygant of the (/ -|- 1)"' grade for the purpose of this theory, 
is to be understood a rational integer function of the irreducible onen of tlie ^ 
grade which Tanishes when these Utter are expressed in terms of those of the 
grade i — 1 . Such at least b my present impression ; but, supposing that I am 
laboring under a niisrnn<'ej>tion on tliis point, it will in nowise aflect the validity 
of the theory in what regards the computation of the in'cducible in- or- oova- 
riaata and tlie syzygants of the fint grade. 
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of deg^9rder 10,4, 
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I>r, Tor. (n.l haA rer.']*-r<rd an mesrimaMe #erv:.^ t»> ra:^I *«Hec«e by 
w,!xliif o i*.. a/^y^rdiJig to Gordaii'* luk'.h'A. ti.« ctf2.j-I*:e *t*:ci:. of 2T>:-j=.if«>nii* 

— fi'w4g .Ijnafeii. ««re at first widelj dLn-^jr lani fr .'in tL->e« irLi-jA bare appeared 
ict Joomal. >/iit eventually Lave }>^u brv ' v their aud.vr Ln* .' f-?rfe'n 
^ErKri.erit with tbeio, witb the sole exoeption that h^s uhle includes a cuvariaut 
«f dtjfonkr 10 . 4, DOt tneluded in mj list iriuch be ciatet that be has not beca 
atle f> deeompoM: h ia tlie object of the present oommonication to bring the 
two taMei> hjo exact aeoord hj demonstrating that no irreducible corariant to 
(:r . tjf' of tlxat 'j':;r-'jr»Jer can exL-t. The total num'^-er of Cii-rarianiff < f de^-order 
10. 4 obiained bj' muhipiying together the irreductbie o.'vanani? uf an iiiferiur 
def<»fder (whkb appear equallj in Ton Gall't table and in mr own. and whoie 
exurten«e therefore oiav be taken for granted)* will t. . o2. wh-' h is the 

r' Tr '-fTr of linearly independent covariant> of that deg-order given by Cayley's 
law, ^»«« p. bOj i hence, hj tiie fundamental postulate, the 32 compounds in que»- 
tion nudst not be euppoaed aubject to anj linear relation, ao that, according to that 
poaUilate, there cjovta no groondform of the deg-order in qoestion ; but my 
obj<Kt ia to nee thia inatanoe aa anothw ezemplification of the validiij of thttt 
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same very reasonable postulate — as I have done on the three former oeeiisions 
where the tables of Clebsch, (irurdaa and Giuideliinger cumpriBed groundforins 
extnineouB to tho tables obtained by me on the aasumption of its truth ; the 
pfoof, homwet, on the preeent oceaeion, is miMh l«ngtU«r than any that haa 
ever hitherto been eraplojed, nn l involves arithmatkal eosipiltations of 
cotisiderable prolixity, all necessity fur \vhi< h T had, in previous eases, been able 
to evade. It u, 1 luuy add, only after repeated Iriak aud di»coiuliture8, that 
I have eneceeded at length in devising a special method adequate to prove 
the important point at issue. 

Till' ii ioducible invariants and covariants of di^<,'-(irder inferior tu 10 .4, 
\i. e. whose degree in the coefficients and whose order in the variables are not 
each as great as 10 and 4 respectively,) and whidi also can enter as factors of a 
oovariant of deg-order 10 . 4 (this excludes the neoeasity of considering inva>- 
riantfi of degrees 9 or 10) are as follows : the invariants are of degiooa 
2, 3, 4, 5, G, 7, 8, one of each degree ; the eovariants arc one of deg-orders 
5.2, 2.4, 3 . 4 respectively, and two of deg-orders 4 . 4 , 5.4, 6.4, 7.4,8.4 
respectively. We may denote the invariants by 2.0, 8.0, 4.0, 5.0, 0.0, 
7.0, 8.0, and the covariants by 5.2, 2.4, 8.4, 4.4, 4.4*, 5.4, 6.4*, 
G.4, 6.4*, 7.4, 7.4*, 8.4, 8.4*, and it is an easy arithiuotical calcula- 
tion to show (see Com^tle* Bendun, July 25, 1881) that there are (as already 
stated) 82 diflerent ways in whieh these duads, by their combination, can give 
fke to the duad 10.4. Out of these 82 it is important, with a view to what 
follows, to isolate those in which neither 2.0 nor 3.0 ap|)ean; their number 
will easily be seen tu be 10 , us shown in the scheme below — 

4.0 + 6.4 4.0 + 6.4* 4.0 + 4.0 + 2.4 6.0 + 5.4 5. 0 + 5. 4* 

C.0 + 4.4 6.0 + 4.4* 7.0 + 3.4 8.0+2.4 5.2+6.2. 

What I have to prove is, that no equation n = 0 exists, where LI is a linear 
funetion of the 82 products in question, oonneetad by nnmerioal «oaffi<> 
cients. Suppose it can be shown that A does not e<mtain any of the 10 flmo> 

tions above indicated. Then Cl is either of the form (2.0)t7' or (3.0)F, or is 
a linear function of (2.0)f/' and (3.0)7. In the former two cases we .should 
obtain = 0 or F = 0 respectively ; aud in the third case the equation 
X(2. 0)17+^(3. 0)7= 0, since 2.0 and 8 . 0 have no oommon fiMtor, tmpUes 

U V 

the existence of an integral equation X „ + n , = 0. Henoe, in the 
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••-.;•»* •a»Hi<j»««.;,^y.-»:, »*,>,jl *z..'- v "C' '•^ iifrt-^.rit^ • «■ " t 4.4 

■i*jr-'.rif< ^: v.- 'jt j» «: irwe:.'. Vi.-. i .rat? ■:: mz^ih CA-j*T'i 

•/ .V. • .V.'- .v.'i V.-.' -r .v -.v.- » .-. ■ -.. r»-..Mir ^:«».'-.* riffL'-^ir f- n 
*.-^ i:^-.-.! >: w. *r: ^. - i*T*r aft£. 'jjt a#*, " H^::.*. 

r»I»*>.r.. Of vr^t *i>5 v.iT^ne w- i..': vae : 'Jjt JwK :f ti* «zSr«=r» 

T:a 7^*^'. - .'vr'l ^fc-'i of r.ak'i'g 'ie ins :»> iiTk---A^> rkr.^z. 
>»i( *» a 'x::!^ I:i vLI^L ozIt I > iz^^i :f 22 Lirear f ^rJ:=tf lave :o 

'AsmsA'.^ — '. A h i* tot pywl'-.I** ji«ni»f« l*f;rt 'i* .:Al;^tl:i* savebeMi 

«x;,r»r»->*a of d<6 10 «omf>o*ind* a* h:=.':.gei*»:--* Ui-iur f _:. -.I . •: f II liw- 
i&«r.r*.* jdrit.^ rjA to a rectax.z'ilAr itA:rii 11 : 'i w-1 :•» *z.i I • j i'-^p 
«f wsJ^i it c»a thofTD that ih« Oyn.;^le:e il-l^,.-* of ti:« 

orUtTj 4o iKit all ranirh. »o that the 10 fui.c:;->::j c*r4:v: ^« r;V*« to a&jr 
ttxTfT : ac^ <x»!:i«<)«ifrfit!ir. if 0 = 0 irere a reallv «x>*.i::2 *T^?!F' ^ 
t^i'-j-'.'"^ ex'*. i.-:v<»'_v fif 22 Terrn- eT<-ry one of whi-h f>''.'^'^ c-e cr N::h of the 
two £m iararianv*: } it thi:? tiii.- l-^en yK- wn to >i? in-j^- <?*•■" ««.• iLaT th^ non- 
«rax.4)y»bf« of the ujiiion» referred to at ou-.'e ti.* nva-ex:?:est-e of 

a »ijt7C of dcg-oitter 10.4, and. therefore, the non^xifteiice of a ^n-ni- 
fanm </ titd dtg-ordtr. 



*T'/w4* tbe of tKtf |*|»T I c«tabU-h thr tauiM- o >oeia»i« br • aMv 4inct ■(•faod. a 
* ivT '.g »xtmi«>u« Dr. Trjo O&ll • uwn taM? n> iMmaM^. ikt 4M IMI 4f llM HMH^ 
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I tuki' for the primitive the sjieoial fonn (0. h. 'Jr-, (/. 0, 0, 0, 0, \\x, ;/)', 
that is lo say, Sbx'j/ + GGcj^t/' + 5tklji^i/'+ y*, with the relation W= 3c*, and 
pTooeed to Ibrm tlia required derivatiyea in oonformity with von Ghll's icheine 
of derivation. I use, aa the best praotical method of obtaiaiag the "alliance" 
of the order between :iny two forms <j) , ^ (of t!ic orders « , i ) denoted by 
the linco-bni'ur qimdrinvariant (with respect to the variables of emana- 
tion) of the t*^ euiauaut of ^ combined into a system with the t"* emanaul of ^ , 

taking care to reduce the reenlt to the pareathetiocU form (. fx, y)* 

oontaining only integer coefBcienta free from anj commoti numerical factor. 
For the sake of brevity, too, I omit in penern! tlie symbolical factor con- 
taining (x, y): ao tliat (a,, U|, a« U() will indicate the same thing as 

(og, a,, Of, ... , o^lz, t/)*. I shall adhere, in what followi, to the notation 
employed by Dr. von GalL 

We have then, according to this notation, 

/=(0, b, 2,-, .1, 0, 0, 0, 0, n . (1) 

i = (/, /), = {4t»^jf + 12csc»/ + 4<ic/)y -id^{bx*+ SorV -j- Gt/^j^) 

= [12e^— 4M. 16al. 24(^, 0, 0, 4i, 12e, 4d, 0]Csb. y]', 

where the eqnare bracket is emploTod to signify the same thing as would be 

indicated by the we of the round clam]), with the exception that the binomial 
coefficients are snppressei) \\\' Inive, therefore, introducing the multipliers 

14 14 14 14 14 11 11 14 14 
1 • T' «' M* TO' M' »• 8 • T* 

» = (0, 28orf, 12.?. 0, 0, b, 6c, 111, 0) (2) 

» = (/, /). = (2bxy + 2.y ) y - KW*- 

= {20<P, 0, 0, b, 4c)* (3) 

A=(k, k)t — 20if a? (2ixy + icy') - i?y' 

= (0, 90(M, 40o#, 0, 8fl^ (4) 

(7 = (ifc, *),= 20tP.4c = «f (5) 

f^—{J, k\ — 4c(46yi/+ ri'-r»y-|-4./V)— 4A(//^*+ ^-/y + t»'/)r'//' + 5(>'V 
= ~ \l?x'— 16/x.r> + {\^*— 'libd)^^ -»- lGcr/j-.y»— 20</'y« 
= (6'. be, <*, cd, (6) 



•Till- vi^'ti <>r oqnMlnM (B) is umI ia (to aliam Hid la wlMt Ibllaira in th* tmmti ■*aMrb« 
■npaneded bjr." 

VK.IV. 



Digitized by Google 



-I* r tV— i-.*:.:'?. rr-'V. *"* 

2«^-i:4 i -- 4-:.. •^•.t;*:- . ? 

= ;;ti.V^_ li,^'* l::^^/. C'z. >:* 
= 4.>»<^. >/ — « »..^. '..'"v. >• 

= r2i.s.>,^. s'':;a./ -sTP'j*. -. f :44>-»*-*4-:.>r3t 

^lil'V'/". 2!^-'. • 1. .'/, 

= rn-2W. 44fe»./ + l7u/..?. 435..?. 4 =; .r. 

= .'^i kJ. J2e»./. 7i.»?. 14'>?. 4^.*. . . . illi 

— 2/y . CoArV -»- 1 44->^-:/ U • ' 
= rliiOr*/'. 6T2tc»+ oOW^/». 1*4^^./— S*:-' ? + l$4-k*. 

=s 34*+ l^'.'/^.r -h 24<> './» 

Si«+20«i"V ^I3i 
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The ferm involving f*(?* being a multiple of tin- square of C (the invariant of 
the 4th doprcc) may he neglected, and, instead of we may write the irre- 
ducible invariant of the 8th degree (say) /, = iV. . . , . . (14) 

That of the 7th degree we have jint found as ft* + 200(AiP ; and obvioudj 
the quadrinvariiint of /is identically /<>i'o, or say ^=0. . . . (16) 

Ako the cubinTariaat /(= (/, i),^ where 

/= (0, 6, 2r, (?. 0, 0, 0, 0, 1) 
and » = (0, 2««i, 12(/», 0, 0, b, Or, 7<l , 0). 

Hence /, = — 66M + S36<* — 168W = 504c» - 1 = 0 , . . (16) 
and we hare fbund /^=/(P. 

Also. A = (/, /.-). where 

= lOOdV — 40Wx»y — i^ify* + 4AV^ + 8/x«^' + 4< V 
Henoe /,= 100il'+ 2e.4t^— .».8fie=d** 

The only remaining iaTariaat required for present purpoaeB ia /|, repre* 
aented by k\ where 

0, 0, 2i, 2c][«, y]* 
and • 

^s(886e^, 92(Ai, 140(7, 4ffim, y)*. 

^=: 406'rf' — (26) 92c*<i + 2c(886c») 
s (— 860 — 562 + 672)«)« S o*. 

On proceeding to form the 10 oompotmd covariant^ of deg-order 10 . 4 
obtained hj suitable oombinations of the invariants end covariants of inferior 
degi-order, it will be found that the following 18 argnmentB will make their 
appearance, in which, for greater lirovity, t and // are each taken equal to 
unity, which in nowise airectu (favorably or unfavorably) the coui'se of the 
reasoning : these arguments are 

V, c'. ftV, (»d, rrP', b*f>, <^rP, ,P; h\', r\P; V<*, <*rf«, 

where the 5 groups of urgumentu, separated from one another by semicolonB, 



• B wffl «( oouin to noocdImA tM (to IfBKhiiMv qndiion^^ 

^O, , o, , a, ajx . jf)". [bo . b, , 6, , . . . *J[«t »]' 

IB i^iniply — (i,f<,_ i + . fr, i . . . it a,bo : 

the duappearance of the argwrncnt b'e from oinn{ianioru<hi|i with il' iu /, m rather reiiuurkahic, and 
oould not hxn bew pndlotMi. Thia ciicuoMtaiioe coiuidMaUjr auniiUfiw Um robMqiMDt cakulatiaiiB. 
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ar»? elTn'-ri*- of the r»r*fficie!ii- of y*. r'y . j-/. y' ar i when *T.pj lemented 
hy - 1' h jf-z-A f-r- of /■ I of wtiirlil iM itc will )'r.:. t their •i'r^.'rv.f - '^i' :<• \hv numher 
10. ar»; of the r< -|/*-' 'ive weight- 3S. 3f». 4" 41. \1. whi h ;.- nsrht. rince the 

weight of the 'lifr>'ren::aiit of d»'g-<jr<i.r l'.t.4T<. i^. yi'i^ ». 38 ; 

for greater brt-vii_\ tin »l»at jjre<«de«')i-. the oMrili'.ieni of y* in /. hai* been made 
unity, sod it in wortbj of notice thai all the Arguments that can appear con* 
til^M-urU with the law of weight are represeated br these IS. upon the under- 
statidiij^' That anj power of Ad ia an argumeat i* replaceable bj the like 
power of c*. 

But it \m Airther noticeable that the 10 compounds in question, altlioa^ 
apparentlv linear functions of 13 argument*, are Tirtuallj tuoh of onlr 11 : for 

it will l-e <"?en that // -f- V.-' -\- >'.>,*'* rnav be regarde^^l a.- a -inz!e argument, none 
of the three /imihr arjrumeut.- whi- h apfiear in it <"-. urring except in two of 
the 10 couip<jubd.-<, and their coefficienti* in each of those two being In the 
ratio 1:4:6. 

Had the cor,Tr.i' fiui in ihe number of really independent arguinenta 
exTended two -te|>s further. ?•<> that the 10 rompound* had l>een linear functiona 
of only 'J quantitie.- {an might, for anything th^t could be known ti priori, have 
been the ca«e). they would neoessarilT hare been lineariy eonneeted, and no 
inference could have been drawn flrom the particular value aarigned to /: more* 
over, hud the 10 rompxuii'1-' been liriear ftin<'Tiii!iv ,,f oiilv 10 qiiantitie.*. although 
the partieuLar form might liave been sufficient fur drawing a positive inference 
a<< to the non-existence of the general i«yzygr A = 0, still there would have 
been do room for applying the aU*important <M of the correctnen of the 
arithmetical compatatMKit upon whid that inference would lutvc reposed; and 
it would have been very nnsatiftAictorv and uiiphilovophical to have made so 
imporlant a conclui«ion rest upon the negative fact of a determinant of the 10th 
order not raimAinf/, when the undisproved existence of a ringle error oommitted 
in the many hundreds (or even — it might be aaid— thou!>and.s) of arithmetical 
t-tej'- involved in the (•al' ulation.s of the <'i<'meiit.-j of that <ietenninant WOUld 
have been BuiScient to account for it8 value dii^'ering from zero. 

Fortunatelj, as will be seen, the ooneetnesa of the calcnlationa may be 
rtrt/M (thanks to the existence of elements one more than barely snffidenV— 
viz., 11 instead of 10) by the f.i-t . f :\ certain determinant of the 11th 

order being found equal to zero. Ii hai> often seemed to me that a special 
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providence or prc-entmblished harmony in the intellectual world brings it about 
that houeHt labor, persevering in the pursuit of an important truth in the face 
of doubtB ftnd diflBculties and repeated diMppointmeptB, shall not in the end 
loee its due reward * 

Let lis now denote the quantities h* + Ab^c + 6AV, c', t'd* ; i^M, inP ; 
Qd^i 46V, 4c*(f ; 6V, c*d« by A, ^, y, S, e, f. »?, 8. x. k, (i, reapec- 
tively, and denote the oovarianta of the order 4 that have been calculated in 
what precedes according to their degMirdei^viz., let ue call 













A; 




A; 


k 




10 . 4 


; 0.4; 


6.4*; 


5.4; 


6.4*; 


4.4; 


4.4*; 


3.4; 2 


. 4 respectively, 


then the values of 10 . 4 , 


Ax 6. 


4, /,XG.4* 


Ax 5 


.1, Ax 


).4*, AX4.4. 


/,X4.4* 


i,x3.4, /Jx 


2.4, Ax2.4 


will 


be as fliowii in the table 


annexed 


A 


y 


6 


e 






e 








3 S3i9 


1200 


3610 


9m 


1740 


6050 


8 


460 8 


m 


.. (1) 


• • 


360 


126 




49 


• 




19 . 


138 


(2) 




240 


68 


• 


S8 


• 


• 


139 


S9 


.. (8) 




m 


81 


60 


64 




* 


27 


60 


(4) 




40 


27 


80 


18 




• 


9 


• 


... (6) 


• • 


• 


90 




40 




• 


8 


• 


.. (6) 


836 




92 




72 




■ 


140 4 




.. (7) 


1 1800 


• 


600 




200 




8 


200 45 


1000 


. . (8) 


• • 




« 










3 . 


4 


. . (0) 


T50 


• 


* 




* 




1 


4 




..(10) 



Line (1) of comae ngnifies 3.4 — 3240/9 + . . . + 3^. 

(2) — 3t;()y + 1*>6^ . . . — 138jti, 

and so for all the other lines, each being a linear function of the 11 quantities 



*aU Htiafirior MnUnu c^abtoof enteriiigiBte tiMcouip c rtkarf a CBwJsrt at d«ro«^ 
twrttba U taiaad oat aitogHliar nagatoty. 
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Consequently, it only remains to ascertain whethor tho complete minora 
aill dmppcar in the matrix of the dimeDfiioiia (6 X 6) given below, viz : 



5 


2 






5 




2 








3 


4 


7 


5 


8 


7 


9 




9 


8 




3 


1 


9 


3 


5 


2 


5 


8 


5 



If all the cnmjilete iiiiiiorH of this matrix contain 11, the same must be 
true of the determiuunt formed by subtracting the first ooluma in the above 
from the fifth and substituting the difference in place of tin fiftii eolamn, i, «. 



7 

3 
6 



1 

2 

3 
5 



and therefore 



7 
3 
6 



1 
2 
3 
6 



Hhonld contain 11, and (as we may see by substituting the excess of \ times the 
3d column over the fourth in place of the 3d) the same must be true of the 
18 7 8 

detemiinuitl . 8 8 of wlUoh ihe value is 8(12— 16) + 2(21 — 24), 

2 5 4' 

t. e. — 15, and as this does not <'()ntain 11 , it follows that the comjjlete minors 
of the matrijc which expreaeies the lU compounds as linear functions of the 11 
wrgumentB a, j9, y • • • M *U sero, and tbey are comequently not 

linearly conneeted.* But, otmoualy, the oalculatiooe on whteh this proof 



* In tlif < 'omptn RenJuii for 22<1 Aupist of thUyear. I luivp . 
]ia|i«r. At IWK" 3<1" <li'>t f m u nit', ithir.l lirii- from foot-,) in tin 
vrhttKii 9 . K I a in urror for » S . 3 1 9 lha\-int; 
cori'ii'^ut'utly. tin- c uli iil;iliou» whU'h follow inmn i hi- ^ 1^. 



1 1 lifii'f K.v,,,),, ii( tlio contontH of thi» 
hi>-l line but one uf thv nuitrix. 1 huvy 
^t;ik- n a 8. eoverttl ipifft a W<»(. for M;j 
rr I rronwuB. Fortu nattily. T ilid not 



rejutul the iiimiakr in (jilculuting the value of the lii't* rniituint hutmiiueatly given of the Uth orUer in 
proviD); tliat it Li)iitaius the divlaor 11. Moreover, lliis ilft<-rmiicuit. or ratlier it« remainder to modulus 
11. luw bei'n ciiU uliiUxt by au vuUrvly different procow by Mr. liotgwi Jonkinit (whom work w before my 
eyeH), and with the sanie result of ita being divtatlito 11> Thi> ilHtanc« hIiowh luiw unwife it would 
l»v« been to have tru«t«d tu the fact of the minon not TMibhing, anrapported by the poaiiive evidonc* 
wllMl the determinant of the 11th ovder aScurda of the preoediog calcniationa, aa regards the Tahiea of 
the RTound forma, being nnafftcfd with tm •fatfie enxir in ipito of the raat nustber of prooeeeea ot 
addition, nabtractkai, mltiplkmtion, diriaiM, ^mBmsatHm, tllttM ipti — tad fihingn «< iig 
in «wkiii( then* not. 



4t(yitA» •.tt,^*:.7»:'.j rx.. for » i»r.T.--v.'.r.. an r...-.;.*.x aior* -h»iT 

fMft u, 'itir.^ f,,t m,ttJi or %k\ *,i •tJt tt.'.i,f.r% 'il5ires.- fr.ax , -.7 & iiz^i* 
«rror <>f 4i^««»rt'>n <>r of f«n. T-> ri^ I *^ of 

T'/tv (h:..'* i.r.'if:'^r,ti.yMi0A rjt.^krMUt tor th* •iwi.z;^! S.ra /. •&•! ibkH 

»tu,w tttAi rt^. 10 Ar.r.'ij^, ...i* xrA thl* Il-h f -r. - '-.•.ti zi* Li-iariT .VjS- 

f s f« , Ah of dftf«or<ter < . ^ u Ct'jal a> 

sspOlW^, '8W«>!»<^. o«>i&*'»^. TS^'J^. o<4.>J'. 42-.:v»A 

wbi'h ..'\\,\\f.A \tj 2Ji, wV.l ^r* stmn to b«i e^j AjT^I-r,: to 
(l»iiZ'>c'</», iJifMdf, Z'AtMx/', lo'jic*. 3'.»2-fer*. 4!« >.--A 

FImUj, 
which, diriding out bj 144 , 

=(32lSi>f!»+ 64(M><M')«»+ S7o&(k«djtV+ ^J3aflkc»«^J»/+('^3^v+25.;^^^ 

+(^*V-|.240ftsV)^ 

Here it witl he noticed that the argomentt eoUected in what I hare designated 

hy A , viz. //, 'A , //'•*. do not appear at all in i^. Flail they ma'Ie their appear- 
axi'« with other than coefficients f»earing to each other the ratii < of 1 :4:t5. 
rjmld not have iteeu a linear function of the 10 compounds which are linear 
fiinctiona of A and of 10 other argnmenta. This is in itself, to some extent, a 
verification of a portion at least of the preceding calculations: i/. as it turns 
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out, i« a linear function of only 8 out of the 11 arguments which appear in the 
other 10 compound covariant«, viz. ot^,y,h,^,6,x,X,fi, neither A , s nor n 
appearing in v 

If tlw figuring throug^ut is oorrect, the deteminaat Npraientod by the 

matrix constituted of the roefficients of (he 1 1 compounds, ought to vanish 
identically ; but it will be sufficient for all reasonable purposes (i. e. to satisfy 
any i^asonable doubts on the subject) if I ehow that this is the case for the 
▼alne of that determinant in reepeet to three conaeoutiTe prime numbeia 
11, IS, 17 taken almost at hazard. 

It must )io iiiiderstood that the vanishing of the determinant in question 
adds HO additional istnnijtli icJuitcvtr to the proof — which, by Cayley's law, is 
perfect without it— proTided that the figures in the ooeffioienta of the 10 com- 
pounds (excluding have been correctly calculated. It is to authenticate these 
figures, and not (o verify the legitimacy of the argument, that the 11th com- 
pound is calculated, and the determinant formed by all the eleven shown to 
eoatam any ttuinber taken at It iniut be waumihvnA tibct the ealoolap 
tioofl have been moat caiefliUy conducted and verified at each atep: codbo- 
quently, if any person, after the evidence that will be given, entertains any doubt 
of the correctness of the result, the duty is incumbent on him to put his finger 
upon some one of the coefficients of the 10 hrst compounds and prove it to be 
incorrectly itated. 

First, Ibr the modulus 11. In respect to this modulus, the co^kienla 
in of 

A, Tt, e, X. y, e, ^, X, n 

are ooogruous to 

0, 0, 8, 4 , 1, 8, 8, 0, 3, 3, 8. 

Hence, (making use of the transformations already calculated of the upper half 
of the rectangular matrix), it has to be shown that 11 is a divisor of the deter^ 
minant of the 9th order 
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4 1 
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1 8 8.3 3 8 



10 7 



4 4 . 10 9 



1 2 



9 2 9 . 10 2 

5 2 . . 5 



2 . .34 



9 8.810 
8 5 2 6 8 6 



7 6 3 7 9 
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The first and Hec<jiid liues of this matrix combined give rise to the 

line 1 7 7.6 9 8, and thi«, combined wilh the 4th, to 

the line 5 1 . .96 under which last, writing the 6 raniftiii- 

ing lines 6 2..'). 

2 ... 3 4 

7 5 3 7 9 . 
9 8.819 

8 6 2 5 8 6 

it has to be shown that the determinant to the above matrix of the 6th order 

oontain.s 11. 

Lt'l fiiurtli line }\o rejilawd )>y 3 tinifs it.<elf -f- th<» la.-t line, whifh, to 
the moduluti 11, reduces the third (•(duiiui u> the form of live zeros followed 
by 2. This ehows that we may use, instcud of the al>ore, the determinant 

5 1.96 

6 8.5. 

2 . . 3 4 

2 9 4 2 6 
9 8 3 1 9; 

and again, replacing tlie fourth line of the new matrix by iu double + the last 
line, we fall upon the matrix 

5 19 6 

5 2 5. 
2.34 
2 4 6 8. 

for whieh we mav substitute 

6 14 5 
5 2.. 
2.14 
2 4 8 8. 

or (as maj be seen by replacing the second column by 8 times itself -h the 

I 8 4 r, 

first column) 2 1 4 , in which (to modulus 11) the first line is 4 times the 

I 3 3 8 I 

second. Hence, the test is satisfied as regards the modulus 11. 
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I will next take the modulus 13. 

The residues to modulus 13 of the foeiricient.s in 1,' of 

wOlbe Been to be 

11 11 . 10 6 .. 12 6 

and the matrix corresponding to the one of the same dimensions (11 X 10), 
prpviously calculated for modulus 11, will, in reMpect to modulus 13, becomo 
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In place of ihv first six of the above ImeSf applying the same pro 


we may tiubHlitutc 
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2 11 
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Oombinmg the C line (t. «. the ooeffidents of 9 jS X..^fibk 1^ aboTo 
giyen) with the third of these, we obtain the line 

4 S 12 8 . 12 10 . 

wfaieh, again combined with the fourth of the mme, gives rise to the line 

7 10 9 9 9 4 

Adding on the sizUi line, viz. 6 7 8 7 7 and the four last linee 

*6 3 4 

of the lirst matrix, viz. the * * * 

.. . , *1 1 2 6 9 . 

linee marked with an as- ^ „ . » . 

*6 11 . 2 10 1 

terisk. 

' *4 9 1 10 e 5, 



if tin J«_.»^».*«'>/ \f 



i r '-^ 'xl; 



ki': 



2 r r 

4 . T • 

± : * ? 

J . - ■ 



«»T Jf. a; 5:c tilt •* t^zKi* i» lie jtm IL X as«<«»* ir 

5 1 i : 



I 



mlM T * 'jut Ik Klaiz, i> il^ Jf vvu. swr: =. r: 'af: : ■-i i=r£ 'Iitt 



-1,"^ 1 fit V SIT 



. 4 5 

vj^ 1:^* i«r* =.-r* 

*4 .'. •* *'4 - 



3 i 3 T 3 :• 

: - 14 :> :: 
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4 
« 



4 4 
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with 4 more* lines, which will be presently supplied in their proper place. For 
those above written may be aubetituted 

8 2 3 7 3 10 89 68. 

16 5 4 13 7 7 8 16 4 8 

7 9 8 6 11 , 13 6 .. 

6 8 12 6 . 4 11 . 

2 14 16 . « . . 

9 16 . 11 . . 

Sheeting the lint two linee, and writing over the remaining onea the C line, 
time rcanlto 

12 0 11 2 14 . U 7 12 

7 9 8 6 11 . 18 6 

6 3 12 6 . 4 11 . 

2 14 15 . 6 . 

9 16 . 11 . 

which may be replaced by 



12 0 11 2 


14 


. 11 
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12 


6 2 12 




. 11 
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6 . 
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13 


11 


16 
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8 


12 
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16 


. 11 






•14 
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lines distin- * 6 


10 


12 1 


9 




• 2 


12 


. 6 


16 


12 


•14 
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7 16 
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16 



gtiidied hy aateriski, 



and the determinant, represented by the square matrix (6x6) exhibited by the 
6 lines last appearing above, ought to contain the modulus 17 as a diTisor. 

Instead of the 3d line from t)if> bottom we may subfltitute its double less the 
last line, and thus, neglcctiug Uie factor 7, fikU upon the matrix 

16 1 1 8 12 

9 16 II . 

14 . . 3 4 

16 18 4 16 2 

2 12 6 16 12. 
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ri* 1'..* '.rr-'- .' ' '.■=-. TkrlAi- :iat LLii.Tt-i ei,I>;T*'.T fr.= :i* ?:r=rfr 

•ift^-crier 5.4. 7. -4. 5.4. Ll-- iTt.;-i»*i* t 4t r-j-hn*! 

m e-j-Lfc-ti-.i ti* i:r^ ^ = ft rin^rl.-ftl =i-£::zl* .-f . 

y*ir. f-.T 'hi ii^-<riiT 7.4. -r—z f.r ti^ rr.=^-i-* slu* «m>:LiI 
i-.rzL/. wili <:a.^ii«>« 2.0 ftii $.•> miri. -J:* .:rlT z zz-T^r •.<•.• 7. r »rsa- 
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ineiitti ill the siqiposed syzygetic funntioii CI' for the particulur form / will be 
4 . 0 X 3 . 4 aiid 5 . 0 X 2 . 4 , i. t. «/» {L\ be, i*, — «/, biP), and </' (2(W, 0, 0, i, 4c), 
between whiob olmouely no ijvygy ie poamble, bo that neither of them can 
appear in the general form of H'. Ilenco the terms in the general form of fl' 
must l>e Jivisihle all by 2 . 0 or al! liy W . 0, or some by 2 . 0 and some by 3 .0, 
and consequently there muui exist u i^yzygy of the deg-order 5.4, 4.4, or 2.4. 
The first of these hypotheeee has already been ehown to be impoenble, and the 
remaining two need not even have been mentioned, «e there is only a single 
compound of tlio dog-nrdor 4.4, viz. 2 . 0 X 2.4, and none of the dcg-ord(;r 2.4. 
Lastly, for tlie deg-ordur 8.4, still n.sing the same special form of /, the argu- 
ments in the supposed syzygetic functions which do not vanish are 4.0x4.4, 
4.0x4.4^ 5.0X8.4, and 6.0x2.4, le. 

«P(0, 90e><J, 40aP, 0, 

• «/'(33G('\ 92f»<Z, 72«Z», 140*, 4^) 

and <■'{— 20. P, (), 0, b, 4f) . 

The argument <P in the 3d of these quantities has no equivalent in any of 
the other 3. Ilence the 3d quantity does not appear in the syzygy : moreover, 
the 4th compound contains one argument, viz. be^, which does not rationally 

contain f for ^ = ^j. Hence thisoompounda]so disappears, and obviously 

no syzygy conneets together the first two. Hence in the supposed general 
sysygy there exist no compounds eontaining neither 2.0 nor 8.0, and by 
the same reasoning as before, this supposed syzygetic function must imply the 
existence of one of the dcg-order 0.4 or o . 4 or 4.4. The two la.st of the 
three suppositious have already been seen to be impossible, and the first would 
imply a linear relation between 2.0x4.4, 2.0x4.4*, 8.0x8.4, 4.0x2.4, 
the last of which we see, by talcing / for the primitive, cannot appear in the 
general syzygy, and the remaining 3 arginnents wotild imply that the general 
covariaut 3 . 4 would contain the invariant 2.0, which is absurd. Hence it 
follows from Dr. von Gall^ own results that the existence of a groundform of 
deg-order 10 . 4 is imposBible. The only principle extraneous to his results 
made use of is ('avley'.s all-ini]Mir1;mt rule, nf whicli an irrefragable <ltMnon- 
stration has been given by the author of this paper, but which still, as far as he 
is aware, remains unutilized, and is almost passed over in silence by invariantists 
of the German school. 
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Hence the required copflicient is 32. 

It is obvious that the jjarticular mctliod adopted in treating the graud deter- 
minaut mode up of 11* places employed in the foregoing investigation flinudbM 
or indicates a good praetical process for determining 10 out of tlie 82 numerical 
CoeilicientH which enter into the ezpreBBion of Dr. von GUI's covariant i7 as 
a linear function of tlio 32 linearly independent covariants of its own dcK-onlcr; 
but, as thui calculaliou posscs^s no point cither of intrinsic theoretical interest 
or practical importance, I leave it to those wlio maj feel any corioeity on the 
sulgeet^ to go throu^ tlic calculations necessary to attain that end. 

It may be supposiul that the long calculations rendered necessary by the 
quadrinomial form /, attributed to the primitive in tlic preceding investigation, 
mij^t have been evaded by using a trinomial form (of which several exist) 
poesesung the same property of causing the two first invariants to vanish, and 
not lci«s general, inasmuch an containing three independent coefficients in place 
of four connected by a homogeneous equation ; c ij. we might assume for the 
primitive (0, 6, 0, 0, 0, /, 0, 0, ijx, yf, where the weights o( 0, /, i are 
respectively 1, 5, 8. 

Tbtf quadrinvariant vanishes because no binary combination of 1 , 5 , 8 , 
with or without rcpctitioiiy, will make up the required weight 8, and the cub- 
invariant because no ternary combination of the same will make up the 
weight 12 . It may, however, easily be shown that sudi form will lead only 
to a nugatory conclusion, as not supplying the necessary number of arguments 
(10 at least are wanted) to support tlio indej)endencc of the 10 surviving COm> 
pound covariants of deg-order 10 . 4 . This may be seen as follows. 

Tin wei|^ts of the oo^Menta of «*, ix^y', x'^, xy', y iu a 10 . 4 cova- 
riant are respectively 88, 89, 40, 41, 42. Let us asoertun in how many 
ways 10 nunibere, consisting exclusively of the numbers 1, 6, 8, can be put 
together to make up these totals. I u.sc the notation a*. 6*. c'' to indicate a sum 
of a numbers u, numbers b, and y numbers c. 

Then the sole admissible representations of 88 are 8*. 1*, 5*. 1', 

" 89 " ff.6».l", 

" 40 " 8»,5M*, 

" 41 " 8 . 6». 1', 

" 42 " 8'.5 . P, 5". IV 

i. c. there are only at utmost 7 arguments contained in the expressions for the 
10 compouadH. 

vol- IT. 
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STLyiSTEB: A Demoiutraticn of Hw ImpotnbHUjf of the 



So, in like numner, if we assumed for the primitive 

(0, b, 0, 0, 0, 0, g, 0, yY 
to find the iiuinlior of indL>|)Oiiii<'iit urtrumeuts possible in a 10. I covivriant, 
wo niiist asccrtuiu the sum of the uuiubers of similar rcprcseututiurut to tlie 
foregoing of the saine integers 88, SO, 40 , 41 , 42, with 10 integers confined 
to be 1, G or 8, und wo shall find that tho t^uh rop^c^eutatioM8 of that kind 
areSM'; 8«.6'.P; ti".!'; 8«.6.1»; S'-CT; S.(iM«, /. (5 reprcBcn- 
tatioQs in all. lu like manner it will be found tlmt all the other trinomial 
forms of the primitiTe so taken that the first two invariants are null, will be 
incapable of yielding aa numy as 10 arguments to any eovariant of deg-order 
10.4,* 80 that the 10 compounds oppurtenant to .«iu-h special fortu will be 
bound to be linearly related, and no inference can be drawn from any such 
assumption. I have reason for l>elieving that the quadrinomial form employed 





* I )n an exhauntire exaniiiiation, it will bo found that tJiv oniy trinuraial funns uf thv |iriniitive 
whkb wlU CMIM the ttnt two invftrianui to diaapiiear, are those in witich the ■urriviQg ooetBcienta are 

t 

d; a,e, d; b, c, d, 

wbkfa, o< CMUM, an MtalaatiaUr aqairalAiii to tJb« f onw. 

. to «lw »npiii aww|i, it wm wJfly b« I 

,lNrt«Il tfaeotiMT iaTMtenliMwaU, 

ta adequate to do to. 

It inajr be aaked what would have be«-ii the effect of Tuiug the foim in whidi 6 , o , d . < are the 

Blir*I«ilig coefBcienta, tmt b, e, d are rappuMKl mutually independent, inntead of beinj; mibject to the 
condition employed iu the refutatioti above : on thiit su|>p(i«itioa the qn ^ 1 1 n.itit, but not the cubin- 
variaut, will Taiiiidi ; and un iiwy ciikiilatiim will sliow that of the 82 ri j ri jitations of the i-ovariant 
of <U'K-«>i'd<T 10 . 4 im a protluct »f infiTii>r jrnmiidfi/niis thfnr will be only 19 in whirli Uw <|u:idrinvaiiant 
dot's not appear &a a factor. Anil, apiin. it will Ik' fuutiil that the number of ways of rt-preM-uting; 
88, 39 , 40 , 41 , 4-' , Oiv Buni of 4 iiiinilH-ri.. i ik li of « lii< li it citluT 1 . 2 . 3 or s in 2» . Uence there 
would arise a matrix uf 16 lines and 28 columns, and tu ilUproNc the existence of thi' Irt . t irnmnilforra 
it would be liiidii ii-iit l<i \'Ti,\f lliat Mime one of the oorfiyi/i .'i miliar iltt<rmiiuintH <r? iln- m.iLtiv ilitfcre 
from aero. Tli*^ ^Mirk inviiUfd iti dealing with tliii* Htkd the KulfHt*t|uerii vfritirat4*ry matrix of 17 linee 
and 29 columnn would oviili iitly )x> va.-.tly grctttor anil more liable to em >r than wbin (aa !■ fha tox^ 
we afwiRD the relatiim ljt iw(i n h , r , it ho iu« to make the cubinvarlant vani»li. 

Ill Ihi- iili^ iii 1' of till' infoniiation «k to the uumlicr of liin-urly lnil<'|>i'nil"'nt 10 . 4'" iriven b.v (-'ayler'a 
rule, till' iliri'i I miMle<>f nrutution would have nipiiriHl tlie call iiliilimi uf llic ;!2 i"in|mund IU.4'8and 
the problcm.ttical -me of von (iail for the ^eiK-ntl form of tl>e( Vtavi.\ Mil>j<^ 1 only to the gimpliflcation of 
taking two of the coeflicl<-iit.H leni. TIhtc would Uien have remained to show that the leivling lenna of 
these 33 fonnii wore linearly connected, which would neoeaaarily imply that the naiun wm tmeof tha 
SB entire ronuathemaelvea; aoohwwU taaii.iiiRifaaUytiiaMmidinctfaeaplMreof human ability to • 
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in the foref^oiiif^ investigntion is the most convenient and economical, as leading 
to the simplest calculatioiu of any that could have been employed for the eame 
pinpooB. 

It may be well (by way of confirmation) to determine h priori the number 
of possible argnmenls that can belnng to the 10.4 covariants of the quadri- 
nomial form of (x, i/)' employed in the auteocdeut investigation. Since c* may 
be replaced by a numerical moltiple of hd, H ibllowa that each argument may 
be brought to a Ibnn in which c does not enter at all, or in which it enters only 
in the lirxt degree. Tlie tolal possilile number (whirh turns out to be tlie 
actual number) of arguments is, consequently, the number of ways in which 
88 , 39 , 40 , 41 , 42 can be composed wiUi 10 parts each of them 1, 3 or 8 + the 
number of wayi in which 86, 87, 88, 89, 40 can be composed with 9 perte, 
each of them also 1 , 3 or 8. All the posnble different eompoeitions of these 
kinds arc exhibited in the annexed table. 

38=4.8 + 0.1 = 2.8 + 7.3 + 1.1 30 = 3.8 + 3.3 + . 3.1 

39 = 3.8 + 4.3 + 3.1 37 = 4.8 + 6.1 = 2.8 + 7.3 

40 = 4.8 + 6.1 + 1.8 = 2.8 + 8.8 88 = 8.8 + 4.8 + 2.1 

41 = 8.8 + 5.8+2.1 80 = 4.8+1.8 + 4.1 

42 = 4.8 + 4.1 + 2.8 40=8.8 + 5.3 + 1.1. 

There are thus 7 + 0 (*. r. 13 distinol arpiunonf.*, /. the nnnibor wliidi 
actually appear di.s(ributed among the 10 surviving eovariantsof deg-order lU . 4 
as previously shown — ^it being at the same time remembered that three of the 
18 enter as elements of a fixed linear combination into the- 10 ftmctiona, which 
are thus virtually functions of only 11 indejiendont arguments. 

The method employed in what prci odos siijrL'i'st.s a mode of calcululing in 
part at least the diucriminaut of the eighlliic iu terms of the subordinate ground- 
Ibrms.' Thus, suppose we talte for our special form, (0, 5, e, d, 0, 0, 0, 0, «{», f/f 
with b, c, d independent. 

Then the cjuadrinvariant will vanish, and IhtMc will be no very great oflnrt 
of calculation required to express the 8 remaining invariants as functions of 
b, c, d, t. 

Hie discriminant ia of the 14th degree and 14 may be made up in 10 (and 

no more than 10) ways as a sum of numbers each limited tO be 8, 4, 6, 6, 

7, 8, 9, or 10; as exhibited in tlie exhaustive table 

14= 10 + 4 = 0 + 5= 8 + 6= 8+ 3 + 3 = 7+7=7 + 4 + 3 = 0 + 4 + 4 
= 6 + 5 + 3 = 5 + 5 + 4 = 4 + 4 + 3 + 3. 
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A^kh: wtr.^x cf 'Jjt ^vrT.'rar^ k ftri cs^wrcf vmfs of 
«>=L^, .£.r.^f S$ w^2i U c:A^crB «»d; u l« 1. 3. S or S k 11, m 

S-: = ^.?-i.I = .v.»^T.2^-2.1 = .5.?-r3.3-^1.2-i-5.1 = 5.SJ-28 
-rS.2* 4 .1 = 5. S-r 1.3 5.2 + 3.1 = 5.4 + 7.2 + 2.1 = 4.8 
-f 7.8-3.1 =s 4. % + + 2. 2 + 2.1 = 4.5 + + 4. 2 + 1.1 
= 4.* + 4.3 + ^.2= S.S + n.3 + 1.2 

Xow tLere will be no <I£'?ultT ot ^ ia tr r.«\<«:hcdon and molti- 

(I;c»;>^D dlacrisIzALY ' ' ' mM'ia>«-l qua^uc mj ^. wLich it is fret 

ti« wse M :2<e m-JuLt cf ^ fo'y + 3»*^ -I- V//. Hecce tbei« vill 

be 11 e^^TiftUou for dir^ersixiz; o&«£He:;u of tie 10 i^rtriaau of the 
14:h dtsigrtt vLidk ^re { rvi^r^ of the iiiftrrior ibv«R«&:* iiLe qaadrinTmriuil 
exc*p**<Ji: cfju^'i'VrZi-.ly iL-fpe will I* jufSnett or ir.> re tr.in «"uf!:' >-rit equa- 
llou! for :L« yny/re, ui.l*r?* it fLvul-J <-jri5.-r.u:.a:<r> a::'! o«:iir»r}" to 
prolioT/nitTj trtm out to le tLe cue tLat the 19 prc-iu-n?. «IdiOU^ linear 
foDctionf of 11 or^umeota. are ezpreseible •» liccar fsactioni of wilj 9 
linear fimctione of thoee ari^umentA. 
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Xubody cau duubt the elementary propositions concerning niunbcr : those 
that are not at first ri|^t naniflwtly tme are rendered bo by the usoal demon- 
strations. But although we see they are true, we do not so easily see precincly 
tfl/iy they are irxia - so that a renowned English logician has entortaincd a doulit 
as to whether they wore true in all parts of the universe. The object of this 
paper ia to Aow that they are strictly syllogisUc oonaeqnences from a few 
ptraiMy propositions. The question of the lo^oal origin of these ktter, whidi I 
here regard as definitions, wnuM require a separatn disrn?vsion. In my proofs I 
am obliged to make use of the logic of reJatiTe.s, in which the forms of inference 
an not^ in a narrow sense, reducible to ordinary syllogism. Tltey are, however, 
of that same nature, being merely syllo{^sms in which the objects qwken of are 
pairs or triplets. Their validity depends upon no conditions other than those of 
the vali«]ity of simple syllogism, unless it be that tliey suppose tlie existence of 
singulars, while syllogism does not. 

The selection of propositions which I have proved will, I trust, be sufficient 
to show that all others might be proved with like methods. 

Let r be any relative term, so that one thing may be ttnid to ho. r of 
another, and the latter r'd ]jy tlie former. If in a certain system of objects, 
whatever is r of an r of anything is itself t of that things then r is sud to be a 
transitive relative in that system. (Such relatives as " lover of «veirything loved 
by — " are frnnsifivc relatives.) In a system in which r is transitive, let the q\ 
of anything include that thing itself, and abo every r of it which is not r'd by 
it. Then 4jr may be called a fundamental relative of quantity; its properties 
being, first, that it is transitive; second, that everything in the system is q 
of itself, and, third, that nothing is bother of and i/'d by anything except itself. 
The objects of a system having a fundamental relation of quantity are called 
quuittities, and the system is called a system of quantity. 

N 



Digitized by Google 



86 



Feibce: On the Logic 0/ Number. 



A system in which quantities m&y b« 7'^ of or tfA by the same quantity 
without hii'xwz, oifhor of or ift\ hy oaoh other i> imIIl"! multiple :* a ^yste1n in 
which of every two quantities one is a g of the other is termed simple. 

Simple QvumtUjf. 

In a simple system every quantity is cither "as great as" or "as small as^ 
every oCher ; whatever u as greal as something as great as a third b itself as 
gn ai as that third, and HO quanti^ is at ones as great as and as small as anj- 

thiii'T except itself. 

A system of simple quantity is either continuous, discrete, or mixed. A 
ootttinootts system is one in iriiicfa every quantity greater than another b also 
greater than some intermediate quantity greater than that other. A discrete 
system is one in which every quantity greater than another is next greater than- 
some quantity (that is, greater than without being greater than something greater 
than). A mixed system is one in which some quantities greater than others are 
next greater than some qnantities, while some are continuously greater than 
some quantities. 

Diterele Quanlitjf. 

A simple system of discrete quantity is either limited, semi-limited, or 
unlimited. A litniteil 8y^<tom is one whirh ha-s an absolute maximum and an 
absolute minimum quantity; a semi-limited sy^item has one (generally consid- 
ered a minimttm) without the otheri an unlimited has neither. 

A simple, discrete, system, unlimited in the direction of inocass or decrement, 
is in that direetion either infinite or .su|K»r-infinite. An infinite system is one in 
wliich any quantity greater than x can be reached from x by successive steps to 
the next greater (or less) quantity than the one already arrived at In other 
wrards, an infinite, discrete, ample, system is one in iriiich, if the quantity next 
greater than an attained quantity is itwlf attained, then an}- quantity greater than 
an attained quantity is attained; and by the class of attained qnantities is meant 
any class whatever which satistics these conditions. So tiiat we may say that an 
infinite dam is one in whidi if it is true that every quantity next greater than 
a quantity of a ffwa dam itself belongs to that ckss, then it is true that every 

•For eximpie, in Ute ordinary algebra of imagiiuiriee twoi|UUiititic« nuf U.>Ui rmult (rviiii Ut«iuiila»>n 
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qimnfity grnntor ihnn a quantity of that flns.s hoToiii^ to thiit c1;i.«h. Let tliecliiss 
of numbers in question be tlic numbers of which a certain proposition holds true. 
Then, an infinite system may be defined us one in which from the iact that a certain 
propoflitioii, if true of any number, is true of the next greater, it may be inferred 
that that proposition if true of any nimber is true of every gveftter. 

Of a euper-infinile system this propoeition, in its nmnerooa forma, ia untme. 

We now prooeed to atudy the fundamental propositioim of aemi-infimto, 
diecrete, and simple quantity, which ia ordinary number. 

The minimum number is called one. 

By X + y is meant, in case x = 1 , tiie number next greater than y; and in 
other casea, the number next greater than -\- y , where x' is the number next 
smaller than tt. 

By X X jr is meant, in case x = 1 , the aumbery , and in other oases jf + a/y i 
where af i» the number next nnialk r than x. 

It may be remarked that the symbols -f and X arc triple relatives, their two 
correlates being placed one before and the other after the symbol) themselves. 

The proof in each case will consist in showing, Ist, that the proposition 
is true of tlie nuinlMT one. and 2fl, that if tnio of tlio numlier n it i.s true of 
the number 1 + » > uext larger than n . The diil'ereut transformations of each 
expression will bo ranged under one another in one column, with the indica- 
tions of the principles of transformation in another column. 

1. To prove the assodative principle of addition, that 

(a5 + y) + « = »+(y + ») 

whatever numbers x, y , and s, may be. First it is true for s = 1 ; for 

(1+//) + ^ 

= 1 + + «) by the definition of addition, 2il clause. Secoml, it' true for 
»B n, it is true for x m 1 -f n; that is, if (n + ^) + 2 = n + (j/ + z) then 
((l+»)+y) + 8 = (l + n) + (y + »). For 
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+ + 

=(1 4- (n + yj) + « V the definitioo of addition: 

= 1 + (tw + y) + r) by the definitioB of addition: 

= 1 + (n + -^ rj) i>y bji>oUie»ia: 

= (1 + n) + (j/ + z) br the definition of addition. 

2. To prove Uie comiuulative principle of addiliuu lluit 

X ->r y = >j •¥ X 

whatever numbers r and y may Ik?. Fir.-t. it i* true Air /• = 1 and y = 1. Kt-ing 
iu tilut CUM.* au explicit idetiiity. ^>uud. if true fur x = m and y = 1 , it ih 
tnieforx=l + nandy=l. That n, if ii+ Is l+n, then + 
l + (l+n). For 

= 1 + (k + 1 ) by the aaaodative principle : 
= 1 + (1 + <•) bj hypothesis. 

We have thus proved that, wliatcver number x nmy Ire .r + 1 = 1 + jr, or 
that X •\' y =■ y X for y = \ . It is now td .-fmwn that if tlii.- Ik; true for 
y = n, it is true for ^ = 1 + n; that la, that if jr + » = m + •<'t then 
» + (! + ») = (1 + «) + «. Now, 

X + (1 + n) 

(x + 1) + n by the associatiTe prindple : 

= (I + 3-) + n as ju>t i^eeu : 

= 1 + + ") by the dcHnition of addition: 

= 1 + (H 4- ^) by hypothciiis: 

s (1 -|- fi) « by the definitioo of addition. 

Thus the proof is compkte. 

3. To prove the distributive principle, first dauae. The distributive prin- 
dpk consists of two propositions : 

1st. (z + jf) « = as + j!s 
2d, X (y + s) = aiy + 2Z. 

We now undertake to prove the first of these. First, it is true for x = 1. 

For 

(!+»)» 

= c + yz by the definition of multiplication: 
= l.i yi by the definition of uiultiiilication. 
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Second, if true for z= n, it in true for a; = 1 + n; that ifliif (n 4'y)l = n> + Ki» 
theu ((1 + h) + z ={l + n)z + yz. For 

((1 + ") + 

= (1 + {n + y)) z by the definition of addition : 

s > + (n + 8 by the defiaitiom of nrahiplkfttion: 

= I (ttt + ys) by hypothesis: 

= (z + nz) + yB by the associative principle of additions 

= (1 + n) t! + yi V definition of multiplication. 

4. To proTO tiie aeoond propoution of tlie dutribatiTe prindple, iluit 

+ = + 

Fiwt, it b true finr as s 1 ; for 
1 + *) 

~ y + ■ by the dellnition of multiplication: 
= ly + I4 bj the definition of multipli«satton. 

Second, if true for xsn, it ietrue fiwss 1 +n; that t% if n^'f s) s«iy + «■« 
then (l+fi)<y + ») = (l + »)y + (! + «)•. For 

(l + «)(y4-«) 

= + 2) + » (.V + the definition of multiplintion; 

= (y -|- «) + (ny + 'iz) by hypothesis: 

= + ny) + (2 + 'u) by the principles of addition: 

s (1 + «) y + (1 + «t) I V the di^nition of multiplication. 

6. To prove the associative principle of multiplication ; that is, that 

whatever numben x, y, and 9, xanj be. Fint» it is true for » s 1, for 
• (iy)« 

s: yt by the definition of multiplication: 
= 1 .ys by the dctinition of multipUcation. 

Second, if true for jc = « , it is true for a; s 1 + it} that ia, if (ii|y) « = n (yt), 
then ((1 + «) y) 8 = (1 + «) (l^z). For 

Tot. IT. 
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((I + 

= + nyl r by the <k£n:::on of culrj'.ieauoa: 
ss jp {Hy\ z br the di«uibuure phac^k: 
= j(z + M (5=) farprjtijAfu: 

(1 + ») Xjp) bj the dfcSaiuoa of suIt^IScMioaL 

C. To piofc the eommutattre princspie of Bolsiplicttioo: that 

vbaierer Dmnben x and jr mir be. In the £m piece. «» prove thet it ie 4nM 

f>r 5 = I . For this purj- -<\ we finrt show that it i* trot for f = 1 , x= 1 : &nd 
iben iTiA? if true for y = 1 . x = » . it is true f r ^r=l .r=l+». For 
jr = 1 end x = 1. it is en exj'Iicit i'ieatitT. We h^Te &ov to iihov thet if 
•1 s Li then (1 + e) 1 1 (1 + Xow. 

(1 + »U 

s 1 <^ el br the definhloa of amlilfllettzoa: 

= 1 H- la by hjpo'Jseni: 

= 1 + 11 I t th- .i-£:::Tion of inu2::r!:vrat:on: 

= 1 (1 + »/) I v lie of n:.;^:;; , n. 

Bering thus sboTQ the oonuDuutive pr.r.c:t '.e to be true for 5 = 1, we 
proceed to profc thet if it ie trae for jr = a, itie troeforj = 1 -i- a: thatii^ 
ifasar. tbenxU + e) = il + H^'. Fof 

= X + >tr b_v the <i<-£L::; >n of mnltiplkatioB: 

= X + x« br brpoUtesu: 

= Lr + a bj the <le£u::oii of mtth:p!i«e:ioii: 

szl+» eeelreadr eeen: 

= X (1 + a) br the dlmibtaire princtf 

A cf Euii-t-?r iLJ::.;".e in -.b >i!rx>. rx* r.o niciniaTn. but 

a oiT"^. \ <^\i^'l\x is callT?"! cv. ami the nural-^jrs as ^tva; as this tv^^ti'.ute 
ApardAl sTsaea of eemHiidaite naaber. of v!udi this oae if a miainiioB. The 
«^.-'-r.'KA of eiiitioD ead mchiplieuioii require so diaage. exoept that the ear 
laesel::: it to be cderstood in the 
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To oxtenfl the proofs of the principles of addition nnd muUiplicatioii to 
unlimited number, it is neceaaaxy to siiow that if true for any number (I + n) 
tbey an alio tras Hmt next imaller number ». lor thia purpose we can 
uaa Iha same tnmaftwmalioiia aa in the aeinnd danaea of the former proof; only 
we shall have to make use of the following lemma. 

Ifz-|-y = z + z, then i/=z whatever numbers x, y, and z, may be. 
First this is true in case » = 1 , for then y and z arc both next smaller than the 
sane number. Tberefore, neither ia amaller than flie other, otherwise it would 
not be next smaller to 1 + // = 1 + z> But in a simple system, of any two 
diflcrent numbers one is smaller. Hence, y and z are equal. Second, if the 
proposition is true for x—n, it is true forz=l-i*n. For if (1 + n) + y = 
(l + n)4-s> thenbjthedefiuitionofadditionl+ (n+y)=sl + (n + s);wlienee 
it would follow that n + y— n + z , and, by hypotheaia, that y=z. Third, if 
the proposition is true for as = 1 + « , it is true for x— n . For it n + ;/ = ti + z, 
then l + n + y=l + tt + «i because the system is simple. The proposition 
haa thw been proved to be true of 1, of every greater and of every amaller 
number, and therelbre to be iraivenHlly true. 

An iuKpection of the aliovo proofs of the principles of addition and multi- 
plication for scmi-infiuite number will show that they are readily extended to 
doubly iufiuile number by meauB of the proposition just proved. 

The number next anoaller ^uai one is called nauj^t, 0. Thia definition In 
symbolic form is 1 +OssI. To prove that s-)-0=x, let s/ be the number 
next smaller than as. Then, 

x + 0 

= (l+a/)-|-0 by the definition of ac* 
= (1 + 0) + by the principles of addition: 
s 1 -|- a/ by the definition of naught: 

ssst by the definition of a^. 

To prove that xO = 0. First, in case z = l, the propo.sition holds by the 
definition of mulUpUcation. Nezt^ if true for s=«, it is true for a = l + n* 
For 

(l+«)0 

= 1 . 0 -f j( . 0 by the distributive prittdplet 

= 1.0 + 0 by hyjiothesiH : 

= 1.0 by the last theorem : 

= 0 aa above. 
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1Idiii^tfa«|in>poiitioii.iftnieforxs 1 ntatro* Cw^ For, dianpqg 

the order of the traoilbniMtioiifl, 

1.0 + Osl. OsO = (l + ii)Osl. O + n.O. 

Tben by the above lemma, n. 0 = 0, so that the proposition is provod. 

A numVfcr whioh added to another pves nauirlit U rallod the nepativc of 
the latter. Tu prove that every number greater iliiiu uuught lum a negative. 
Fint, fhe nambar next smeller tben nmf^ is tbe negetiTe of mie; for, bjr the 
jjafiniiinin of addition, One plus this number ie naught. Second, if any number 
n has a nepitive, then the number next preater than « ha.- for its notrative the 
number next smaller than tbe negative of n . For let m be the number next 
•melkr thn the negative of n. Tben n + (1 + m) s 0. 

But n + (1 + m) 

s (n + 1) + «• by the aaBOOMtnre principle of addition. 
=: (1 + n) + m by the flcmmiitntiTe prindple of additioa. 

Po that {"[ + }i) + m = 0. Q. E. D. Tlence, erery number greater than 0 

has a negative, and naught is iXm own negative. 
To prove that ( — y ~ — {xy) . We have 

0 = z + ( — x) by the definition of the negative : 
OssOyss(a<f (— x))y the laat propoMtkm but one: 

0 = xy + ( — x) y by the distributive principle : 

— (xy) = ( — x) y by the definition of the negative. ' 

The negative of the negative ofanuiiiber is that number. Forx+( — x)— 0. 
Whence by tbe definition of the negative « = — ( — x). 

LimUtd Diaerdt Smpb QmmH^. 

Letradl a relative term, c, that wliatcver is a c of anything is the only c 
of thtt thm^ and ie a o of that thing only, be called a relatire of wnple 
eoneepomdenoe. Li the notation of the log^ of relativea, 

05— <1, 08— <1. 

If every object, « , of a daai is in any 8uch relation e. with a number of & 

semi-infinite discrete simple syptem, and if, fiirlluT, every numlier smaller than 
a number c'd by an « is itwlf c'd by an s, then the numbers c'd by the a'a arc 
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said to couut ihcin, and the HyHtcm of corrcspoudeuce is called a count. lu 
loffol notation, putting (f for as great aa, and n fiv a pcMitiTA iategfal number, 

« — •< en gc8 — < e» . 

If in any count there is a snaximuni counting number, the couut la said to bo 
finite, end that number is called the number of the count Let [«] denote the 
mimberof aooontof the«%, then 

W— <« 9»-<Ul' 

The relatiro "identical with" satiefiee the dofinition of a relative of simple 
rorrospoiidcncc. nnd the definition of a count is satisfied by puttiiii; "identical 
with" for c, and "positive iutcgrul number as small as z" for «. In this mode of 
counting, the number of numbers as small as x is as. 

Suppose that in any count the number of numbem as small as the minimum 
number, one, is found to be n. Tlien, by the definition of a count, every number 
iw small ns // counts! a niiinbcr as small as one. But, by the definition of one 
there is only uuc number an miuuU us one. Hence, by the definition of single 
ooTTespondence, no other numbw than <me counts one. Hence, by the definition 
of one, no other number than one counts any number as small as one. Hence, 
by the definition of the count, one 18, in every count, the number of numbers 
aa small as one. 

If the number of numbeis as small as « is in some count jr, then the 
number of numbers as small aa ^ is in some count x. For if the dofinition of a 
simple correspondence is satisfied by the relative e, it is equally satisfied by 
the relative c'd by. « 

Since the number of numbers as small as 2 is in some count jf , we have, c 
being some relative of ^ple oonespoodenoe, 

1st. Every number as small as x is c'd by a number. 

2d. Even,' number as 8mall as a number that is o of a number as small as z 
is itself c of a uumber as suiaU lus x. 

8d. The number y is e of a number as small as te. 

4th. Whatever is not as gieat as a number that w e of a number as small as 

SB is not 1/. 

Now let be the converse of c. Then the converse of q is c; whence, 
BUiee e satisfies the definitien of a rdative of simple conespondeuce, so also does 
Cy. By the 3d proposition above, every number as small as y is as small as a 
number that is e of a number as small as ar. Whence, by the 2d proposition. 
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eyery number u bdmII m y is o of a nmnber m annll c; aad ft fbUtnm tint 

every nunibor as small M y ia c,'d by a number. It follows further that every 
nmnber c, of a numter as small as y is of somctliing r,'<l by (tbat is, c, being a 
relative of simple corre.s(K)ndcnoe, is identical with) some number as small aa x. 
Also, " as mall u" bciagatransitivarelativataTeiyiiiimbarainiianiaaiiiiinber 
e of a nimber as small «b y is as small as at. Now by the ith proposition y is 
as great as any numb«'r that is r of a number as Rraall as x, so that what is not 
as small m y ia not c of a number m small as x; whence whatever number ia c'd 
by a number not as small as y is not a number as small as x. But by the 2d 
proposition eveiy number as small as as not e^d by a nmnber not as small as y is 
t^i by a number as small as y. Hence, every number as small as x is c'd by a 
numlMJr as HUiallaH i/. Heix^o, every number a« small as a number r, of a number 
as small as y is C| of a number aa small as y. Moreover, since we liave shown 
tiiat vnry number as small ss ar Is «i of a number as small as y, the same is true 
of X itself. Moreover, since we have seen that whatever is Ci of a nmnber as 
small as ;/ is as small ils x, it follows tliat whafovcr is not ;vs groat as a number 
q of a number aa small as y is not aa great as a number as small asx; i. c. (" aa 
great as" being a transitive relative) is not as great as 0, and consequently is not 
w. We bavo now dwwn — 

1st, that every number aa small as y is Cj'd by a numljer ; 

2il, tlint evory number as small as a number that is Ci of a number as small 
as y i» iti^elf q of a number as small y ; 

8d, that the number k is eii of a number as small as y ; and 
, 4th, that whatever is not as great aa a nmnber that is sy of a number as 
small as y is not x. 

These four propositions taken together satisfy the definition of the number 
of numbers as small as y cuuntiug up to z. 

Hence, since the number of numben as small as one eannot in any count 
be greater than one, it follows that the number of numben aa small as any 
number greater than one cannot in any count be one. 

Suppose that there is a count in which the number of numbers as small as 
I + m is found to be 1 + n, since we have Just seen that it cannot be 1. In this 
oount, let be the number which is e of 1 +it , and let nf be the number wbkh 
is c'd by 1 + wi . Let us now consider a relative, e , which diflcrs from c only 
in excluding the relation of m' to 1 + n as well as the relation of 1 + m to «' 
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and in includitifr iho relation of m' to n'. Tlien e will be a relative of single 
correspondenoe j for c- is bo, and no exclusion of relations from a single corres- 
pondence affects this character, while the incluaioit of At itHa&m vttKfUtti 
tosves mf tlM only e of and an 0 of «if only. M(»eoy«f , eveiy number as amaU 
aa m is c of a number, since every number except 1 + m that is e of any- 
thing is e of something, an<l every number except I -\-m that is as small as 
1 + m is as small as m. Also, every number as sm^U as a number e'd by a 
number is itself by a nmnber; for evety number e'd is e'd exoept 1 + m, and 
tiiis is greater than any number s'd. It follows that e is the basis of a mode of 
counting by which the numbers as small as m coimt up to n . Thus wc have 
shown that if in any way 1 + m counts up to 1 + n , thou in some way tn counts 
up to n. But we bare already seen that fortssl tlw number of numbenas 
small as x can in no way count up to other than «. Wbenoe it follows timt the 
same is true whatever the value of x . 

If every is a P, and if the P's are a finite lot counting up to a number 
as mmn n fhe number of SP§, then every P is an A IV>r il^ in oounting iho 
F% we h^fgai with the (i^ch are a part of them), and having counted all the 
S'a arrive at the number n , there will remain over no P's not S'a. For if there 
were any, the number of P's would count up to more than n. From this we 
deduce the validity of the following mode of inference : 

Every Tesna kiUs a Texan, 

Nobody is killed by but one person, 

ITence, every Texan is killed by a Texan, 
supposing Texaus to be a liuite lot. For, by the first premise, every Texan killed 
by a Texan is a Texan killer of a Texan. By the seoond premise, the Texans 
killed by Texans are as many as the Texan killers of Texans. Whence we 
conclude that every Texan killer of a Texan is a Texan killed by a Texan, or, 
by the first premise, every Texan is killed by a Texan« This mode of reasoning 
is frequent in the theory of numbers. 



N<'TF- — Ti tiuiv 1m- n iiiurki-il that when we reaaon Uiat a certain proi- jHiUon. if false of any number, 
IK f.ilw (if H.iniu stimllor number, and since there ia no nnmb»>r fin a wnn-liiniti il Hvatein) noiailer than 
CTvry number, the prc^xMiUou miiKt Im: true, our ruaKouiuK' in a iiktl' l><Ki»'l tnuuifOBMtiaB Of tkt 
r wn o nin g tluU a propoaitiiam, if tiue (or n, is tnw foe } + » , mkI tlurt it is true for I. 



On the Bemainder of Laplace's Series, 

Bt ElfOBT UcCustoOL, MUtcatJax, Wit. 



TTie Ktnainder of L«gnuig«'« series has been gireo bj Popoff aadZololft- 
reff* in tbttUxm^vT J* («ff+s—frfr.4&, where jf=:s-h«|f«nd» = 2- 

The cotmyoniting exfnmaa tor the icflMinder of I«plMe1i mrmi, vhne 

jr =/(z + i. r. = ^. ■PjJ]' (a»* + « -/-*i)rn,dt. 

To prove tliia, it is only ueoe^rj to perform one of the a diSerentiatioiis 
indicatff'l. b}- the mual nile for the dillereatialkMl of definite inti^^nls with 
Tariabie liuiu. In this way we find that 

irfienoe, if m = n — 1, 

Since r, = f^ — f/z, we have at once, bj Buccesire fmltstitulion. 

fy = f/z + ;r^/cDf/z + J*V{f/z fvr/z + . . . -f ^ X-D" " «( ♦/-"rDf/: + 

Comparing tiiia reauit with LapUoe's theorem, we aee that we have in r« an 
•zpcMricn for the iMiaiiider alter II -h 1 teraiL 

If /a = *, or, in other words, if y s s + afy, we have M. Popoff^ ox* 

pression for the remainder in Lagrange's theorom. The above method of proof 
reacinblcs in principle that by which Z<)!o;ar< tT jirove.s the latttT expression. 

It must not be tbou^t that the rea^umg here employed constitutes a proof 
of Lg^hoeli theorem, for evUeaee ie etill needed that r« s 0 when the aerlea 
iiooomge&t In other worda, the aeries is not thus proved to be necaaaarily the 

+ * — 1 

tnie devehvpaBie&t of fy. Qappom ^ = ^ ^ , ao that 

- 1 = « -H a«+ 0^+ .. . + + 
thia wodd not ftunidi Uie tme devefopment of — 1 in terma of x. 

•8«> WilliaiBM^ JMvof CWMiw,ad ad.; JUMwkAbar db ArtaMHeder ifatt. VUI ; Umm 
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The consent of the family of the late Professor Benjamin IVircp lini been Irindiy given to 
the pubHcitioill in the Amfricun Journal of Mathematics, of hin v.iluiil U' and unique memoir on 
Unanr AMoelntlTC Algebra, of wUcb only a small nnmbor of copies in Utbograph were taken 
fn the aothoi'a llfMlnie, Ibr dlatrllnition among his Mende. Tfaia pnUIeatloB win. It is belieTod, 
siipiilv n w unt wl.irh !.:is i m n i<in .r ;in<l widely felt, and bring within the roach of the general 
mathematical public a worli which may almost be entitled to tiilw male as the Princifia of the 
phUoMphioal ttxOf of the laws of algataatenl ttfmHen. 



lAnear Associative Algebra, 

tmd 6^re &« JVodonaf Academy of Scitum 6t WadaitgUM, 1870. 

By Benjamin 1'eirck. 
Notes asd Addbmoa, by C. 8. PusoB, SoM of tuk Autbob. 



1. Mathematies is the scie&oe which draws necesMuy oomoltttioDt. 

This definition of mathematics is wider than that whidi is ordinarily given, 
and by which its range is limited to qnantitative research. The ordinary 
definition, like those of other scienceB, is objective ; whereas tliib is subjective. 
Beoent inyeatigationa, of which quaternions is the most noteworthy inatanoe, 
make it manifest that the old ddiuition is tuo rentrictcd. The sphere of mathe- 
matics is Ihtc extetidod. in accordance witli the derivation of ita name, to all 
demoiutrative research, so as to include all kuowledge strictly capable of dog- 
matic teaehing. Uatbematioe is not the diacoTwer of htwa, for it is not 
induction ; neither k it the flraraer of theoriea, Ibr it ia not hypotheaia ; hut it ia 
the judge over both, and it ia the arbiter to which each must refer Ms claims ; 
and neither law can rule nor theory explain without the sanction of mathematics. 
It deduces firom a law all its consequences, and develops them iuto the suitable 
fiMrm for eompariaon with ohaervation, and thereby measures the atrength of the 
argument from observation m ik?or of a proposed law or of a proposed form of 
application of a law. 

Mathematics, under this detinitinn, belongs to every enquiry, moral as WOU 
as physical. Even the rules of logic, by which it is rigidly bound, could not he 
deduced without its aid. The laws of argument admit of «mple statement, but 
they must bo curiotisly transposed before tliey can be applied to the living speech 
and verified by observation. In its pure and simple form the syllogism cannot 
be directly compared with all experience, or it would not have required an 
vtai nr. n 
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r*vc*: >.T*^ •-. . .-.vt ,:•>>■'/. T-* ■ > ■ ••^ r. ».-:-j-rj,-; ^ 

pr..'jt-5. i:. '..'-L-*-". -f 'i* - _T •..iT . -r- .-. ^ *. .kzsi « 

^.r-j-.^ ^ii": UAj iAT* ^*.* wi_i 

s»T a.'t -AT* ''^z. i---'*? <o V-+ *tTi-'A2» :f tiT >vi j» tie 

» 'i r*-.::^^--- : r - - i.- : *, B.t "^'-J '.'iTr * t. 1:: 

- j>* r.r-.-.t^ »,:. : i:. .f "jj* '• r\.z. 1-* f -i-_-kl rr. -1* 

V-'. k.** ."i:..v.^l_i'* ki-i -f t- i 'la: 1* if i.^ 

tifc* L ."a:. > i: ri- jv- :f -.1-. .zi: af tLe 

r«i«:". ii -iie jr-y*^-** of d*-! ir.; .i. It 5* r-kit. t]:rr*f ?e. v> tepftnte 

jiAT «errr« t*.i ti* '. f f r:.- • f »-r:::.-rLt. '^l- 2 tr»2in»el*d 

ti* v.u'il'V.::.' of exvri*J ivj rcr«ri-^% >a or st-r^.i! ;r.t*rT «^u::v3. The 
wo7<ik of v,:z.t:.:zi j^^ix^ «re ueu»IIr uiSt for til? p u.'jv**. so tiat otiier 
Mjsry/A n.'jt!\ ftii'.fted. aid iL«tli«i&»t:cs n«ated fiih. rrzJ-'.'j, is called 
^^hrn. A!;-' '-ra. 'ieji. u fc/ni->i cuitbeaiat: 

3. A.^ T*rl*-.>.i* lire e:'.h»:r q'i*l:t«t:Te or 'j i4a:.:u::ve. \'_i„ a- .t? nelj»noo* 
<aa I* <>,\,-.'i^.T*-A \ j ;Leii>*lTe« iriUiout renrd to q;:i^:;:v. T:.v al^^'Vra of 
kVrh eb'{'iir:«« auir >.« cabled lozical a!z«%ra. of which a fise esasii > is fivni 

Q'vtiUi'.l*ui'.;v« r«:li':o:_- mav aL-<» W cfiL-i'Ieivd by '.ii-^u. - w ivemrd 
\ft q i»I;*.r. TLer lo ariiLui^'ac. xhd the corrv?;- r. i:: j ' ra U ibe 

V/SJ.'.-.'/ri or ari'-hr.i'rtiril al^bra. 

lb ftU o:h':r iii,'-'^ - i.- ^- T*thi::<>uf' most be combiD^U, a^d ihe algtebim moM 
ooitf^^na u> tLe cliaxa<.-:«r of iLe relation*. 

4. Tbe etmWU of an algebra, mxk k«« of combinatioa. conAitiite ita 
Imgvtagtf tite iii«diod* of ii>iiig tbe sjrmbols in tbe draving uf inferences is its 
mt; Vtii th^ir iritftrj>r*;"^':"n i- if- nd'ji'- 'ij j.'inti'ju. Tu^ :',r -i^-f W analvais 
<«f alf«bra is adopted from Fr«sideut HilL of Harrard Uu>rers::r. aad is made 
iuh iM«» of • difttioii into books. 
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Book I * 
Tn Lawouaob <» Alqbbsa. 

5. The language of algebra has its alplinhet, vocabulary, aad gmnmar. 

6. Tlni symbols of algebra are ul' two kinds : one class roprosont it« 
fuDdaiiicutal conccptiuna and may be called iu letters, and the other represent 
the relationB or modee of oombination of the lettera and ue called Out tigm» 

7. The uijifmhi of an algebra consists of it« lettera; the vocahvUary defines 
lt« signs and the elementary combiimtioiiH of il.s letters; and the fjrammar gives 
the rules of compoBition by which the letters and signs are united into a 
complete and ooamtent ^fstenu 

The Alphafjet. 

8. Algebras may be distinguished from each other by the number of tlieir 
independent fundamental conoeptione, or of the lettera of their alphabet Thus 
an algebra which has only one letter in its alphabet is a rin^ algebra ; one 
whii-li buK two letters is a doubh: ak'obra . ono of three letton a trifU algebra; 
one of four letters a quadntpk algebra, and so on. 

Tlib artifidal diTunon of the algebras is cold and munstniDliTe like tlia 
artiBcial Linnean system of botany. But it is useful in a fmliminary inyestigia' 
tion of algebras, until a sufficient varietur is obteined to affi>rd the material for a 
natural (.•lii.'<>itii }itinn. 

Each fundamental conception may be called a unit; and thus each unit has 
its oorresponding letter, and the two words, unit and letter, may often be used 
indisoriiniuately in place of each other, when it cannot cause confusion. 

The presonf investigation, not usually extending beyond tJie sextuple 
algebra, limits the demand of the algebra for the most part to six letters; and 
the six letters, », j, k, I, m and n, wiU be restricted to this use except in 
special cases. 

lO. For n»;/ i/irt-n Uflf^r another may fx' fnihiilfuf'tl, providi'd a new letter 
represents a couibiualiou of the original letters of which the replaced letter is a 
necessary component. 

For example, any oomUnation of two letters, which is entirely dependent 
for its value upon both of its components, such ss thMr sum, diAnnoe, or 
product, may be substituted for eittter of them. 



• Only (Us took wMmrwriMMk (pL K P.] 
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•rw>»*. '.f -.f I*. j» I2. r^*-*?' f-fii*! r*tr?^iU~.-* 

'v.vj'.y .v-»t r •*^r!'*'S f.r "i-t '-skuk ;/•. *--, -^'i*-,'*. 

1 1 . I.-. x» c.'.f •4.- .*. ',i ;f l*r^r*. ti* -.rgiAl >r:*r will t* gnaii 1 1 

Tr. -* f ,f 'fj* >"'*r » Vj^r* -...t v - . t-<>-^;vr T ' . ^ ^. i. «v. t 

f-..-rr.» •.-.•» ♦-■-.t:;.''. r. a.r. i -^-t -.kt he .;=^T:ed 

fldC »r-7 p*r.-l vi 1..7>«-;£.*-l ir will Z-.'. J.- .-i^ 'r M.CJ.-: 

»1„ vs prw.-Allj f-, .jii 'i-*: th** «ii-.<i.:rljt i--:i-*;r» *car»> erer 
v» wr.rMs:- Ti*7 f*M 'i^Lih rift nir.! a« a «•-?* ii**! fr:-«-ri:s. frcs; «nv- 

whl--.r. v^v"* *ir*r. *<!«'*£.•• ^h«z.I<:2l <i-ir. i*. iill.i. »re e*"*:;-!*! to ±-* tieorr 
<.f va.->f'»rs;A?I'*n. t^^pt th* *t« of tie o'.ierrer. 

12- A kijpihn t» oi.e in wLito. ewrjr letter 19 C". zr««:ted by some 
i&'ijM«'>l relation with ererr other le-.^r. 

I Vl'&4b Hut Urtten of an al^hra cao V/e s>;^ante4 i£.to two zr<: u;^4. which 
•pe nr. tLdejiendeiit. it i* a mux*/ «.'/^/nf. It U mlxe<l eren there 

M« 2ft*.t«r« V/mmr,n to th« two group), prorlde^ tl :>ie which sre not conuuoa to 
t*o i^oup« »f* mtr.tiallT independent. Were an •!r?'-r» ezr.- '. ve l for the 
,>Ar,«:'.'.» 'j>''^>-'>-n of dl-tin-n cla.*^** of phenomena. *u ;b. a? of <. iir.d 

ar.'i ar*'i were liie pecniliar units of ea^.h class to have lieir appnjpria:e 

tff.Uin, hut were there no reo>gDize<l 4e[iendeit«e of the phenomeiia upon each 
other. iKi that the phenomena of eaoh might hare been submitted to 

indftp*rj'J<-rj' r'-^^in h tfie one al:."f ' ra wf,uM he actuallr a mixture of two 
a!gehra«, one appropriate to sound, the other to Ughu 

It maj be Ikrther obeerred that vlieii. b stKb a case as this, the eomponeiit 
alffebraa are identical in form, thej are reduced to the case of one algebra with 
two dtrene interpretatione. 
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The VoooAulary. 

14. Letters which are not appropriatod to the alphabet of the algebra* 
may be used in any convenient seuse. But it \a well to employ tlu' small letters 
tot expnmoitB of common algebra, and ike eapital leUm for those of the algebra 
under discusBion. 

There iruist, however, hv C-Mopliong to this notation; thus the U-Her D will 
denote the derivative of an expression to which it in applied, aud 1 the tiunaiui- 
tion of cognate expreaeiona, and olher ezoBptions will be mentionwl as they 
ooBur. Greek letters will generally be reserved for angular and ftmotional 
notation. 

16. The three symbols J, 3, rnid 6 will be adopted with the aigoiflcation 

J= -v^— 1 

9 = the ratio of cirL-uiiiffretiio U> diameter of cirole = 3.14159265S6 
6 = the ba.se of XajK'riaii ioj^arithms = 2.7182818285, 

which gives the mysterioun formula 

J-' = ^6 c> =4.810477381. 

16. All the signs of common algebra will be adopted; but any signification 
will be permitted them which is not inconsistent with their use in common 
algebra ; so that, if by any process an expression to which they refer is reduced 
to one of ciiniiuoii altri-bra, they inu.«t resmne their onliimry sigiiifiwition. 

17. The sign =, which is called that of equably, is used in its ordinary sense 
to denote that the two expressions which it separates are the same whole, 
although they represent diflferent combinations of parts. 

18. The signs > and < which are those of inequality, and denote " more 
than or " less than " in (|iiantil\ . will be u.«ed to denote the relations of a whole 
to its pan, so that the symbol which denotes the part shall be at the vertex of 
the angle, and that which denotes the whole at ite opening. This inTolves the 
proposition that the gmaller of the quantities is included in the class expressed 
by the burger. Thus 

B<A or A^B 
denotes that Aia& whole of which .fi is a part, so that all B ia A.f 



*8ee(9. 

t Tlu> (ormaU in th* tnl iBpli«a. also, that some A in not B. [O. 8. P.] 



Digitized by Google 



102 



If the UMial algebn had origiDated in qusKutiTe, iiutead of quantiutive. 

inve«tigatioa<*. the a^^e of the ^ymSoI- mizht ex-ily have heeo reverwd : for it 
st?eiii.- riiit! ai! '-i.n -»'[.Ti.)u- iiiVi.lvfii in A iiiu-t al-o l>e ttirolred m B. to that B 
u iDor« '.t^n A \u the s«;ri.!c liiat it invMlve- more ideatt. 

B>C<A 

desio:«» »re q'uintitie!* exprv>sed by C whi<'h J-el-mg to the class A 

%tA tlso :o :'_*a- A I' impli*?:*. ihcivfore. that -uiue fl .1 and that jsorae /I Ls 
/^.* TLe u^'.'cni.'ii^-r: C luigiii J»e omitted if tiiia were the only proposition 
intended to w «z}.?««<'<H. and we might write 

fl X J. 

lu like inauDer tii« c«a.hiiie<i ezpro>.''ion 

d* I. .1. - tiiat there is a clam whidi includes both A and At which propoaition 
might tie writtea 

BOA. 

1S>. A Tertical mark drawn through either of the preceding Mgn^ rererteaita 
ngniiicatton. Thus 

A^B 

denotes that B and A are eaaentially diflRerent wholes : 

A-j^B or B4(^A 

denotes that all B is not J,} so that if thej have only quantitative relations, 
they mast bear to each other the relation of 

A^B or A<,B, 

20. The sign + is called ptw in common algebra and denotes addHion. It 
may Vie retained with the same name, and the pitMess which it indicates may he 
called addition. In the simplest cases it expresses a mere miztttre, in which 



•lUs.««eom,n}ipoMsltated<«MBot«aaidi. (CaP.] 
tTbanaiTenewfllbaMiehaeUmiiilefls^orBiatlienmTerM. [C 8. P.] 
tite Cmml interpratBtioo it ntb«r thM either A and B we IdcnUcaU or tfaM MB* »)tuat A. 
[C&P.] 
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the elements prcscr%'c their mutual iudependence. If the elemenl.s cannot be 
mixed without mutual action and a consequent cliange of cousiitutiou, the mere 
union ie sUll expreeBod by the algn of addition, although some other symbol ie 
required to express the character of the mixture as a peculiar compound having 
properties different from it8 elements. It is obvious from the simplirity of the 
union recognized in this sign, that the order of the admixture of the elements 
cannot a£foct it; ao that it may be aaumed that 

A + B = B + A 

and 

{A + B) + C=^A + (B + 0)-A + B + 0. 

21. The flign — is called mkiu» in oommon algebra, and denotes MtUracfwin. 

Retaining the same name, the process is to be regarded as the reverse of 
addition ; so that if an expression is firnt iifidod and then subtracted, or the 
reverse, it disj^appears from the result ; or, in algebraic phrase, it is canctlcxi. This 
gives the equations 

A+B—B^A-B+B^A 

and 

B^B = 0. 

The sign minus is called the negative sign in ordinary algebra, and any term 
ftreceded by it may be united with it, and the oombina^n may be called a 
negative term. This use will be adopted into all the algebfie, irith Uta provision 

that the doi-ivatioii of tho wovl no^'ative must not transmil its interpretation. 

22. The sign X may be adopted from ordinary algebra with tlio name of 
the rign of multijjlication, but without reference to the meaning of the process. 
The result of multiplication is to be called the pnducL The terms which are 
combined by the sign of multipliration may be called /aclvr>< ; the factor which 
precedes the sign being disiingui^lu'd as the mii/tii,/ii r, and tliat wliidi follow."! if 
being the muilijjlicuiuJ. The words multiplier, multiplicand, and product, may 
also be oonTeniently replaced by the terms adopted by Hamilton* of /aeimt, 
/aeimd, md/aetum. Tbm the equation of the product is 

multiplier x multiplicand = product; or fiMient X faciend ss factum. 

When letters are used, the sign of multiplication can be omitted as in ordinary 
algebra. 
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28. When ui ezpreasioii used as a ibctor in certain oombinationa givea a 

product which vaiiisln's. it may he called in tliose eombiiiatioiis » nUfa>-ior. 
Where as the mu]tipli<>r it produces vaiiishiiig product.i it is ni^acUiU, but wliere 
it is the multiplicuud of tiuch u product it is nil/acit-nd. 

24 When an ezpreaaion used as a (hctor in certain oombinationfl over* 
powera the other fkctota and is itself (he product, it may be called an uit m/ador. 
yXhcn in tho production of such a result ir in the multiplier, it ia idea^fadttU, 
but when it i» the multiplicand it ia m/' >t\fwuml. 

26. When an expression raised to the square or any hi^^r power Taniahea^ 
it may be called tti/jjoU-nt; but wheD, raised to a square orhij^r power, it i^vee 
iteelf as the result, it may be called l<h mjufi n/. 

The defining equation of uilpoteut and idempuieni expres»iou8 are respec- 
tirelj il" =: 0 , and A*— A; but with reference to idemputent expresa ion ai it 
will alwaya be assumed that they are of the form 

A*^A, 

unless it be otherwise distinctly stated. 

26. Division is the reverse of multiplication, by wMdl iti resultti are veriGed. 
It is the process for obtaining onr* of the fm tors of a priven product when the 
other factor is given. It in iuipurtuut to di-stinguixh the pocition of the given 
factor, whether it is fiicient or fiiciend. Thie can be readily indicated by com- 
bining the sipi of iiiulti])lii-ation, and pliicinL' it Iicfore or after the given 
factor just :is it stands in tlic prDdiR t. Thus when the multiplier is the given 
factor, the correct equation of division is 

. dividend 
quotient = 

and the equation of verification is 

divisor >C quotient = dividend. 
But when the multiplicand is the given fitetor, the equation of division is 

diNndend 

and the equation of verifiaition is 

quotient x divisor = dividend. 

27. Exp()nenti^ may be introduced juat as in onlinary algebra, and they 
may even be permitted i«> ujisume the forms of the algebra under discussion. 
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There seems to be no necessary restriction to giving them even a wider range 
and introducing into cue algebra the expoueiits from another. Other signs will 
be cMmed idiMi tli^ tre M«died. 

The definitioii of the flmduneDtel opemtioos is en eaaentud park of the 
vocabulary, but a.s it is subject to the rales of grammar which may be adopted, 
it must be reserved for special investigation in the different algebras. 

28. Quantity enters as a fom of thou^t into every inlhTeiioe. It is 

always implied in the sj'llogism. It may not, however, be the direct object of 
inquiry; ho that there may Ije logical and theiiiiinil algebiM into which it only 
enters accideutally, agreeably to § 1. iiut wlicre it is recognized, it should be 
received in its most general form and in all its variety. The algebra is 
otherwise imneoessaril}' restricted, and cannot enjo}' the benefit of the most 
fruitful forms of philosophical discu.xHiou. Bui while it is thus intnirluoprl as a 
part of the formal algebra, it is mUfJoct to every degree attd kind of iimittUiou in 

Hm free introduotion of quantitjr into an algebra does not oven involve the 
reoeptioil of it? unit ns oiic of tho iiulepondent uniU? of the algebra. But it is 
probable that without such a unit, no algebra is adapted to useful investigation. 
It is so admitted into quaternions, and its admission seems to have misled some 
phtlosoj^rs into the opinion that quaternions is a triple and not a quadraple 
algebra. Tliis will be the more evident from the form in which quaternions 
first present themselves in the present investigation, and in which the unit of 
quantity is not distinctly recognizable without a transmutation of the form.* 

29. The introdnetion of quantity into an algebra naturally carries with it, 
not only the notation of ordinary algebra, but likewise many of the rules to 
which it is subject. Thus, when a quantity is a fiwtor of a product, it has the 



* Hamlltoii'a total •xdttsloii of the ima^inanr of ordinnrjr niKebra from the oalottitt* m w«U m from 
tlie interpretatioD of qnatemionR will not jirobably b«> accepted in the futiiro development of this 
nlgcbrn. It evim-fw lh« rtisoun-w <>( his (foriius ihiit he wiu« able to !j<T<)tri|ilisli lim inv«witiKation» under 

thc-i' ti .Hull]' 1- Put liku tlif r>'i-ti i' ti'ju'i 'if the imcient ^;eoraotr_v. thoy .in.' inconiiKtent with tho 
j^«miit.l1i/-iI M 111--- Liri'i 111 I lU'.] j'kil'ititfiiliv of niiHii'm self 'IK-**. Willi the r<-.it<'rut;oti t>( tbe ofiinary imai^iuiiry, 
'|u:it'_ I ti l 11' Ik' ■ '[III ■' 1 l.iimUnii V biijuiitcrnioUK. KnHii tlji'i i" 'lut of view, all the iilKelints nf tins n'«!;ireli 
would W called bi ul^'''bra». Hut with Uie ordinary imaginary is inrolved a vast power of reeearch, and 
the diittiriclioii <if tutmeN kIiouIiI cnrre^iiODd : and liio a%obr» whlch IMM il ifcOUM tum Hi KHMsM 
aatnie iDdicatod by such a name as that of a ttmiriilgtbra. 
V'M.IV. 
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same iniluence whether it be facient or fadend, so tbtt with tko aotadon of 
{ 14, tlm* m tbe eqiuukm 

Aa — a A . 

and in sufh a pro'iu< t the quaiitiiv n tnav h»" called the rrjf^rienf. 

In like maaner, term« which oalj difler in their coefficieota, maj be added 
hy adding their coeflBcientu : thtw. 

('/ 3= fj)A = uA ± hA =sAa:±: Ah = A\^a ± A). 

30. Tlic fxcfi'dins "itnplicitj of the conception of an eqaniion inTolvea the 
identity of the equations 

ils B and B^A 

and tha milMtittttioin of .0 fbr ^ in every expreceioo, lo that 

MAzt C= MB±z C. 

or tliat, tJi': mtmbert o/ an equatum may bf muf'/nf';/ 'mn-'iioiK-'i ur nimulUmeontly 
hureemd or deemued or mtMpKed or dirideJ hy ^>y '^j-j.imiont. 

81. How fiir the firinciple of §16 Umit« the extent within idiich the 
ordinary symboln may be n.«cd. rsnnot ea^i!y Ix* 'It'i-i'lt'il. But it stippe«ts limi- 
tation!' which may be adopted during the present diacusisioa, and leave an ample 
field for curiotu investigation. 

ne dSttr^m prinajde «/ mvUipliealim may he adopted; namely, the 
principle that the product of aa algebraic sum of fiicton into or by a common 
factor, is equal to the corresponding algebraic sum of the individual products of 
the various factoru into or by the common factor ; and it is expressed by the 
equationa 

{A ± B)C= AB± BC. 
Ci,A zfc B)=iCA zt CB. 

32. Tht aAWciatiii prlii^ifff of mult!j/f!r(itioii inav f»? adopted : nnmelv, that 
the product of successive muitiplicatione is not ati'ectcd by the order in which the 
multiplications are perlbrmed, provided there is no dumge in tbe relative position 
of the thcton ; and it ia opr oiwd bj the equations 

ABOs:{AB)0=A(BO). 

This is quite an important limitation, and the atg»bna which at* snlyeet to it 
will he eall«d awoctoA've. 
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33. The principle that the vahie of u product is not affected by the relative 
poaitioD of the factors is called the commutatim: principle, and is expressed by the 
cqujktion 

This prineiple ia not adopted in the preaent inTestigaiioo. I 

84. An algebra in which every expression is reducible to tlio f n in of nn 
algebraic sum of terms, each of which consists of a single tetter with a quanti- 
tative ooefiBcient, is called a linear algd>ra.* Such are all the algebras of the 
pieeent mTestigation. 

86. Wherever there a limited number of independent conceptions, a 
linear algebra may be adopted. For a combination which was not reducible to 
such an algebraic sum as those of linear algebra, would be to that extent 
indqiendent of ibe ori(^ual eonceptiona, and would be an independent conception 
additional to thoae which were aaBumed to ooiutitttte the elementa of the 
algebra. 

36. An algebra in which there can be complete interchange of its indepen- 
dent units, without changing the formulae of oomlnnAtioD, ia 'a empUtefy 
tfgnmetriad algAm; and one in which there may be a partial interchange of its 

vnntt i» partially H}jmmttrical . But the term symmetrical should not be applied, 
unless the interchange is more extensive than that involved in the distributive 
and commutative principles. An algebra in which the iuterchuuge is ellected in 
a certain order which returns into itself is a cycKe aX^ibra. 

Thus, quaternions is a eyelic algebra, beeause in any of its ftmdamental 
equations, such as 

there can be an intenluuige of the letters in the order t, j, ft, t, eaoh letter 
being changad into that whidi follows it The double algabra in which 



wan all kd opted, and Otaj w«re all linaar. [Da 
Sm OMHticidfe PhU. Tram.. vtU. a41.] (C. & P.] 
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is cyclic hecau.se the letters arc interchaogeable in the order i, j, i. Bat neither 
of these algebras is coiuinututive. 

37. When en algebm een be redaoed to e form in whidi M the letten ai* 
e xprcaro d as powers of some one of them, it may be tmlled a potmUuf aigthra. 
If the powers are all squares, it may be culled <^tutdratie; if thej are cubes, it 
may be called cubic ; and amiJarly in other cases. 

Imm Antieialme Atgebra. 

38. AU Ute exprtttiotvi q/ an alytbra art dittributict, wiwner^r die. distribiUive 

For it ia obvious that in the equation 

each letter can be multiplied by an integer, which gives the form 

(at + ^'X«^ + dl) = aciJc + byk + adU + beyt , 

in which «, b, c and d are integers. The integers can have the ratios nf any 
four real numbers, so that by simple division they can be reduced to such real 
uujubors. Other similar equatiuos eau also be formed by writing for a and 6, Oi 
andii, orforcand<i, i^hmIc^, or by making both theoe substitutions dmultsp 
neously. If then the two first of these new equations are multiplied by J and 
the ]hM by — 1 : the sum of the four equations will be the same as that which 
would be obtained by substituting for a. b, c and d, a-^- Ja,, b+ J/*i, c+ Jc, 
and d + Ml. Henoe u,h,9 and d may be any numbecs, real or imaginary, and in 
general whatever mixtures A, B, O and D may represent of the original 
units under the form of an algebraic sum. of the ktteis J, k, &&, we shall 
have 

(A + Sj{0+D)^AO+BO+AD+BD, 

which is the complete expression of the distributive principle. 

89. Ah alg^ra w auoeiaihe u^amar ameiutiM prmeiple tsektA toaUAe 
letters of if>i alphoM. 

For if j1 = 2 (ai) = ai + a J + + <fec. 

B=I,{H) — bi + bj + bt/c + kc 
(7 a 2 (ot) = <»* + oj + + ftc 
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it 18 obviouB that AB = I' {(ibiij) 

{AB)C = lialHfW'k) = A{aO) = ABC7 

which ia ih« general ezprenion of the anociatiTe pnnetple. 

40. /» eeery Ktuar ataooiatiee algebra, then ia at heat <me idempelmit or cne 

nUpotint (xpi-rMion. 

Take auy cumbmatiou ul' letterti at will aud denote it by A. Its aquare 
is generally independent of A, and ite eube may alao be independent of A 
and A*. But the number of powers of A that are independent of A and of 
euL'h other, cannot ex<Mied the niiniher of letters of the alphabet ; so that there 
must be' some leaat power of A which is de[>eudeut upon the inferior powers. 
The mutnal dependence of the powem of A may be ezpreesed in the form of an 
equation of which the first member is an algebraic sum, such as 

2.(«-^-)=0. 

jLUthr tci in.t of this equation that involve the square and higher powers of A 
may be combined aud oxpres.sed i\» HA. so that B is itaclf ao algebraic sum of 
powers of A, aud the equation may he wriiion 

HA ={B^<iy)Az=.0. 

It is easy to deduce from this equation successively 

+ I .4-= 0 
{B + «,) B = 0 

(--)'=-- 
\ <ii/ «i 

ao that ia an idempotent ezpreaeion. But if Oi ^midiei^ this ezpreanon 

beoomea infinite, and instead of it we have the equation 

so that is a uilpoteut expression. 

41. When there is on Hemfttad tecpnarion. in a linear assodatiye algebra, it 
can be aasumed as one of the iniepaident units, and be represented hj mt tf 

tlu lettriK nf tin fifpfififf f : and it may be called thf fnixix. 

The itmaining unUx m/i be «o mltxU d an to be ttejxtrabie into /oar dwUnot groupa. 

With rt/ettnoe to the btt«is, the tmih of the finf group are iden\faelora ; those (/ 
As Mcomf group aire idemfaeiend and n^fitdent; thoir </ the third gm^ an mImr- 
Jaoient and n^aeieiid; and tkoaa i^AaJmarA grmip are n^aelora. 
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FSnt Tb» poMilnli^ of Um Ml«etioii of all the rtonuiing mill a> jdem^ 
facien l or nilfaciead i* omUj cfltabliahfld. For if • ia tiM idempotent bM», its 
definition gives 

The product bj tlw bnu of aookhor ezprMMon mcIi ■> A maj be reprawnted 
by eo tbat 

iA = B. 

which gives 

{{A — Bi — iA — iBs B—Bs 0. 

whence it appears that B if i<ietnraciend and A — B is nilfacieud. In other 
wtwda, A is diTided into two parts, of which one i« idemfcciwid and the odier ii 
nilfiuaend ; but either of these parts may be. wanting, so aa to leave A wholly 
idemlkdend or wholly nilfar.-iend. 

^ronily. The still farther subdivision of these p^irtions into idemfacieut and 
niHacient ia easily shown to be putMible by this same method, with the mere 
revenal of the relative podtion of the bctors. Hence are obtained the reqdred 
Jbur groups. 

The ba.-*i8 itself may be reparHeH a* belunping to the first group. 

42. An^° algebraic Kum of the letters uf a group is an expression which 
belongi to the same group, and may be called /letorMiffjr ho m og tne c m, 

43. Thf jnvdnet of hro /aeionalfjf homogentom rxprttmont, idUeA does not 
roiif^li. i" it-'lf f<tfi<jr'}<ilhj homo<jnt>x>iiJ', aiiif »'■'- ftu iiiiiJ nunx' the taWU as Aot 
of Hh /ac-»<*»/, tfAiYr iU facu-id name u the mme as tttat of ifjt faciauL 

Thxu, if A and B are, each of them, fhctorialfy homogeneous, they satisfy 
the equations 

i(AB)-{{A)B, 
{AB)i—AiBt), 

iriuch shows that the nature of the product as a flMiend b the same as that of 

the facient A, and its nature aii a facient is the 8ame as that of the faciend B, 
44 Hmr*'. no pndttd which doet tut vanith can be cosURMialiee tiwlw boA At 

facloris Ulong to the mme grouj/. 
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46. Every jrroduct i^nisheti, of ichieh thf farietit is idem farieni while tht- faciend 
ia n^faciend ; or of which the facient in nil/acieat vohile th; /vuiieiul is idem/adtnd. 
¥<a in eitber OHe tluB prodoot involTes tbe eqtMtion 

46. The oombinBtion of the propontionB of §| 4S And 46 is expressed in the 
IbUowing fbrm of a muUiplication toble. In tliie teble, each facior is expressed 

by two Icttera, of which the first denotes its name as a faoiciid und the second as 
a facieut. The two letters are d aud n, of which d stands fur idtm aud n for nil. 
The &dent is written in the left hand column of the teble and tbe fhdend in the 
upper line. The ebMweter of the product* when it does not vaniah, is denoted 

by the combination of Icttei-si, or when it must vanish, by the zero, which is 
written upon the same line with the facient and in a column under the faciend. 





dd 


du 


nd 


nn 


M 


id 


dn 


0 


0 


dn 


0 


0 


dd 


dn 


nd 


lid 


nn 


0 


0 


im 


0 




nd 

i 





47. Tt i.'! apparent frnm the inspection of this table, that mn^ry expnttion 
which belongs to the second or third group is nilpotent. 

48. It is apparent that , a// oommtUeUive products uAich do not vanish are 
fmtrteled io thejint and/our^ groupt. 

49. It is apparent that every oontinuoua product which does not vanish, lias 
the mime faciend name as its first fibcient, and the aame facient name as its last 
faciend. 

60. Since the products of the units of a group remain in the group, they 
cannot serve a« die bond for uniting different groups, which are the neceaaary 

conditions of a pure al^elira. Neither can the first and fourth pronps hi^ con- 
nected by direct umltiplicution, because tbe products vanisii. The Jirst and fourth 
groups, there/on, nqvinfor Umir miimidMt ymim Mfe a pure algebra Aat Aen 
thottid be tmiU m tatA the cAer two grwpt. 
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'I. la aifb^^n whicb Lm u. fT* '.can ii^^-itz.'. '^-^ it caaaot 

LAf.^^:. 'XM all 'bt tRi'j except .z.z 'm *±« i*-' ' l4 «r M 'lie third froap. 

F'^r u; tiiu* <Me. «ari< unit tokea vita tc« vo'^i <orj>t:tut« » <i>ut> alfebis. 
ac^ -:.'>r': ' .. i be CO bo&4 of «u:j:e-r::>a freress their leparftUOB into 

tg„^U-.t*tl 4M attf^tttn of thm^'i*m. Hi*r« d i.-* 'LI- irtj^Ki ideapotent 
cr ft '^I*, If L- »r- id-:-}* '^It. :t i-s»i l«f » I ■j-ted m 

TiA iiiZLyj'.itz.x iBti* of the ^^'irtb er<^'<p erea ^« su^ie the l»mi of the 

wL'/!fr a!^^' AzA the first, -eo.r.-l '.Lir-l will re-pectirelT become 

the f i.-.'l •^'■•fi.d gr-^-.i- f-r tr..* r.-ir >.».-■>. 

prMieM sailfer to that of ) 40 and a eiiuiiar arr>::.e:.t. it Biay be shom that for 

atT expr^-i''!* j1. which : _'■< to t!ie tir^t jr^ 'ij. :h»^pe- -. ine lea^t power 
wh! h '-a:. *'Xj>r«^'ij^«l '■■v rata:.- i>f > i-i* a:, i ;he inftrii-r {"iw^n? ill the 
fonci of a:. a.^'*r'raic sum. Tm- <^>;. i/. ij i..-<t\ expressed hv the equation 

If then A b deiennined hj the ordioair algebraic equation 
and if 

'u fub^tituted for J . an equaiiuii is obt«iued l:>«tweeu the powers of A . front 
whidi aa idempotent ezpreanoo. B. or ebe a nilpotent expresnon. can be 
dedooed pieci»ety ae in §40.* 

54. Wftfi' r- '■ " "fjnti tJemftotfii unSt in tkf fint yrwtft, thr hmit earn he 
tkany^ *> "> >>• jr - 'A' y<V-' 'j^ff /n>m 0,1^ ^'^jfnf Hhmj0t4*-nf uuU. 

Th>x<- if I \s xti*: biifi.--, and if j y the gerund idempotent unit of the first 
group, the bflj)is can be changed to 



*1h»«qH*iM ia h waaj have w> •lc«baic MtetioB. ia which CMe lfa» aew idaafonal «t aOlpolial 
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aod with thiR new basis, / passes from the first to the fourth ^roup. For 
Fint, the new basis is idempoteot, since 

and mamdijf, the idempotent unity paaoM into tho fourth group, rinc« 

V = i*—j)j = ii'—J*=J—J = 0 , 

66. WiOi the preceduig change v/ bmtis, express ioiui may pass from idcmfacierU 
to imj^iounf; or/irom iden^fiieiend to tn^wiatd, hit not ti^ reoene. 

For firgt, it Ah nilfacient with reference to the original basis, it is also, by 
§45, nilfacient with reference to llie new basis; or if it is nilfu<;ien(l with 
reference to the original basis, it is nilfaciend with refei-euce to the new basis. 

Sieondfyt all ezprenionB which are idemfiuaent with referenoe to the 
original haaifl, can, by the process of § 41, be separated into two portions with 

r^N?ence to the new basis, of which portions ojie is ideinfncient nnd the 
other is nilfacient ; so that the idenifacient portion remains idemfacicnt, and the 
remainder passes from being idemfacient to being niliacient. The same process 
may be applied to the fkdenda with aimilar ooncluaioni. 

56. It is evident, then, that each group* can be reduced so as not to contain 
more than one idempotent unit, which will lie its basis. In the groups which 
l>ear to the basis the relations of second and tiiird groups, there are only 
nUpoteat ezpreaaiona. 

67. Jit a group or cm alg^ra wMcA hat no ide mj poten t es ypren ion, all <Ae 

Oiepressiom are niljwtent. 

Take any expression of this group or algebra and denote it by A. If n<} 
power of A Taniihed, there must be, aa shown in § 40, aome equation between 
the powers of il of ^ form 

2.0^4- = 9, 

in which a\ must vanish, or else there would be an idempotent expression as is 

shown in § 40, which is contrary to the present hypothesis. If then denote 



*1Mii,th«flntp<oapwwillwaMih«ltlwspbBidur7gTou|)ea< |U. [C & P.] . 
ToklV. 
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hLi i— '1 '.f w.-^i klwij* \* li'tTgrkl j':w*r» <f ^: •J>iTe w:-^3 
wLI i > '.•■ •".rkrT Ivpi'^Til^ ' • - : - • — • l. 

§9. ITKdi «« «a^ir>»»«^ if h '•}<y<r .tf. a? ti# ficmT-.r* whlJt <£i> (<tiM£4 «r« 

ly.l A be die T£.y.:~:.' etj- --' . f -.*■* p. ^r-r 1- -' - h:jii«« 

wL;<rii d'jii tot Taslabu TLere 'ai^^: b« *r,T equiu.-a l«;we*a ihese powets 
of :Le f'^nn 



*la MyiHlfca*eef— to«tegwO j > iM i u3 |^ iDc!»it ibt tan pemmtt B. hit ianmAf to nira 
tfae qi wOM ctf ■lu d f 1hi» wlwajt hfyaML For. be mnos. if tfeii » M tke caae ifac* tbe •qaaboa 

BjaisaletT ptvivot aa viiaatyQ (ro «h>:b rnixr fta >\itci{>.^«st cxpreasoa ocoid be tatmd. or «tee ^ 
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For if m„ were the exponent of tlie lowest power of A in this equation, the 
multiplication of the equation by the (n — »»„)'" power of A reduces it to 

a^Ar = 0, 0^=0, 

that is, the power of A diaappean from the equation, or there is no least 

power of A in the equation, or, more definitely, there is no such equation. 

59. Ill a ffroujt or an alytbra ichich contains no Ult-mfioffid expre««ton, any 
expretision may be selected as the Oa»i« ; but oive i« preferable tc/itcA has tM 
gmdetl mmAer o/pouen iMA do not ixmuA. All the powers of the hasis whidi 
do not vanish may be adopted as independent units and represented by the 
letters of the alphabet. 

A niljiotmt group or algebra may be mid to be o/ tlte same order with tltc number 
of powera of iia hatit ihttt do not eottitJl, provided the bans is seleeted by the 
preceding principle. Thus, if the squares of all its expreBsions vanish, it is of 
the first order ; if the eubes all vanish and not all the sqoaree, it is o/ seoomi 
mder, and so on. 

80. It is obvious that tn a nilpotent group whMe order equals tht nwN&er 
Iff iMen M&teA it omtaiiM, aB ik$ ItUen eaeoept Ute beuia may fie taken ae Ae 

#urrf x<i)T i^ipem of the ha/ti-n. 

tW. In a nilpotcnt ^roup, every (>vpros.«ion, nuch as A, has some loa.''t 
power that in niii'ucieut with relereuce lu any ulhcr expression, such au Ji , uud 
which corresponds to what may be called the fiwient order of B rekOivdjf to 
A ; and in the same way, there is some least power of A which is uilfiicieud with 
reference to B , and which corresponds to (he fannid onh r of H n /ntiiu fi/ to A. 
When the facient and faciend orders are treated of irrespective of auy especial 
reference, they muel be referred to the haee. 

ThefaeieHt order of a product teMdi does not vanish, is not higher Aan that of 
its facient ; and f/ie ftirirnd order it not /ii'f/hir thtin llmf of ifs furirnd. 

62. After the selection of the haaia of a uilpoleut group, some one from 
among the ezpressions which are independent of the basis may be selected by the 
same method by whicb the basis was itself selected, uMtA, together wAA oB ite 
powers that are independent of the basis, may be adopted as neu ktiers ; and again, 
from the independent expressions wliich remain, neic htterx mai/ f"- ».(/fc/«/ bi/ the 
same process, and so on until the alphabet is completed, in making these selections, 
regard should be had to the flwtorial orders of the products. 
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dad ^ tUf iofit «m &« tun^w^ to «m lot «• <t>V m .mher of (^Art «ftieft «nr 
mie^mdmt of tie htui*. 

Tz-iA. it ziA niia'-^r of l^:zen whi:h »re of die boa* u denoted 

bj tz.d it m i» :be ori«r <>f the gro-ip i^r.-i for |reieL: ptsTpose it it nffi- 
es«&t M nj^rd m' beir.g ih&n n it Li er:>l«a: d^t exprMKoa. ^. with 
I'M nyxvf'.rt prr/d-i'fjt hr lb* p>iren of the >.^:f t . m li^ u tlie and the 
p<>weni of th« hi^la vhl i-h do no: ra- i^b. caz.r^o'. all be i&depe&dent of one 
KLfiUjtr i to xLu. xhtrt must be aa equation of the form 

1 « 

Accoriinglj. it u eajv to tee thai there is alwAjs a value of ^| of the form 

t 

wlucfa will gire 

whkh correip-onds to the condition of this s«?. *: n. 

77»«-»r M a •imU'ir rondltion vhi:-h k'^'il* in rnri/ —LriuM o/'i «»»»<' Utter htf the 
atetkod of the prtrediutj tettUtn. 

64. hi a niffOlmi gromp, the order of vhkh i$ k*» by unify th>fm the nuwher i^f 

Ua^r*. (hf httf f trhli h U ill'}' j*i> h t,! of thr hijtU tjii'I if' jfjir* n "••'y *0 •»/»W«-</ 
t/tfit iu pniivt iiii'j Itu hi'if 'full'/ t^mi/ lo t/t< hiijhr4t jtotr^r o/ iff tckich 
dx* not raniih, and tfuit itA tnjuare thtili either vanish or thtU a/o be "^tal to Ae 
Id^k^l jmuT^ihi huM I/kerf dot* ttot rani-fh. Thus, if the basis is i. and if the 
order of the algebra is n, and If J v- th^ remaining letter, it is obTioos, front § 6S. 
that / might have been asdumed such that 

0 = 0, 

which gives 

0'« = V*=0; 
and therelbre, /I'sai* +bj, 

0 =;.••+» = v** = b'ji = b, 

ji = ai". 
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• _i • _* 

m have 

Mid »i and y, can be aubttttuted for •' and J, which ooofbrnu to the propoaition 

enunciiited. 

It must be ubserved, however, that the analysis needs correction when the 
group. ia of the aeoond order. 

vemuilifd»cmfmgU»9rder<ifiUfBxt^ Thua, if 

it fhllom by developmeiit, that 

(j1 + = il» + iLB + 5j4 + J»s= ^+ Jlii = 0 

which ia the propoaition enunciated. 

66. In genaut, «t ony nilpotent ffrwjt of ikt ^ ardor, if {A; demote* lb 
MMN att pataible preduett thtform 



A^B* Af'Bf jrBf . . 

« + / = n + 1 , 

Foratnoe (jl + !rJ?)*+» =0 



in which 
and if 

it will be found that 



whatever be the value of x , the multiplier of each power of x must nniah, which 
givea the propoaed equation 

{A'. 

67. In thejirat group tf on algebra, having an idempotent ba«i«, ail the exprea- 
tions except the baaia may be otumud la nS^peteni. For, by the sane argument 
aa that of $63, any equation between an expraaaion and ita auooeaaiTe powera 
and the baaia moat inroWe an equatiim between another ezprearion which ia 
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tkM.'.j 'jfctzi'A vzA h* wv»ttr---t p wen witlout isc'-^iizc ue Imml Bat it 

iRUi {$9. jcro'^p hat been Iffou^it to % form v!iich d:>e» &oi eonttin sdt 
otLier idemfoteztt ezpret^ioo thu the t««>ift. It mustt be. tlkerefore. thas all ihe 

€5. A* ///v' •■.'i'r"-- 'i'jrtA ut t}f nr-i -jrj 1 j. o/* «M a^j-ira karing am tdrai- 

For. Mnime tLe e^j'satlon 

in which A . B and C are mlpoieiiU of th« order* n. « and retpectzTelr. 

0 ss J- * = - J- J- + ii-C 

0= -A-^^-^* = x4-C» =a»J-<>-» = U- = ». 

that is. the term — j-i vaiui-L^- fr m product AB. 

GS>. It foijow8. frou li.e prt^'^e^diiig c«ctiuo. that i/ Ok iJUmpotmi batU Mxre 
iakm amng fnm tkt jir-u ijn-ijt of tehlrk it U At bam. the mmainihg kUen ^ At 
/brtt gnmp woM eatutituie by tht nut ir^ a uU^tOUMt algtbra. 

ConveiXflv, antf n'JjtcdtrJ aJ'j^hra mny h-- ^'.•■•^rf"} tn'o a^j'hra vlth am 
idtmyji' iil ia>i"-, by </*t tiimjJt aituasatHM 0/ a btttr idem/aciirfd and idem/acitnt 
vriih n/eretv* to ettry oAar* 

70. BoweTer ineapable of mterpreution the niliiMnorial and nilpotent 
expicarion.'- may apj>ear. they are obTiottslr an •■->eh;isil ek iijent of the cakuloa 
of linear al^'ebrat-. Uuwilliij^nif'L* to aiT*?{it tii'-in ha.- rv'.anied tfie proereae of 
diaoovery and the inre.-tigatioD of (^u^iiuiive algebras. But the idempoteot 
baaia aeema to be equallj eaaential to actual intorpreutioo. The purely nilpotent 
algebra may therefore be regarded as an ideal absttaotion. whi<-h requires the 
iiiTro'lu'-tif/n of an idempoient ba.-l-. to trive it any jin-itinn in the rc.i! uuivor^. 
In the 8ubiie<4uent inTe&iigatioo^. therefore, the purely uilpotent algebras must 
be leputded as the first steps towards the dUcovery of algebru .of a lug^ 
depee resting upon an idempotent basia. 



•1katOTiir*^*><*^B»*te*Va**0MiiptaJB.bMMMA*alf«bm«,- iiBk (C.&P.] 
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71. Sufficient preparation u now made for the 

INVESTIGATION OF 8PB0IAL ALGEBRAS. 

/oBoming notefion wiB be adopted in tkete retearehet. Oonlbmiably with 

§9, the letters of the alphabet will be denoted by i. j, i", /, m and n. To 
these letters will also be respeetivcly assigned the numbcra 1, 2, 3, 4, 6 and 
6. Moreover, their coefhcieuts iu au algebraic sum will be denoted by the 
letters a, h, e, d, « end /. Tbue, the product of m.j two letteci will be 
expreHsed by an aljzebraic stuo, and below each coeffioient will be written in 
order the numbers which are appropriate to the factors. Thus, 

j1=aH + + +/•» «. 

while 

»'+ fl« * + da ' + <b » +An. 

In the caee of a equate, only one number need be written below the ooeffleient» 
thus 

I' — «3 (■ + A;, j + (\, k + <A, / + <'s 4-/3 » . 

The inrestigation simply consists in the determination of the values of the 
ooeffieients, corresponding to every variety of linear algebra; and the resulting 
products can be arranged in a tabular ibrm which may be called the multipli- 
cation-table of the algebra. Upon this table rests all the peculiarity of the 
calculus. In each of the algebras, it admits of nmny transformations, and much 
corresponding speculation. The basis will be denoted by t. 

72. The distinguishing of the successive cases by the introduction of 
numbers .will explain itself, and is an indispensable protection from mnission 
of important steps in the discussion. 

SnrOLK Al«BBRA» 

Since in a single algebra there is only one independent unit, it requires no 
distinguishing letter. It is also obvious that there can be no single algebra 
wliieh is not assomattve and commutative. 8in^ algebra has, however, two 

coses: 

[1], when its tmit is idempotent ; 
[2], iriien it is nilpotenl 

[I3. The defining equation of this case is 

9=%, 
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(«]) i 
i I 



[2j. Tbe deSijing «q\ntioo of thv caM ut 

•• = 0. 

Tbi* «!gebn uut be cal!«4 and inu!:ip!ic»iion table 



There are two c:i.-es of doubl*? alj- ' ra: 

[1]. wli^ii iT an i leiii{j4-)tent ezprespion: 

[2], wlii-ii il i« iiilpHiciit, 

[Ij. Tbe defining equation of tbi« case ie 

By §§41 and 5U, there are two ca^«i<: 

[Pj. when tlie (iiher unit Irt^Ir.iiL--* to the first group: 

[12], when it i> of the >oriHiH trrxiij*. 

The bjpothe«i.<< that the other unit belongi^ to tbe third group is a virtual 
repetition of [12]. 

\y\. The defining equations of this case are 

• • • 

It follows trom {{67 and 69, that there is a double algebra derived Orom (iii) 
whidi may be called (ot) , of which the multiplication table is % 

tTtaiialtitastikMtlMConB<sil:B. iaitolafleernlatiTw. [CaP.] 
Slfaisaliahm^ lMimtfDllwftogaii<sA:^+»:«. is^:A. [& & P.] 
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i 


• 

« 


J 




0 



[12]. Th« defining equationa of this case are, by § 41, 



wlicucc, hy § 40, 



A doable algebra is tbus formed, which may be called (b^, of whicfa the multi- 
plication table is* 

(**) J 



i 


J 


0 


0 



[2}. The defining equation of this caso is 

in wbidi « is the least power of • which vanishes. Tliero are two cases: 

pi], whenit=8; 
[2*], whenn=:2. 

[21]. The defining equation of Uiis case is 

.'=0, 

and by § 6U, 

This gives a double nlgubra whicli may he called (c,), iU uiultiplicatiun 
table being f 



•Tills 



bepattai1beronn<=j(:il,/=il:B. (C a P.I 
im,iz:A:»+B:C, J=:A:C. [C. S. P.] 
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i 


J 


0 


J 


It 


n 



it r>.::vw. rro:u II CI ii:.<I CG t.Ut 
i}.-»t t).*;re i."* r*o f'«:r« a'i'i.-:>rA in tlii-* i-si-e.* 

T&.TLC Au.KEkA. 

TIrtrre are two car«;f : 

[1], wLcn there U an i<lcinj .'/,<.ni l.a.-i.- ; 
[*2]. when the ba>t« is nili-otent. 

[13. TLe defiiiiij^ e(|iia;i»u of thi^ c;i>c i» 

.' = 1. 

Tljere are, hy §| 41, 60 «n<i 01, iiii«e c-n-e* : 

[1*], wlien^ and i* arc l-oth in tli ' Hi * l."^ -;;'; 

[12], wluTi y i- in tiio fir.-t, ah'l /.• in tin- .- ■'•'•n-i ^roiiji : 

[13]. uli..ii j \r in ill'- »•! a!:'l /.• in the tliini p-">u|i. 

The cof^t of j being in the Orbt, ami A- in the third group, L» % Tinual 
rejunition of [I23. 

[1']. TIte defining equittiotL^ of thi;* <-a.-<c arv 

ij — Ji — J , i7.- = i ( = . 
•lUf CM* take* Ibc form i:zA :B. jsC.D. |C. & P.) 
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It follows from §§ 67 aud 60, tliut the ouly algebra of Ibis case may be derived 
from (r,) ; it may be called (»,), and its multiplication table is * 



) i 


j 


k 


i 


J 




J 


k 




k 


0 


0 



[123. Tlic defining cfnia<ioiis of (liis ca.-c an' 

Ji=z^fz=J, ik = k, ki = Oi 
whence, by §§ 46 and G7, 

y' = A-« = /.y = o, jk = c^k, 

pk = 0 = <\Jk — ,'*^k = c„ =jk , 

ami there is no pure alj^ebra in thi:^ ca«e."|" 

[13j. The deBning equations of this case are 

ij —j, ki = k, Ji = fZr = 0 ; 

whence, by f 46, 

J* = lf = Ij = I) , jl- = ffj, / , 

and there ia no pure alj^bra in tliis casc.l 

The defining equation of this case is 

in wUcfa n ia the lowest power of i that vanishes. 
There are three cases: 

[21], when « = 4j 
[2*], whenn=8; 
[23], when n = 2. 

•lawai»ntona,i=A:A+B'.B+C:C,J=A'.B+BiC, kss A:C. px & P.] 
tThatfatoiVtiaBdibxttamMltiHllpfBthealcabisa,, aadlaMIAbgrtlMnMlvw on a it Mwto lh» 
■Igebni b, , wbOe fbe piodaote ttjuai k vubh. Thu, Ikna latian mm ml tuUmdtMf Iwaai 
Uifiri'tlur into «M algabn. In Mlatira ftmn, Oim cms ii, isAiA+B'.B, J^AiB^ k^A:C. 

[C. 8. P.J 

tlnnlliianttiim,i=A:A+D:D,is.A:B, ksCtD. [CL&P.] 
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[21]. Tlie d«!iiiiiig e<|ijii*Joa of t!.u i» 

.•• = 0. 

•.-.d br f CO 

TL> ^v«« a triple «Ig«^tm wh:<-b mar l« ca!!>fi «l<e ic'j!tip!ieitioD uble 



<&:) 


i 


j 


k 


i 

1 


• 


k 


0 


1 




0 


0 


»' 

1 


0 


0 


0 



[2^.* The dfcRitiiig equation f)f thitf cuae u 

by J5-0l> aiid O t, obaenring the excepii<iii. 

.■•=y. ,z = o. 

There is uo pure algebra when h-^ raubbe^.f and there are two oues : 

[JM]. when /», does not vauuh; 
[2 ], when vaiiirhea. 

[2' I]. The delmiiig equation of this caae can, without lo» of generally, 

be reduced to 

Hue gives a triple algebra which may be called (c,), the multiplicfttioii table 
beingt 

tl»naMnUKm,ts.AiB-^B:C^i^AiC,k^:A:B+AiD-¥D:C. \p.B.9A 
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J 


0 


0 


0 


0 


0 


»J 


0 


J 



An inteveating spodal example of this case is afforded by a =, — 2 , wkou 

,•(/.• + ,) 

so that k + i might be sabsUtuted for k, and in this form, the multiplication 
table of this algebra, which may be called {if,), is* 





• 

J 


k 


i 


J 


0 


J 


J 


0 


0 


0 


k 


-J 


0 


0 



*IiireUtiTefonn, l = ^:J?-f B:C. j— A :C. kz= — A : H + B -.0+ A -.0+ D iC. 
WbeDa=4'3, the algubm uqii'itllr tik<w ))i<' furni . ou nulmtitutiag It— i Car Jk. Om tiM oUmt 
liaiidi pnmded a i» neiUier 3 nor — 8 , Uio algebra may be put in the fonu 



(cT) i 


J 


k 




0 


I) 


-bj 


J 


0 


0 


0 


» 


b-'j 


0 


0 



To ttfwt <to timmtenMaaii, w write a= —»—^«aa ■«tiMtttt^<+ »— 4 «+ 1» Dor < and k, and 
(fc-^ifnr/. Ih— awalgrtw fa) hM two dhttnet—d tntwwiwtelitoijeciw, t^) nd (0» (a&P.] 



^ • • • 



1 


J 


■ 






• 1 






I 






«• 













i 


i 




i 


II 






J 


0 


0 




k 




0 





;»=y» = :j = M. 

- - • - -T f - A 

1^ = —J %~ — = o = 

J»- = — Zy = 1. 




Digitized by Google 



Peibcb: Lmear AuoekUkie Algebra. 127 

We t hus get a triple algebra which may be called {e,), its mulliplicatiou table 
being * 



0 


0 


0 


0 


0 


t 


0 


— t 


0 



QVADROFLB AlOEDRA. 

There are two cases : 

[1], when tlifio is an i<Ieinin)tent basw; 
[2], wlu'ii fh<' lifu-ii; is iiilimleiUi. 

[IJ. The (lefiuiiig equation of this case is 
There are riz eaees : 

[P], wheuy, k, and /, are all in the first group; 

p.2}t when/ and £ are in the first, and I in the second group ; 

[13], when J is in the first, and i- and / in the second Kroup; 
[14], when / in in tlie (irsl. k- in tlio secon<l. and / in the tliird group; 
[15], witeu J and k are in the second, and / in the third gruup; 
[16], when/ is in the aecond, i in the third, and I in the fourth group. 

The other cases are excluded hy §§ 50 and 51, or are ohrioiisly virtual repeti- 
tions of those which are given. 

[1*]. The defining equations of this case are 

y=j»=j, ik = hi = k, il^U=l, 

.unl IVoni §§00 and 69, the algcbnis ('•;,), («/,), and (<•,), •riv <|aiidrn|ile 
algohnis wliicli may In' named reflectively (a,), (A,), (<r^), and (♦/,), their 

multiplication tables being 

*Inrel>thrafbnn,f=^:Otis.4:0— C:i>. k^AiC+BiD. Tbia is IIm KlgBbni of ultenute 
Bombon. [0.8.?.] 









Piarx: 












• 


■ 






1 




• 


i 


J 


k 


1 


t 






A 


f 




i 


i 


J 


k 


I 


i 


i 




/ 


II 




J 


J 


k 


0 




h 


h 


/ 


II 


II 




I 


L 


i* 


0 


U 




1 


II 


II 


II 




1 


1 


-k 


fl 


k 


t 


i 


J 


t 


/ 




« 

• 


i 


J 


k 


t 


t 


i 


J 


k 


/ 




i 


i 


J 


k 


1 


j 


J 


t 




II 




J 


J 


M 


u 


U 


m 


£, 
m 


A 

V 


u 


0 




k 


k 


Ik 

V 


A 
V 


J 


I 


I 




0 


0 




I 


1 


0 


—J 


0 




. of 








3 > » 




<f . 












1 


J 




1 














i 


1 


J 




I 














J 


• 

J 


k 


0 


k 














I 


I 




u 


0 














/ 


I 


— X- 


0 


0 
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The second form of (d^ gm» • oorreiponding leoond form of (04), of which 
the multiplication taUe is 



) i 


J 


k 


I 


i 


J 


h 


i 


J 


0 


0 


0 


k 


0 


0 


0 


I 


k 


0 


0 



aod from § 46, 
whence 



[12j. The defining equations of (liis case are 
and it follows from §{ 67 and 89, that (<%) gives 

and there is no pure algcbri\ in this rase.* 

[ISJ. The defining equatiomi of ihis case are 

ij=Ji=J, ik=k, il=l, ki = li = 0, 

which give by §§46 and G7 

0=j'=*? = iU = *fe = i» = i^ = 0} 
and it may be aauimed that 

jk — 1, whence jl = 0. 

This gives a q^uadruple algebra which may be called iti multiplication, 
table being t 

•In nbtiTe form, i=iA:A + Ii:B+C:C+ D :D, j = A: B + B.C, k — AiCt t = D:0. 

(Gap.] 

\lanilaantam,isiA:A+B:B^J=iA:B, k-B:C, l=A:0. [aaP.] 
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I 


J 


k 


1 


• 


j 


J 


k 


/ 


i 


J 


0 


t 


0 


k 


0 


0 


9 


0 


I 


0 


u 


u 


u 



[143. The defining equations of this ct:ie ue 

V=/i'=y. A = = Ini = i7 = 0: 
whidi give, br §§ 46 and 67, 

0 = j« =y/ = h' = = «• = J". 

Jk = e^, rj = <1J. I' = + huj. 

and cannot be pemitted to vanish.* m that it does not leasen the generality 
to aMome 

U = j. 

This gives a quadruple algebra which may be called ( f^\ ila multiplication 
table being t 



i 


J 


k 


0 


• 

J 

i 


0 


0 


0 


: 0 

i 


0 


0 


J 


1 

t — 


0 


0 


0 



* For then tbealgefaimwmUiptit up into time doable aleebn*. (C. & P.] 
tlBi«lMi*9lacm.<sa:^<)-B:0./=^:9. k=^A:C. I=:C:& [C&P.] 
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[15J. The defining equations of tliis case arc 

rj=J, ik = k, /» = /, ji = ki — U = Q, 
which give, by § 46, 

0=>y*=itf =i^ = ^ = tt = J». 

0 = /.•//■• = a„/i' = an = kl, 

and there is no pure algebra iii this csise.* 

[16]. The deliuiiig equations of Uii.s cme are 

y=Jt ki = k, ji=ik = il = U=iOt 

which give, by § 46, 
Jk = a^, //=W. ¥=<W, tt=««fe. P = <V. 

lAJ — d^tl — Cf^l, Pk = = c^Jc, Oa — b,^^ , 

There are two caaee: 

[161], when does not vanJeh { 
[162], when c4 vamebes. 

[161]. The deining equation of this caee can be redneed to 

dU = l, 

which gives 

There are two caMs: 

[161^, wlicii r/j does not vanish; 
[1612], when vanishes. 

[161*]. The defining equation of this case can be reduced to 

d;=i, 

which gives 

yjb=t, p=ii 

* In relative Amn, is:tA:A,JszA:B, k=.A:C, l=DiA. Thtn an Aim donbto algebras of 
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aod diM* b ft quadru^Je algebra which may be ttlled iii wihijdiatioii. 
table being 





1 


• 


h 


I 


,1 

1 


• 


1 

• 

1 


0 


0 • 


• 


0 


0 


• 


• 

J . 




» 


/ 


0 


0 i 

1 


r 

1 


0 


0 


h 


1 

' 1 



This if ft form of qwOemicm.* 

[1612]. The defining equedon of this cue is 



<*. = 0. 

which nvei 




•U rOMti^T* foam. i = A:A,J=A:B. k=B:A, t=:B:B. Tto alcvbn < 

I of idMioHluf of iBiimiiBal idativm. ■ dw«m la mf paptr ia ike aaik «olHa «( tta 
I Aeadmy of Amaad M«ac«*. la ■ tfin tmtr iliaMiiiinni ■ Tiranf —j 
io( te mtaaftlir ptoj«ctfoo» <>■ two ptasM aach ifaat «*crr lis* la ow to 
tkeothcr. CUI th«w |iUbm ih» .S-rUa* aad Ik* »pi*M. aiat kl r ka 
. <rt»lfc>p»o J >qfaa«C r av«a the Ji4aa*. aail frititi pcojmioai 

if^AfflamthttHuMmd tit It — i-nrmil tit i ilirtnira la tki P [liai ia t 
vo 4ifaeiiaa* ia the a-pba* ii •vwl •» ik» aagte b««w«ca tke 4 
TWik/r b Am vccwria th» A |ilia» whkk cmt^c ■& L> the pr >;F.ctMai 
«< rapaaiha*fUae.aadtritite«»c«orlB Ae0-piaaa»ychaMiW}Med*«>tbr |>r>j«< t).>oo( r opoa 

PiiifinKW Pairc* tkowad Ifea* «« mtj ttk» i| . /, . t-. . a* three tack mntsallT perpeadkular T«c«atB 
.«kal<=| l-j(,<./=^ .1=1 i_jf, {h«.dak 

i. J. t. /. ha»eall r*ro t«ii«>rs. >o%i ; »c 1 i »r\' ^.>t■■rv la lb« p*o«nl *xpr>-^i«>a <rf ih* 
^ = + 0 + i*+ iri. if x+iP=I aiKl fz = x — X- . w« haT« g'=f : tJ x =. — « = yi. tfaea 
f*=#. Ika laywioo t I ma i iia atalar aai|y« aan it ii ike Biuv»ra>l i j^miaciog. Waka^ i 

S|=' T — »• .4-/, y{- \ x — v i^^:+dk+] — T I . T-i--/.-^- - i-i-I . 

Tb« reaembUace o( the malupbcattoo t>bl« of thi* st^cvbra to l&r «TmbulK«l taU« oC HI I 

■iiiiir ■ (C&F.i 
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and there is a quadruple algebra which may be called (/ij, ita multiplication 
table being "* 



J 
k 



i 


J 


0 


u 


0 


0 


0 


0 


k 


I 


0 


0 











[I623. Tho delluiug equation of linn caao is 

dn = 0, 
a» = 0. 



wlkudi giT«8 



•nd there can be no pure algebra for it.f 
[2]. The defining equation of this 



There we ibur oases: 



[21], when tt=:6; 

when n = 4; 

[23]. when « = 3; 
[24], when h — 2. 

[21J. The detioiag equation of this case is 



0, 



and by § CO , 



This gives a quadruple algebra which may be called it» multiplication table 
being X 



•bnlalfT•fb^^^ l=^:A, J=:A:a, b=zO:A, (aa P.] 

f1nlU»cm»,iziA'.A^ ls:dt{MtM+a'.<n,JstA:BtitssAiD,»isa:AcKs:MiA. liaap.] 
tUtaMntnm^isAtB+BiC+C'.D+DtX, JsAiC+B'.D+0:S, ksAiD+BiM^ 
l=A:B, to. a P.] 



i 





* 






« 




* 


• 


\ 


1 


i 


t 




\ 


1 




1 


• 


1 


1 



'-T. 7'>r i-.l: JIJ f'. 'Jk' .'. -aj^ a 

• ^ • — - * - 





ft 




• — '.4* 


I. ^- • .Tir 


t 




• > 




• 


? 


« 




r 


> * 


0 




'f 


J 




•'• <• 




t. 


1, 


•1 


i 








'/ 


0 




f 




<• A A 

















r = 0 . 

£i = 0. 

•to 4ite c< U-** isa :«-i-«:C-C:i>. /=a:C— »:X>. ksj^:©; tad 
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There wre two eases : [231], when ii = ; 

[232], when (7 = 0 . 

£281j. The defining equation of thie case is 

a=k. 

wbich gives 

lei = a„i + bsj + Cyik + d^l, 

0:=iki = anj + djk, an=0, <^ = 0, idsibfj + eg/s. 
8o.becattBea^=0, »=6J+cJk, 

and because ikl = 0 , kl = bgj +oJkf kJ^hU^ Ogjd « b^fyj + l^ft . 

0 = kj't = c*iA"* , c„ = 0 = kj, 

iliz=ki = b^J , H = bfii + buj -\-cJc, Ij = ft* = {bn + bttCuiJ , 

P s= + 6 J + <Vfc + dd? . 0 = P = oijb + e^ + (V s «iK + 

But U oontains no term in 2, so that z= 0. 

kf={J* = aJ, b^ = ai, (^ = 0, 

0 = P=b^k + cJ)^', 63^ = 04 = 0 = ^-/, /* = 6J+C4i;, 
i,V = A» = = 0 , 0 = «» = 4tai» = = ^'a = ^ i = (/ , 
K=shtJ+9jk, fts« = 0. 

There are two oases: 

[231*], when does not vanish ; 
[2312], when e,, vanishes. 

[231*]. The defining formuhi of this case is 

€«l + 0. 

and it pn detennined by the equation 

«oi' + («i — *«) J» = id t 

w« have 

i{l+jn} = k+sf, 

so that l+pi and k-\-gf may be substituted reqpectivelj for I and k, which is 
the same as to make 

64 = 0. 



Plan: £/.iirtr .£-<irMir ** J.-jH:in. 





4 0 


1 






I 









* X'jMi — ! • — : w« • — ' — 1 — ~ ' — ) *: -ve .ii -.-t-^-i a t ■■ — '. t -r t -asis 

j • — fJc < = " — 1 * >■ = • — . 3-*-^ ' — ; I = t . • = — t :aa< dk* 

a =r; f- = « . tr. '3ut£ a* «_f^r» r-: >-i» •. ; "S'-u-a 3 = ; ; s t :a ;u.~. :»t i = r* • — T . 
J : « i*-^ =c : . — \ i . « sue ■5Ji» L^'-^^a rtiruaa » - 

TTve* 4 » — : V - i — : s ♦ . '-o. j'ls^ K = - — s i« — : — > .■- = : — i — »e k. 

*.=V:— » ; — "i-Vj-t: — t : -*-t—rO ».:..=»: — » t—Jn £-« aw arLsstt. 



ft • • « « 

I ft « « • 
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Thui'e arc two cases: 

1^31*21], when does not Tankh; 
[231'2P], when yanisheB. 
p31*21]. l%e defining Ibnnula of this case is 

5<i:^0. 

There are two CAHinA : 

[281*21^, when + 1 does not Tanish ; 
[281*212], when + 1 vanishee. 

P81*21*]. The defining fMtnuIa of this case is 



80 that 



I &n' -f fii^ _ ^1; + ^ii^i^ 



80 Oiat the 8tth8titution of ^iiii^', , and , reepectively. for 

t, /, and ft, IB the aame as to asaume 

0ii=o, 6«=y, 

whidi ledooea thia caae to [2312]. 

(]2S1'212]. 1%e defining equation of thia ia easilj reduced to 

Thia gives a quadruple algebra which may be called (etj), ill multiplication 
table being 

( w*) i J k 1 
t 



J 

k 



J 


0 


0 




0 


0 


0 


0 


0 


0 


0 


0 






0 


0 
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The fculistilulioD of i — / VuA J — k. re»|j«ctive"._r. f^>r i aLid y trmusfoniu this 
algebn into one of which the ualti[uiaiuwn ul<!e is * 



(»«) •* 


m 

J 




1 


i 0 


0 


0 


it 


j • 


0 


0 


0 


» 0 


0 


0 


0 


/ J 


u 


0 


0 



[231*2*]. The defining equation of thi- oa-^ b 

This gires a quadruple algebra which mar be called iu muUiplicatioa 
table being t 



(».) 




J 


k 


1 


i . 

• 


• 

J 


0 


0 


k 


• 

J 


0 


0 


0 


0 


k 


0 


0 


0 


0 


1 




0 


0 


0 



p31Sf]. The defining eqantt<m of this ease is 

li = hfij, 

which gives 

so that the substitution of t—b^xi for / posses this cue Tinuallj into [232]. 
•<=il:»-fC:X>.i=«:i>.*=4:C. 1=0:0. [C.&P.] 
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p32]. The defining equation of this case Lb 

iV = 0 , 

•ad it may be aaaiimed tiist 

/.•« = o, 

0 = A- j = = IH — ikl = if! = ilk = Ik-I = W 

tj=d^, 0 = 2/is4|iiy9d|i^» = dSit = 0'. 
There are two CMes : 

[2321], when % docs not vanish; 
[232*], when fl^ Tuiiflhei. 

[2S21]. The defining equaticm of this ease ie eanlj reduced to 

K = h, 

which giyea 0 - lik = » = lil=zia 

Ik- = Pi =nj+ (fj: , 

0 = IVc = (/,/•/♦• = iPJk — dt , Ik — a J = Pi , 
There are two eaeei : 

[2321'], when r, docs not vaaish ; 
[23212], when c^ vuuiijhes. 

[2821*]. The defining equation tit this ease can tie leduoed to 

C4 = l 

which ^v«fl a quadruple algebra which may be called (04), ite multiplication 
table being* 





J 




/ 


• 

1 


J ■ 


0 


0 


0 


J 








u 


k 


0 


0 


0 


0 


i 


k 


0 


0 





WlHBdwe, ttisalgrimndantto(r«). Whaafta— l,«banMttuttooa(l— ttelivitaMiltod*). 
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imiii^. Tut ^&'Jiz.% e',-ut:oD of tLl* cue u 

[232121]. when d >r>- vau.>h: 
[23212^. wLen Tu»':»:r>«. 

^jtZ'lMV^. ITte eq'jatlon of tbi« c&se caa be reduced to 

TKji jr:T«4 • q'ladraple ftlgebm wbkh maj be called (y^^V iu moIuplicMion 
♦jille b*If.2* 



0^) 


1 


J 


k 


1 


i 


» 

J 


0 


0 


0 


> 1 


0 


u 


0 


0 • 




0 


0 


0 


0 


■ 

• 

'1 




0 


0 


> I 



[2vi:2l:i'j. The defioiug equaliun of thi< cai^ bi 

n = 0 . 

This gives a quadruple algfbni whi< h may be called ('^,). iu« multi|>limtiou 
table being t 



.) i 


i 


it 




J 


• 


0 


0 


0 


0 


0 




0 


u 


0 


u 


k 


0 


0 


0 



• hi r.laiiv,. form, i- A : B + R . l> Jr C : E . j - A : D . k- A:K. I - A iC -i- C : D. IC 8. Pd 
tlnreljktirafonii,i = ,<l:C+C:/),/=^:i>, k = B:t*. I = B:V. [C.&P.] 
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[232*]. Tbo dofiDing equation of this case is 

and we have 

kl — + Cfjc + 

P = hJ +ejk+dj 

m tliat there nan be no pure algebra in this case if ▼anishes,* and it may be 
aHumed without low of geneialily that 

H = J . 

There are two cases : 

[232*1], wh.'ii does notTanish; 
[232'J, when Taniahes. 

[282*1]. The defining equation of this case can be reduced to 

which gives 



and there is no pure algebra in this case.f 

[282*]. The defining equation of this ease is 

di = 0. 

^riudi ipves 0 = i? = = Cf, A? = ftjj, 

0 = I'f — r,J,' + (I^Jcl = (/„ = Vsii 
0 = /^•» =: cj^ + djil = d« = V« • 

There are two cases : 

[232'!}, when does not vanish ; 
[282<], when vanishes. 

[282*1]. The defining equation olT tins case can be reduced to 
wliich gives 

0 = = C43 , kl — bujt — f'aJt 

*(/-A„y)=o, 



* In this case, j', k and (, might form anv ouv of the ulgvbrus [0,], (c,), {it,) ur ((,). [U. 8^ P.] 
t11wcMOittavaHilitebNMiM«f=0Miid*H=/. (a&P.l 
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i> = .7 = = 'J =.\. 

0 = :"= l=i*. 
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• J 
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J 0 


1) 
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i 0 
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«nd it may lie waumed, from §§63 aud Co, tlmt 

which give 

0=zik = ki=Sk=ikf-kl = Ik , 

0= y7= 6,^«=ii, a^ + «4 J/ =c^. = a„, 

BO that there is no pure algebra in this case.* 

QuiNTOPLB AlOBBKA. 

There are two cues : 

[1], when there 'u an idempotent bams ; 
p], when the algebra is nilpotent. 

[1]. The definbg equation of this cose is 

•* = «. 

There are eleven cases : 

[1'], when J, I and m arc all in tho first group ; 

[12], whcny, k aud / are in the first, und m in the second group ; 

[13], when J and are in the first, and I and m in the second group ; 

[14], when/and ft are in the flnt, fin the second, and m in the thhrd group; 

[15], when / is in the firsts, and k, I and m in the second group ; 
[16], wheuy is iu the first, I: and / in t!ie second, and m in the third group ; 
[17], wheu^' is in the tirut, /•: in the second, / in itic tlurd, and m iu the fourth 
group; 

[18], when/, k aud / are in the second, and ni in the third group ; 
[19], when / and k arc in tho second, and / and m in the third group ; 
[lO'j, wheny and k are in the second, / in the third, aud m in the fourth group ; 
when^ is in the second, ft in the third, and { and m in the fourth group. 

[1*]. The defining equations ot this case are 

ij=ij{=j, {ftssKs^K, m^K^I, imssmisstn. 

The algebras deduced by §G9 from algebras to (r^) may be named (aj) to (^i), 
and their multiplication tables are respectiTely 

•1S-^AiC+BtS,j=A:B+C:S+eD:E, k = A:S, lz^-A:D+eBiE. [C. & P.] 
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t/i) i 
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Tm.tr. 
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[12J. The defining equationa of this case are 

which give, by §46, 

0 = ny = mk =.tnl = m*, 

and it Aia any expresnon belonging to the first group, but not invobing we 
hare the form 

A m = am , 

and by § 67* il ia nilpotent, ao tliat there ia aome power n which givea 

0 = A* = A*m = aA*-'*m = eirms=ta^Am, 
0 as ibn s An ; 

and there ia no pure algebra in thia caae.* 

[18]. The defining equationa of thia caae are 

»}■=/» =y, ik — k'i = k, »/ = /, <m = m, /t=mt = 0, 

which give, by § 46, 

0 = = ft s= = An = «v' = m& = fli/ = 11^ ; 

and it may be a«8umed firom (a,), by § G9, that 

y» = *, y» = o. 

It may alao be assumed that 

jl=m, whenoef A2=jm=:0. 

TITe thuB obtain a quintuple algebra which may be called (kf), its multiplication 
table being diia : % 



' In flirt t n:id m. by thpimelvpit, form tho algebra i'> >. wliilt' t. j. k. I, by tbemelvw Coni 
imv i>r thv iilgi'lmui \a,}, lb,), (c^), (d,). the products of ni u ith j . k and I T«ntohing. IC. & P.J 

tThU i» pnjved as follows: 0=^ j'l=j*m = dj^l + e , jm = it,i«,J+ {dtt + ^M"*' 
=Oand «|,( + «i't = 0;or<l,,=e. «„ = «,iM = M=:0. [C.S. P.] 
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[14j. The delining ecjuaiiuu:? of this case are 

ij=Ji=J, ik = ki = k, U=l, mi = ni, li = im~Q, 
which give, by § 46, 

It nay be Msumed firom § 69 and (a^ that 

J» = k, j* = 0, 

wlieDce 

0 =j7 = = ny' = mft =Jlm =<i|J + b^Je = = Im = e^, 

mnd Ihorc is no pure nigehra in this case.* 

[lij]. Tlie tleliiiinj: e((uati()iis of this case are 

ij = ji = J , (■/.• = /,• , lY = / , im — m , ki = li — mi = 0 , 

which give, by §§ 4H and 67, 

0 = /- = / ; = /.■=' = kl = km = 1j = Ik = P = Im = mj = mk =: ml = m*. 

It may be atisumed that jk = 1, ■jm = 0 ,t 

whence, _;7=0, 

and there is no pure algebra in this case.| 

'isAiJk+B:B + C:C,J=:A:B + B:C,»siA'.C, lsiA:D. mzzen.C. (C. a P.J 
tW*euiiMltrappomJ&-=ilc, becMiBe/'l;=t. "Wn mmj, Htmton. put t for jk. ThrajVsO. ntm^ 
(istj*m=et,et,k+ {dt,e„ + e,,]l+t/tm. It follows tlM jm -^d^ .l . and euhiitilwtiin i— <gt> far 
m, wtt$mji>t—^' 1lMalgatanthii«MpantMiiito(&,)auid («,|. [C.SuP.] 
ti:sAtA+B'.B,js:AlB, ksBlO, tstAtO, msiAlV. [aaP.] 
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TL« de£::ir.g eq-^'.;o;j cf are 
ijsjissj. ik = k. V — l. r>> = «. «t = ,*< = iit=0. 
wLI^i g-Ire. bv {§ 4'^ acd 67. 

0 =ij = i» = Z ' = y = V = » = r ■ = = 1^. 

and :*. ZLAT ie aaiuztd iha: 

^l=c/,-. , =0. 

»r.< </a Ta::.!^^ ia :Le ca^?* of • fsrs »lre:r».* so tL*: it is co \om of 

• • • • 

/l-TII s Tin = 

Tl«t* »r% tiro cafl*f : 

^^1*. Ti>« d«£ri£.e eqriatk-a of :Ll5 can t« r«i-.;ced to 

.1 . = 1 . 
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I K^j can l« r^" r.'.t 
c-*T csi.l4d y-of wL: 
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[162]. The defining equation of this case is 

a» = 0, 



149 



which gives 



and cannot vanish in the case of a pure algebra, so that it is no loss of 
g^enlity to anume 

This |^T«fl a quintuple algebm which may be called (m,), of which the multipli- 
cation table is 

(fliO i j k I m 
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k 
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• 



[17]. The defining equations of this ease are 

^'a/ra/. %k = k, U = l, « = aa«nsin; = 0, 

which give, by §§ 4G and 67, 

0 = J ' = j'k = j'l = jm = kj = If = Ij = P = lm = mj = mk, 

Ikm = Cgjk = Cfjin* — r,5f<.,m = 0 = , 

kml = d^ = CfJkl, (^/J, — r„) /,„ = 0, km* = ejbn = c^Jem , (e, — C||}% = 0, 
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Tbei* are two caaear 

nil J. wL«a *, = 1 ^ 

riTl]. The defining cqimioo of this cue if 

= «. 

which give* 

0 = «, = /i. 

There cao be to pure i..z^.- T% if e:-i:*r of th* rj, or <i,, Tiniiii. 

a&d rhere u no loa of f«s,«nl:-.v in :Lg 

U=J, tm = L r' = /. 

Tliu gires ft quintuple al^fcrm which maj l-e ouiei . it^V itt uolupIiCRUon table 
beisg 
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J 


J 


0 


0 


0 


0 


» 


0 


0 


0 


J 


Jk 


r 


/ 


0 


0 


0 


0 


M 


0 


0 


0 


1 


ai 



[172j. The defliiiDg equatiua uf this oa^e i» 

i«» = 0. 

which pre* 

0 s s = Im = m/ : 



/. Ir ao4 { . •k/Q*. (ons Uw aigtbts /, . vtulc m . i. k. j. ai<««. fvtmi tfa« al^bn A, . sad im = au 



Digitized by Google 



Pinwi: Lbuar Amoc/ialvif AigAra. 



161 



and there (\in bfl HO pure algebra if either in or yaaiflhea, aad it may be 

assumed that 

This giyee a quintuple algebra wfaioh may be called {o^, ito multiplication table 
being aafbllowa:* 

(0|) t j k I m 



i 

J 
k 



i 


J 


_» 


0 


0 


J 


0 


0 


0 


0 


0 


0 


0 


• 

J 


0 


1 


0 


m 


0 


0 




• 




• 





[18J. The defining equations of this case are 

V=J< i^' = k, mtsm, jisski:=:Hz=ims:0, 

which give, by § 46 , 

0 = y = jk = jl = kj = I* = /. / = = /i = f» = »y" = mfc = mi = m\ 

But if is any ezpressioa of the second group, 

0 = ibis's a = Am s=/m sfem a Im, 

and there is no pure algebra in this case. 

[19]. The defining equations of this case are 

V's/, Aslt. K = mt = m, «s=<m=i; = K = 0, 

iriiidi give, by { 46, 

0 = J • =yft s i^' = = {r* = ft = ^ = An = ffv* = mft = ml = m>. 



which gives 



•i = J»:B+J>:D+rsJ', j = X):/', k = B:C-{- D:B, l = A:B+E.F, m=.A:C. CC.&P.) 
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B'it if A ^ *Ji txi^T'^-.-.ozi of u-e •rr-xjz.i zrc -p aid ^ oi« of li* uird. 

jLB = "71'. 

0 = = = 

arid •.r-'ir* I* to j. -r« »r?%'/n in t}i* 

^Ivf"^. T:.* d- tlL'.z.z eq-iati-^-rj of iLl* fare are 

ii: = k, ji = L-i = U = im = mi = 0 , 

0 =jf: = ij- = P = = »y- = mi ; 

»bd it if obnou* that we maj ucume 

>/=0. 

We IiftTe, tbeo, 

0 = </^7 =ym/ = c» 1/ = a»/-»i = o^c^ . 
Tiiere are two cases : 

[101]. wh' ij aj, not Ttnidk; 
[10'2], when a„ ranUhes. 

[lOlj. The defining equation of this eeae etn be reduced to 

y=i, 

wluch ^TCt 

«^ = 0, ^sshmj'. 

Tbere are two cmm: 

[lO-l*], whenf, = l; 
[10^12], when vaniflhes. 

[KXl*]. Tbe defining equation of tbia case ia 

m* =m ; 

and we a«ame 

jff^—j, ml —I, kw — k, 
because otherwise this ca«e would coinride with a subsequent one. We get, then, 

" =j'0' = 'ui'" = ""iJ = U . " =jH- = foym =e^ = lk, 
which virtually- briugs this ca£e under [10'2j.* 
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[I0'12J. The defiuiag equation of this ram is 

m* = 0, 

which gives 

0 =jii^ = ^ksi"* = ^ =ym , 0 = nfl = d^ml = = m/i 
0 = im* = Cfjem — , 2m = 6^', nd = H = l= c^l — 0 , 

whidi is imponible, and thifl oaae djaappean. 
[1(K2]. Th« defining equation of this case ia 

There are two cases : 

Cl<y21], when«k = l; 
[KKS*], when TBiiiflheB. 

[1<K21]. The defining equation of this caae ia 

~ fUt 

and if we would not virtually proceed to a nibeequent caie, we muat aaaume 

Jm — J, km = it, III? = /, 

aud there i8 uo loss of geucralitj in aMisuming 

{/■=o, 

8o that there no pure algebra in this case.f 
[10'2']. The defining equation of this caae is 

ni» = 0, 

which giTOs 

0 = m*i = c^m/ = = flif ; 

and we may Bsnisie 

fta = 0, 

which gives 

0 = jni' = bf^Jm =b^=jm, 0 = km* = < ^/ wi =rg^, tm=. i%j , 



* In this caw. the algebra at once wparatm into an algebra between j, k, tndatt aad t 
■lgabnwb«tw«en<«iMl>, < and Jc,uidt audi, napectiTal/. [C. & P.] 

tIaeut,0=MISfA»=«t«s!A. 8»tlH*aMalg■lmldkiBto■bfn*■«<1k•iMEla(^). [C.B.9.] 
tTk»«iaeromttitoaoliMtlwteBatt=«,.*iBB««,kkf TbM, «iltetaisOocV=tt3=0. Th* 

Tob ir. 





' : ; ; »f.«t& » » >it the ri^'MiATT group of the fvinh grorip : 

i J^^. i>;.^& m tkiu *.?.« fo*ir*Jk ri'/^idlarr grorip of tL« foto^ group. 

'y»"»*^' T:.« C'liifttlou of tLU CfeM are 

/m = iii. in/=0: 
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which give . 0 = m* =ym' = h^Jm =^b^—jm, 

0 = rn*k = Om'w/'' = ''m = ; 

and a„ cauiaot vanish in a pure algehni, ho that we may aasuine 

jk — i, 

which ^TM 

jl=jl' = b,Jl, i»=i„ = l, = = ci = o« = l = d;, 

and there is no pure algehra in this case.* 

[iri23. The defining equedons of this case are 

^ = ml = 0, 

which give 

0 = Jfm = li,Jm = f>tAJ = I'J'f..^ '* = Imh- = cjk = f^c,/- = <;^s> > 
kj'l = d^l = hjij — bt^^ + />H(3,m , Ikj = djl = c^jA;/' = c^te^u' + c^^m , 

There are two cases : 

[iri21], when m is idempotent ; 
[irili'J. when rn is nilpotent. 

[iri21j. The dchniug cquaiiuii of this case is 

m* = m , 

whidi gives 

and it may be assumed that 

BvA if the algebra is then regarded as lutving / for its idempotent basis, it is 

evident Trom § 50 that the bonds required for a pure algebra are wanting, so 
that there is no pure algebra in this G«se.| 



*Iafaet,t,y, k, t form the algebn (0,), aodl, «, Hm algabn (bg). [O.8.P.] 
tTtaeUMtcquUiOBlMidtbytia. [aaP.] 

tKamOj, tft.=0, and eithw «.,=!, whm t fHiM Am algriMm («t) , ■ad<,i,lt,«ttMalcriMm 
(94),«ralH«„sSi wlMbytlQaf tflptoalgtbnati=0,aad/aiid J(«M*ftiniw1lwaIcelim4»t)wlUi 
•Mli«(tlwlMni<, 1, M. [C.&P.] 



Ifi6 PmCB: Luiear AmoetaHve AlgArtt. 

[11'12^. The defining equation uf thu case i« 

m' = 0, 

whi< h givf!< 

0 = ji'm* = Iffjm — hljss. ^Jm , U = m'/t = c^mlc = c^ir = c„ = auir, 
ls£te = C0. jl=J, lk = k, 0 = %, 

and there is no pure algebra in this caee.* 

[112]. The defining equation of this ease is 

In which n is 2 or 3. We niti--' tiu-u liave 

0 = Im = mi = m' , 

ivhiehpTe 

and there is no pure algebra in thia ceee. f 
[2]. The defining equation of this ease is 

.•• = 0. 

There are five cases: 

[21], when n = 6; 
[2'j. when n = 5 ; 
[28], wfaen» = 4; 
[24], when n = 3; 
[26J, when 11 = 2. 

[21]. Hie defining equation of this esse is 

i« = 0, 

aadbj§60. 

?=y, t'sit, ? = ?s=ei. 

This jpves a quintuple algebra which nray be called (9,). its multiplieation uUe 
being 



I ftmns the aigi'lira h. . an i the olhrr Ivtlrn form . [i/. !S. P.] 
tKuMljr, if a = . ; - ' . <r. fi>nu the algebra (iwond form . i. J. and i . t . the algebra 6, . and 
Mitealialmieii. Bat if a=S.>. 4;. laod m (onnaaalgabratmwfonnabttiBlo (jt) «r lik^). while i. 
>. aii4<. »forai.«Mdipair.tk«algelnmib*). [CaP.] 
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j 


k 


I 


in 


i 


It 


I 


m 


0 


k 


I 


m 




0 


I 


m 


0 






m 


0 


0 


0 


0 


0 


0 


0 


0 


0 



The defining equation of this case is 

•• = 0, 

and by § 69, 

i»=y. t«=*. <•=/. 

There are then hy § 84 two quintuple algebras wtuch may be called {r^ and (^), 

their multiplication tables being 



(r.) i 


J 


k 


1 


m 




J 


k 


I 


m 


% 


J 


h 


I 


0 


0 


i 


J 


k 


I 


0 


0 


m 

J 


k 


I 


0 


0 


0 


J 


k 


I 


0 


0 


0 


k 


I 


0 


0 


0 


0 


k 


I 


0 




0 


0 


I 


0 


0 


0 


0 


• 


I 


0 


•o 


0 


.■ 


0 


m 


1 


0 


0 


0 




m 




• 




0 


0 



[23]. The defining equation of this case is 



and by § 59, 
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and it may be aasumed, from the prinetple of ^ 63, that 

i/ = 0, 

which 

0=Jf= kl = Hi = i7» = i7m 
S s + + <'u>n , P = cje -i- dj + e^m , Im — cjt djl 



There are two 

[231], when im = 

[282], when tmsO. 
[2S1]. The defining equation of this caae Is 

whence 

0 = jm — km = j'tni = Jmf — j'm* = = « , = , 
/i» = fl,n , 0 = It* = rfu/j* = d}^f? — d^n = da = IJ=^' 
PsidJ', O^P^dJ!* = dt, Krseje, P = cjlc, lm = cj: + dj, 
imi = H = eJk, m»' = e«y + e^ib + V. i>y = ea{^+du)i, mk^O, 
ind=P = eJk, ml = cj + Cfjle + d^J , 
im* — fm — rjc -\- ,IJ , OT* = j -f <-Jc + il^l -\- tl^m , 
i) = m' =d^, lim = P =. i-^km = U = mli = d^\J{ = d^v^^ , 

There are two caeea : 

[281'], when r„ does not vanish ; 
[2812], when c,, vauiithea. 

[231*]. The defining equation of this case is reducible to 

U = h. 

There are two cases : 

[281*], when doee not vanish ; 
[231*2], when vanishes. 

[281*]. The defining equation of this case can be reduced to 

which gires 



* To Ui«i« equkUoaa axv U> be added tba following, which is taken for granted bcluw : nU = nim — 
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and if r is one of the imaginary c-uIh- i nuts of — 1, there are two cases: 

[231*], whouc/j, = r; 
[231'2]. when </m = — 1. 

[231*J. The defining; equntiou of this caae is 

= 

which givea 

(M - r„/) !=J+tf. {m — cj)j = (1 + r) * . 

(tn — (-.J) k = 0 , ( m — cj) (=xl-, 

(m - rJY =j + [o, - c„(H- r)] A- + (2r - 1) / ; 

so that the substitution of m — Ch/ for m is the same as to make 

«te = 0. 

There are two cases : 

[231*], when does not vanish ; 
[231*2], when vuushes. 

[281*]. The defining equation of this ease can be reduced to 

(% = 1. 

There is then a quintuple algebra which may be called iis multipUcaliuu 
table being* 



•1toMiaiorhHO*MtooM«h>ciiawartMmltat((.)aad(«,)awf(mn Ula 
(*.)w«i«it«,=*-eV,ii=y-«r«»,*,=»,i,=-t»»+i, ii»,=r-tV+«,w«m(«.). Tteimo- 

whw w* hsf* thk inaltiplioatioa table (wbare the •vbeerfpti u* dropped) : 



i 




fe 


0 


Jl 


1 


i 


k 


0 


0 


0 


k 


k 


0 


0 


0 


0 


0 


I 


rt 


0 


0 


0 


0 


m 


t( 


f* 


1 0 
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i 


J 


k 


/ 


m 


i 


J 


i 


0 


0 


I 


J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


A: 


0 


^ 

0 


0 


k 


m 


j + rl 


(l + r)* 


7" 


" r* 





P31<2]. The defining equation of ibta caae u 

<H = 0. 

Thci-R is then a qaintuple algebra, which may be called its 'multiplication 
table being 



(«.) i 


■ 

/ 


k 


I 




i 


j 


A- 


0 


0 


I 


J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


k 


0 


« 


• 


k 


m 


J+tl 


(i+r)» 


0 


rk 


J + 
(2r-l)i 



[231*23. The defining equation of this case ia 
which gives 

f/j = 0 , i (m — pji/) = / , f{m — Cfil) = k , 
(m — r„/)t=y— /, (,„_,..,/)/ = — A- , {m — cj),=j + ejti 

80 that the substitution of m — c^/ * fur m is the same as to make 

ca = 0. 



*Tbe orislaillastbMM— «»|lrttinmglwM«lMM«qaatlaat,ta* M to piaiB dwt m— 0(|1 to i 

(c. a p.] 
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HIM* are two CMM : 

[231"21], when c, does not vankh; 

[2^1 '2'], wIiPii <-j vaninhes. 

[231*21J. The deiiaiug equation of this case can be reduced to 

c. = l. 

There is a quintuple algebra which may be called (vj), its muiliplicatiou table 
being* 





i 




1 


m 


i 


• 

3 


* 




0 


I 


• 


It 


0 




0 


0 


k 


0 


0 


0 


0 


0 


I 


h 


0 


0 


0 


k 


m 




0 


0 







[281'2P]. The defining equation of this case is 

V, = 0 . 

This gives a quintuple algebra which may be called (w^), its multiplication table 
being* 



'The algebra (r,) redacea to (ir,) on aubstitutinf; t, =: < + gi+gl,Ji i;, = t. I, =|k + f. 

|i+ ^i+m. To«xliil»it the Btrncture of tliis algebra, wa wmf pnt ." and p' for ImagiiMiry cube 

V^— at, «|S<^^. Than, itagfing the nhecripta, we haTe tfait nwMi|i||fl1lf UbU« 





i 


/ 


it 


1 


m 


< 


0 


0 


0 


k 


i 




k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


k 


m 


T 


T 


0 


0 


0 



In relative form, i — f'A-.B-i- ffCxF-^ipD : E, j—tcA-.C + tf'D-.r, k = iA:V, Is^AlM 
T«u nr. 
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(«,) t 


J 


k 




M 


< 


j 


k 


0 




I 


J 


k 






0 




0 


h 


0 


0 




0 


0 


0 


I 




0 


0 


0 


k 


m 








— * 





[281*3]. The defining equation of this cue is 
whidh ffw 

and e^i bmj be nude to Teaisb witbout Iom of geneniU^. 
There are three cases: 

[231*21], when noither (/.,, nor d^ + l Vanishes; 
[231»2'], when (/„ + 1 vanishes; 
[231'23], when rfj, vanishes. 

[231*213. "^^^ defining formulae of this cxsa are 

There are two cases : 

[231*21*3, when does not vanish ; 
[281*212], when vanisfaes. 

[281*21*]. The defining equation of thb case can always be reduced to 

r, = l. 

This gives a quintuple algebra which may be called (a^ its inultiplicuiiun table 
being* 

•In nfetive form, i - A : II + A K + B : O + li : F. j-A: D+B'.F, k^A'.F^ tS.AlD. 

«»=(l+«)ii:£+i4:C+a:if+ir:X)+f:Z)+Z);FH-j;:*'. (a&P.] 
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J 


k 


1 




i 






0 


• 


I 


« 

J 


k 


0 


0 


0 


0 


It 


0 


0 


0 


0 


0 


1 


h 


0 


0 


0 




m 






1 • 


• 


(l + a)J 



[231*212]. The defining equation of this case ia 

c, = 0. 

Hub givei a quintuple algebra which may be called (yg), its multiplication table 





i 


k 


1 


m 






i 


0 


0 . 


I 


i 


k 


0 


0 


0 


0 




0 


0 


0 


0 


0 


1 




0 


0 


0 


0 






^l+«)i^ 


0 


0 





[281*2*]. The deHuing equation of tliifi caae in 

''m = — If 

which gives 

mi—j — »y = 0, nf — e^. 

There are two cases: 

[281*2*1], when c, does not vanish ; 
[281*2*], when e^ Tanisheai 

•llw>dMi*»<DmtoflM«iiMMliwto«(«,):oniiMiiigftaim«tiMtnM [a8.P.] 
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[231'2'LJ. The defining equation of (his ca«e can be reduced to 

m» = /.-. 

This gives a quintuple algebra which may he called (z,), its multiplication table 
being* 





J 


k 


1 


m 


i 


J 


k 


0 


0 


I 


« 


» 


. 




. 




0 


h 


0 


• 




0 


0 


I 


A- 


0 


0 


0 

■ 


0 


m 




0 


0 




* 



[231*2*]. The defining equation of this cue is 

m* = 0. 

Ihh gives a quintuple algebra which may be called (ctoi), its multiplication 
table being f 

(«M(») i j h I m 



i 


J 


k 


0 




1 

I 


J 


k 


0 


0 


0 


0 


h 


0 


0 


0 


0 


0 


I 




k 


0 


0 


0 


0 


m 






" 1 




0 



•b relAtive form, i=A'.B+B'.C+CiD, JxA'.C+BiD. *sA:D. tsAiO, msBtO 
+A:M+S:D. [a&P.] 

tlBidaliT*fa«,tlMiMM«i(a,),MHa|*flMt«sB:0. [0.ap.] 
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[231*23]. The defining equation of Uiis case is 

which gives 

0 = (/-i)i = (m-tO*; 

80 that, by die subetitution of { — / for I and m — t fbr m, tlila ease would 

virluiilly be reduced to [232], 

[2312]. The defining equation of this caae ia 

/» = 0, 

which gives 

mj=0, mim=:nd^dnlm, </„ = 0, '■m = «^hC«i 
There are two caaea : 

[23121], when J, dueti uot vanish ; 
[2312*], when <^ Taniabes. 

p3121]. The definiug equation <^ tlua caae can b« rednead to 

d, = l, 

which givea 

''a = ; 

and it may be asuuuied without loaa of genenility that 
There are two caaea : 

[23121*], when r^j docs not vaniah ; 
[281212], when vaniahes. 

[23121*]. The defining equation of tbia case can be reduced to 

An ~ iiit~h, 

which gives 

There are two caaes : 

[28121*], when doea not vaniah ; 
[28121*2], wh«n Taniahea 

^8121*]. The defining equation of thia caae can be reduced to 

Cm = 1. 



"Namely, by iiBMiiig<,=:cji: + /. m, = ii»-cj. [C. S. K] 



Digitized by Google 



106 Psnoi: Linear AmtiaHve Aigtbra. 

This gives a quintuple algebra which majr be called (a6|), its multiplication 
table being* 

(all) i j h I fl» 





j 


k 


0 


0 


I 


• 


h 


0 


0 


0 


0 


h 


0 


0 


0 


0 


0 


I 


0 


0 


u 


0 


k 


m 




0 


0 


k 





[28121*2]. The defining equation of liiis caae is 

TUb |^v«a ft quintuple algebra iriiidi may be eailed (oC|), its multiplication 
table being t 

*ThiB itnictura ot this alfabis to beat wen on makioc U>e following mlMtitntkitis: L«t 1. witl ^, 
mnMitt Mm two raoti Of ttaflqiHtfan 1. llwlli. '^«). 

iiMiriMiitato«x=|7*tf-l-li»).ii=tiM(*+%i)/+ti*+(i+a|>)ih 





< 




k 


1 


m 


i 


J 


k 


0 


0 




i 


k 


0 


0 




• 


k 


0 


0 


0 


0 


0 


t 


0 


0 


0 




It 


« 




0 


0 


k 


1 



ln»lativeform.i=^l:/J+/( :/'-f , »,! 'V-t- II l).j = A:C-^B:D. k=A:D. l=A:F 

+ £:D, m = A:£+E.F+f.I)+^^t),A:H+U:V. IC. 8. P.J 

tOn making the aaine subntitutioina for < ud » M la Mm iMt Mto. IMt idglibni ftUi apait fiolo two 
nIcdblMoC tlwfonn(6,). [O. B. P.) 
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(a«j) i j h I m 



i 




Je 


0 


1 0 

1 


/ 


J 


k 


0 


— —— 

0 


0 


0 


h 


0 


0 


0 


1 

' 0 


0 


I 


0 


• 




: 0 




m 


I 




0 


it 

i 





[281212]. The defining equation of this eaee i$ 
There are two cases : 

[2312121], when doe« not vanish ; 
[281212P], when c%i Taniehea. 

[2812121]. The defining equation of thie case can be reduoed to 

«ta = l' 

This gives a quintuple algebra whidi may be called {ad^ its multiplication 
table being* 



i 


• 


k 


0 


0 


/ 


J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


k + al 


1 " 


r~ 



















•In reUUTe form, i = A : B-^ B : C+C : D+ E : F+aF:a,j=A -.0+ B -.D + aJS-.O , k=A:D, 
|B«:«, mssA tC+M:F+r:0, [a & P.] 
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[231212*]. The defining equation of this case is 

Cb = 0. 

This gives ft quintuple algebra which may be called {as,), iti multiplication 
table being * 



(««») 


i 


• 

J 


k 


I 


111 


• 


J 




0 


0 




J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


al 


0 


0 


* 


I 



[2SU^. Tbe defining •quntion of tlib mm is 

<^ = 0. 

TlwTB are two cMes : 

[2312'1], when c« docs not vanish; 
[2812*], when vanishes. 

[2312*1]. The defining equation of this cane can be reduced to 

/m = /.-. 

whieb give* 

«• = «!««•. <'ii = l- 

There are two eaeee: 

[2312'PJ. wIr'u </,,, = 1; 
[2312*12], when =— 1 . 

[2312*1*]. The defining equation of this caee is 

<t = l, 

which gives 

c^ = l, ml=k. 
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Hmm ue two euu: 

[231^<], when does not yanidi ; 
[^12fl^], when cgi vMiMheB. 

[2812*1*]. The defining equation of this caae can be reduced to 

c„ = l. 

This gives a quintuple algebra which maj be called {qf^, its multiplication 
table being* 





J 


k 


1 


m 


i 


J 


k 


0 


0 


I 


j 


k 


0 


0 


0 


0 


» 


0 


0 


0 


0 


0 




0 


0 


0 


0 


• 

k 


m 




0 


• 


1 ' 


j+ tk 



•to dwir tlM wwMtractimi of tU> alcebn. «eaHvmbt(Uiito<,=:<+m,ii = VH-(«+ 





1 




k 


1 






/ 


k 


e 


0 


4 * 




ik 


0 


0 


0 


0 


» 


0 


0 


0 


0 


0 


1 


• 


0 


0 


0 


k 


m 


n+1. 

- - 4 *• 


0 


0 







This algelm Uiob itroagljr rcsemblw 1<A,). la rtlative foim, i = il : £ + £ : C4- C : i>+ ^ : O 
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[2312*1*2]. The defining equation of this case ia 

<ta = 0. 



There are two oaeee : 



[2312*1*21], when c, does not vaniA; 
[2312*1*2*]. when vanishes. 



[2312^*21]. The defining equation of this caaa can be reduoed to 

This gives a quintuple algebra which may be called {aff^), its multiplication table 
being* 

{ag^i i J i I m 



0 



0 0 



u 



2 



[231^*2*]. The ^fimng equation of this case ie 

This gives a quintuple algebra whicb mey be called (aA|), iti muItiplicBition 
table being t 



* Oo watMtiluliug t, = 1 4- ^/ + m , in, = i — m , this aJ^ebra falla apart Into two of th« (i>nD 

»,). lGa.p.1 

tOttmtatitatiiigf, iih=<— at.itsy+f, I, tUi alfBlw* lUto iV«lialot«o«f 

OaflQim (».). [C.8.P.] 
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(oA,) % j h I m 



i 


J 


k 


0 


0 


1 


J 


k 


0 


0 


0 


0 


h 


0 




• 


0 


0 




I 


0 


0 


0 


0 


k 


m 


I 




1 ' 




J 



[2312*12]. The defiaing equation of this case u 
whieb gives 

e^| = — 1, ml = — k. 

There an two GMes : 

[2312*121], when c^, does not vanish; 

[2312M2°], when Cs, vanishes. 

[2312*121]. The detimag equation of this case can be reduced to 

r„ = l. 

This gives a quintuple algebra which may be called (at,), its multiplication 
table being* 





■ 


ft 


1 




i 


J 


* 


0 


0 


I 


* 

J 


i 


0 




0 


0 


k 


0 


0 


0 


0 




I 


0 


0 


0 


. 


ft 


m 


ft— 1 


0 


0 


—ft 





•In relaUve form. i = A : C — B : F+ C : JS + P : O + E : O . j = A : E+C:a, iSiAiO, 
= A:F—B:a, m = A :B+ A:D+ B.£+V:y-i- aD-.a-^- F:a . [C. 8. P.] 
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[2312'I2'J. The dclining equation of thiH outic is 

mi = — /• 

There are two cases; 

[2312U2'1], whcu cg does not vanish; 
[23m^, wben 0, vaniriieB. 

[2312*12*1]. The detiniug equation of this case can be reduced to 

This i^ves a qmntaple algebra which may be called {a^, its multiplication 
table being* 



i 


J 


k 


0 


0 


I 


J 


k 


* 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 

m 


0 


0 


0 


0 


i 


— I 


0 


0 


— it 





[231^2F]. The defining equation of this case is 

This gives a quintuple algebra which may be called {ak^, its multiplication 

table being t 



•In relative f<irm. i A : C+ C : E + E : O — B : F . J = A .E+C.G. k=.A:0, 1 = A : F— B .0 , 

m=-A ; /( + B t (■ ■.r+ fu-^a-.d+d-.u. [c. s. v.] 

i la Illative fonn.i = A :C+ C:D + D:F—B j=. A: D-{- C:r, k = A:r, l—A:E—B:F, 
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J 




I 


m 


« 

ft 


J 


k 


0 


0 


I 


3 


k 


0 


0 


0 


0 


h 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


k 


m 


— / 


0 


0 


— k 


j 



[2312*]. The defining equations of this case are 
ml = Itn =z 0 , wi' = r\^k . 



There are two 

[2312*1], when is not unity; 
[2312*], when (/j, is unity. 

[2312'!]. The defining equation of tliis case is 
whidi (pv«B 

»[(l-dW)«-iW] = (l-«i;.)J-ek,ft. =0, 
[(l-dT^j-e^i], = 0, [(l-rf„)tn-c,j]» = d;i[(l-<W'-<%i«Q» 

l{l—d^)l-c,,k] [(1 m-c„y3 = 0 , 
[(l-dWm-«wJ[(l-</«) /-c„A] =0, 

[(i~«i;„)«-<!i,^-]«=:(i 

so that the substitution of (I — d%i)m — Cjij for m, and of (1 — df^l — Ouk for 
2, is tlie aune u to make 

% = 0. 

Ilwre are now two cases : 

[2312*1*], when does not vanish ; 
p312*12], when <% Tuikhei. 

PSI^*!*]. The defining equation of thii eaae ean be teduoed to 

= 
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This gives a quintuple algebra which maj be called (a/,), its multiplicatioQ 
table being* 





J 


k 


{ 


M 


i 


J 


k 


0 


0 


} 


« 

J 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


dl 


0 


0 


• i 

1 


h 



[28iaP13]. The defining equation of this ease is 

Hub gives a quintuple algebra whidi may be called (am,), its multiplication 
taUe b^g 

(oan) i J b I m 



i 


J 


k 


0 


0 


I 


J 


k 


0 


0 


0 


0 


k 


0 




0 


0 


0 


I 


0 


0 


0 


0 


0 


m 




0 


0 


0 


0 



•bmOntn torn, i = A:B + B iC-\-C:D+dS:r, j=A:C+B:D, k = A:D, isil:^, 

msAiS+ Btr+XiD. (a a P.] 
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m 



[2312*]. Tb« defining eqmtton of this caM w 

= 

There are two caaes : 

[231 2'1], when does not Taniflhi 
[2S12'J. when <%i v»iI(>bM. 

[2812*1 j. The defining equation of tluB case is easily reduoed to 

e^ss 1. 

There are two cases : 

[2812*1*], when c, does not vanish ; 
[2812*12], when vanishes. 

[2812*1*]. The defining equation of this ease is easily reduced to 

m* = £. 

This gives a quintuple algebra which may be called (ank), its multiplication 
table being* 

(aN() t j k I m 



J 
It 
I 

m 



• 


ft 


0 


0 


2 


k 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


/+* 


• 




0 


h 



[2812*12]. The defiuiug equation uf this case is 

»j' = 0 . 

This gives a quintuple algebra which may be called (ao,), its multiplicauon 
table betngt 



•In relative form, t = .1 A :iJ+B:C'+ C:D-\-K:F, j — A C + B : D+ A : F , k= A : D , 
ISSA I-\ m - A ; r+ .1 : A + K : I). [C. S. P.] 

tin reUtive form, i = A:a + B:C+C:D+S:F, j = A:C+li:0, k=Aitt, l:sA:F, 
wt=AtC+A:M+BiF. \p.9.V.] 
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i 


i 


k 


0 


0 


i 


J 




0 


u 


0 


0 


k 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


fft 


i+k 


0 




0 


0 


0 



[2312>3. The defining equation of tlus caw ia 

mi = t. 

Then an two eases : 

[2312'2J, when does not vanuh; 
[2312*], wb«n vaaishea. 
[2S12P1]. The defining equation of this ease can be reduced to 

This gives a quintuple algebra which may be called {ap^, its multiplication 
table being* 

(«P») ♦ i * I m 



i 


• 


k 


0 


0 


I 


J 




k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


I 


0 


0 


0 


k 



•In reUUTo form, i = A.B+B:C+C:D+E:F, j=iA.C+B:D, h — A-.D, l = A:r, 
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[2812*]. The definiiig equation of this case is 

m» = 0. 

This gives a quintuple alxebra which may be called {aq^, its multipUeaition 
table being 

(««•) i j h I m 



3 
k 
I 



J 


k 


0 


0 


2 

— 


k 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 




0 


0 


I 


0 


0 


0 


0 



[3S3]. The defining equation of this c^se is 
which gives 

0 =jm = km , 

and it may be assumed that 
This gives 

IJ = lk = 0^iP = Pi = ilm — iml = mli = tm . 
There are two cases : 

[2321], when jni = /; 
[232*], whenmt = 0. 

[2S21J. The defining equation of this case is 
which gives 

An> = 2* = ' . 0 = /' = t ,/ = = /», m* = c^- + f?,/ + 1 ,m , 



WliakiiinMHiitisttatavwyqwHMiljBOiiBivolTiiig powamofl to 
<s=S,«ba (a&PO 

(. IT. 



tot 



•V 
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There are two cases : 

(^321*], yikui c« does not Taniah; 

[23212], when vanishes. 

[2321*]. The defining equation of this case can be reduced to 

= £ * 

which gives 

m»=<vk, (m— e^ = 0, 
so that the sahstitution of m — (%f fbr m is the same as to make 

(% = 0. 

ThM gives a quintuple algebra which may be caUed (oti), of wluch the moltipU- 
catioa table is 





j 


k 


I 


m 


• 

« 


• 




0 


0 


0 


J 


k 


• 


» 


0 


0 


I 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


k 


m 


I 


0 






U 



^8212]. The defining equation of this ' 

An = 0. 

There are two cases : 

[232121], when <f, dues not vanish ; 
[28212^, when vanishes. 

[232121]. The defining equation of this case can be reduced to 

dt = \. 

There are two cases : 

[232 1 2 P], when (■( does not vanish; 
[2821212], when C| vanishes. 

[282121*]. The deGuiug equation of this case can be reduced to 

«k = l. 



* But 0 = ioi mtnt = (m . Thus, this uoiw duia{i|Mnh Bad tlie al|;«bru lar, ) is iaoorrect. [C. S. P.] 
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This gives s quintuple algebra which can be called (cu{|), its multiplication 
table being* 





• 


J 




i 


m 


i 


J 


k 


0 


u 


0 


i 


k 


0 


0 


0 


0 


It 


0 


0 


0 


0 


0 


I 




0 


0 


0 


« 


m 






0 


0 


k + l 



[2821212]. The defining equation of tbia cue is 

c,= 0. 

Thi.i ^ves a quintuple algebra which may be called (a4), its multiplication 
table being 

(at,) i J i i m 



J 


k 


0 


0 


0 


k 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


; 


0 


0 


0 


I 



[28212*]. The defining equation of this caae is 
TiMce art two cases: 

|^212M], when does not vanish ; 
[28212']. when vanishes. 



•In relative (orin, i=.A :B+B: C+0:D + E:F, j= A C-ir It . U . ( = H : Isil : J", 
msLA :B+E.F+B:D. OmittiagUMkMtlMU«(fll, wehave (al.l. [C. 8. P.) 



Digitized by Google 



180 Panoi: Immot AuoeiaHiBe Algebra. 

[232124J. The defining equatiou or tluB case can be reduced to 

m* = k. 

This gives a quintuple algebra which may be called (a(%), ita multiphcatiou 
table being* 

(ok,) % j k I m 



i 


J 


k 


0 


0 


0 


« 


k 


0 


0 


0 


0 


k 


0 


0 


0 


0 


<) 


I 


0 


0 


0 


0 


0 


m 


I 


0 


0 


0 


k 



[2S212f]. The defining equfttion of this caie is 

in* = 0. 

This i:\ves a quintuple algphra which maj he called {«w^ its multiplication 
table being 

(«r,) i J k I m 



i 


J 


k 


0 


0 


0 


J 


If 


0 






0 


k 


0 


0. 


0 


0 


0 


I 


0 


0 


0 


0 


0 


m 


I 


0 


• 




0 
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[232*]. The defining equation of this case is 

fin = 0. 

which gives 

0 = mj = mk — Imi = m*i , 

and Uiere is no pui* algebra in this ease. 

[24]. TIm defining equation of this case is 

f»=:0, 

and by § 59 . 

There are three cases: 

[241], wheu ik = l, il = m ; 
\24S],yrh0nik = l, t{ = tm = 0; 
[24S], when a = «/ s tm = 0. 

[241]. The defining equations of this oaae are 

which give 

Jk = m , im = Jf = ji'wi = 0 . 0 = imi = mP = '\,mP = /v^ , jk — m , 
iP=ml= buj , P = bf^i + b^j + f^ifn , 0 = 1^ = Aj^n* + c^ml = bn = ml, 

fint = 0, flit = ill/ + eti"* I fn; = <%|ini, in^ = Os%i, 

i7(" — m I = ?.5,y , /(■ = brj + b„j + e^^m , 

lU — Im = /'i,: '/» , 0 = Pm — bfi = Im— mi = mil = m', (/i) i — 

0 = = e{m = = mib = , 

= W = a, J + (I, J) = (1 -r (h\)J + , 
kil = = On (1 + </„) m , 0 = l^m = ( 1 + 'An )i"»> = ^'m ( ' + f^ii) = Am , 
^ :=(j|iin, 0 = A^ = a,/ -h igW + tVA- = «, = i, + = i,^;;" -|- djcl, 

0 = d5«« = Jta* + '^si + . 

* 0 = if-l'* + «7n + »»*: = + </:„ + 1 )»1 , '/ , = ^ 1 = r . 

0 = A-'t + A-iA: + «P = //„ + «i, (1 + 2 J„) , <■ {k + = / + , i (/ + 2'J) = m . 
* lUa line uhI the ftmequMion of the next can be derived fnnOs (i + jib)'. IC. S. P.J 



Digitized by Google 



182 PnaoB: Imear Ajuoahiiiioe AlgAra. 

80 that if p saUafiea the eq^uatiou 

the sulwtiitution of for h and of f for I ia the same as to make 

0 = «fc, = di=V 

There are four caeea : 

[24T], when neither «^ nor <^ Tanishea; 
[2112]. when ' „ dues uot vani.sli Imt vanishes; 
[2413j, wheu vanishes and uot e,; 
[2414], when en and hoA vanish. 

[241'J. Tlie deiiuiug equatioiis of this cu.se uiii be reduced, without lous of 
generality, to 

We thoB ohtain a quintuple algebra which may he called (ati%), its multiplication 
table being* 



i 


J 


0 


2 


m 


0 


J 


0 


0 


m 


0 


0 


k 


tl-\-m 


fm 


m 


0 


-. 

0 


I 


tm 


0 


0 


0 


0 




0 


0 


• 


• 


0 



[24123. defining equations of this case can be reduced to 

= ^=sO. 



*hitaa»iniatmt=A:B+B:D+tC:E+tE:F+a:F. j=A :D + t'C:r, k=A:C+B:E 
-i- n:F+ AiO+a-.F, l=A:E+ B:F, m = A:F. Tu obtain ((ix,). omit the liwl t«nn of It. Tb 
obtaiu {aut), omit, iiutead, Um last tenn of ^ To obtain aoait both Umm last tenna. [C 8. P.] 
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We tbltt olrtun a quintuple algebra which may be called (cix,), its luultiplicatiou 
teble being 



i 


j 


0 


I 


m 


0 


J 


0 


0 


m 


0 




k 






0 


0 


0 


I 


m 


0 


0 


0 


0 : 


m 


0 


0 


0 


0 


0 



(^24133. The defiaing equutiotis of this case caa be reduced to 

' „ = 0 , = 1 . 

We thus obtain a quiutuple algebra which may be called (a^i), its multiplication 
table being 



i 


J 


0 


I 


m 


0 


t 

J 


0 


0 


m 


0 


0 


h 


tf 


t*n» 


m 


0 


0 


I 


tm 


0 


0 


0 


0 


m 


0 


0 


0 


0 


0 



[2414]. The defining equations of (hie case an 

We thtis obtain a quintuple algebra which way be called (a%), it« multiplication 
table being 
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(or,) i 


3 


h 


/ 


m 


i 


4 


0 


I 


m 


0 


J 


0 


0 


m 


0 


0 


h 


tl 




0 


0 


0 


I 


tm 


0 


0 


0 


0 


m 


0 


0 


0 


• 


0 



[242]. The defiuiiig equatious or thi» cme are 

ikszl, «{ = tfli = 0, 

which give 

0 =jk —jl =jm, 
K = m = a„j + cJ, 0 = i? = «?, = i?ssjf, 
0 = OnJ^ = lik = l* = il-f = (i„ =c^, 
Uf = lk = (u,j + cJ, 0 = iJ^ = af — cJk:=c„ 
0 = tm( = an = (^i, m? — ny' = d^li + Cgflti , 0 = mji- 
fly'=<%idtij, 0 = my = a a d | | = , 
ikm = ftn = ci»y + cj , 0 = Im' = r 8 , 

0 = t^l; + iki + ^•('* — — 2'*,, + </3,</,, + t,i6ji, 

— Onj, 0 = A-*j = a« = ^' = ft = CM64i, 
0 = imk=aa = Cg, , 0 = mi^ = %, 
mt% = m7 = (f , k-tk = M = + 4[|tkt)y + hA/f 4t 
0 = i^I = %idn = fi» = ^&>i = <b<^ = = 

There aie two OMes: 

[2421], when does not ranuhi 
[242*], when e,, vanisbea. 

[2^1]> The deflning eqtwtioii of ihie cmb oaa be reduced to 
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which, by the Aid of the above equatioiu, gives 

0 = m» = Idl =ml= kirn = m' , a,/ = ii» = = = Am , 0 = An , 

0 = /.■' = a, = 6a = A-/ = X-OT = mk — ml ; 
vad if p'u determined by the equation 

k + pi . I -If J, J, and m + /;;' can be respectively lubatituted for k, I aad m, 
which is the same thing as to make 

There are three caseH : 

[2421'], when iieitluT c/, nor ' , vanishes; 
[24212J, when (/, vani^iiios and not e,; 
[2421S], when and both vanish. 

[2421'J. The defining equation of this case can be reduced (o 

This gives a quintuple algebra which may be called (6a,), its multiplication 
table being* 



• 

t 


m 

J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


m 


0 


l+em 


0 


0 


I 


0 


0 


0 


0 


0 


m 


0 


0 


0 


0 


0 



• In relative form, i- A : B + H : C + A iK, J—^ '-C, k= D : B + E : F -i- D -.O + eO -.0+ A : g, 
l = A:F. m-D:C. Bv omitting Uie last temafliaaA pilMa( est «• fit (M().Ud OttMlBgllM 
last two UtriOK uf k w« got )6etj. {C. H. P.J 
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[2^1*]. The dafining equation of this caae can be reduced to 

This gives • quintuple algebra which may be called (U^), its multiplioation 
table being 





* 


) 


k 


/ 


m 


i 






0 


'. I 


0 


0 


3 


0 


0 


0 


0 


0 


h 


m 


0 


m 


0 


0 


I 


0 


0 


0 


0 




0 


m 


• 


0 


0 


0 


0 



[24213]. The defining equation of this case is 

iJ* = 0. 

This gives a quintuple algebra which may be called its multipliealaon 
table being 



i 


J 


• 




0 


1 

1 

0 


J 


0 


0 


0 


0 




k 


m 


0 


0 


0 


0 


I 


. 


• 


0 


0 


0 


m 


0 


0 


0 


0 


0 
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[242*]. The defiuiog equatiou of this i 
There ere two gmbb : 

[842*1], when does uot vanish ; 
[242^1, when ▼aniBhes. 

[242*1], The defining equation of thiii case can be reduced to 

it* = a|» + «< I 

which prei 

0 = iP. + ik + k ik - a, + <fe + 1) , «t = 1); . m? = mtt = 0 , 

mil = — a«/ , iwj = — «j6sxj — "i^^^ i /«» = 0 . 
There are two easee: 

[2 424 , when a, does not Taniah ; 
[242^2], when c% Taniahea. 

[242*1*]. The defining equation of this ease ean he reduoed to 
which girea 

ibis — im=:^* + r^ mi = (t» — l)jf, in»=s — rj. 
There are two oaees : 

[242*1'], when does not vaniah; 
[242'P2], when fe„ vaniahei. 

[242*1*]. The dehuing equation of this case can be reduoed to 

Thia givea a quintuple algebra which may be called (M^, iti multiplieatitm 
table being* 



Digitized by Google 



. 188 PmoB: Lbneaa- AatoaatiM AJgAra. 

(M,) i j k I m 



i 


j 1 


0 


I 1 


0 

. . _ 


0 


J 


0 


0 


0 


0 


0 


k 




0 


•+» 1 




-J-tl 


I 


0 


0 


J \ 


0 


0 


m 


(f-i)y 


0 


-I 


0 





[24aPl*2]. The defining equatioti of thia caw is 

This gives a qaintuple tlgebra which may be called (he,), ito multiplieatkni 
table being* 





i 


J 


k 


/ 


m 


« 

% 


J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


tl 


0 


i + m 




— tl 


I 


0 






0 


0 


m 


(r» 


~1)J 






• 





[242*12]. The defining equation of this cose is 
wbidi giyei 

0 = kl = lk = km = mk = m* = l^i = mi. 
There are two cases : 

[242^121], when bn does not Taniih ; 

[242M2»], when vanishes. 

On ud'i iug to th* tef W ri oB ftr k In tiw iMtantoflw tacat —A:0, w»lumtUsalgibi»lD nlstli* 

Uma. [C. S. P.J 
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[242'1213. The detining cqnatton of this case cau be reduced to 

This gives a quiatuple algebra which may be called (^), its multiplicatioii 
table being * 





* 

« 


J 


k 


1 


m 


1 


J 


0 


I 


0 


0 


3 


0 


0 


0 


0 


0 


k 




0 


m 


0 


0 


I 


0 


0 


0 


0 


0 


m 


0 


0 


0 


0 


0 



\24SnV}. The defining equation of thia eaae ia 

This gives a quintuple algebra whidi may be called (6</,), ite multiplication 
table being t 



• 

« 


• 

J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


dl 


0 


m 


0 


0 


t 


0 


0 


0 


0 


0 




0 


0 


0 


0 


0 



*IB ntattt* Am, isLA:B-^B:0-¥OxE^ J=A'.0, ksA'.B+4A:D+B:M'i'B:r, 
lsA:B,msA'.M'i-A:r. [GRP.] 

tin raUtire form, i = A : B + B : C+ D : E, j=A:C, ksiAiB+B:B+B:F,ls.A:E, 
m^AiF. Tb««tg«bm(art)iswluilUiubeooiue«wh«nd = 0. [aaP.] 
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[242*]. The deiiniug equation of this case is 
which gj.TM * 

•ttbaotcMr toSNbowtlMMttarpra*w<fei«a,sO. M it on 1m pnifvd ttn. 0=Jk*s 

TlM algabiH nf IIm osm (349*] m« Umm qalntaple «ji>wm irfikli STery prodnot i wwUh l n gJtir I 
M • fketor TknUns, while every product which doM notlVBtah UoMT fBMtiaB«f /MlA l> Aoy 
multiplication teble ooofortuiiiK (•> theno conditioiu ia Mlf-aaaabl«it.lRititiB«iimtterorMiiMtn»l>i« 
to Wiclad* aruy mm of a mumi al^bra. An algebra of the claas in question in «ep«imble, if all 
products ar« similar. But this caw rtH|uire«i no spwlal attvntiun : and thu oaljr uther ia wbOD two 
dissimilar t>x|>rc«>iioriH V and I' am lu' r<iutiil Uiat both b^'in^; linear fuDctions of t , Jlc and m , 

171''= l'C^ = 0 . It will be convenit iit ti ■ ■ nu-i.l' r si'iiiratoly, lirnt. the cooditions under which 
W lT=n. iiiii ■i.'.uiully. th(»o umKr wliiih f^I"-)- IT'— 0 . To bring the BubjMtB VBllir • 
familiar furm, we niay cuucuive of > , A: , m an ibrou veclore ool uuplauar, no tliai, writing 

wo bare x, y, z, and x' . y' . z' . the Cart<'^iJlll i iM"inlitiiitei< of two jmintu in !<|iare. [We might 
imagine the xpacp to bu of tlm byiH-rbolir Itinil. und taku Ih" oH'tHricntx of j ami / im i'oOrdiaat«*( of a 
iKiiiil <'!) Ilif ii!i;ulric surface at intiiiity Hut tlli^ wmilil ijut furtlji r the parixi-*!' with which wc now 
introduce geometric conoepttons,J But aiiire wk iirv Ui couitiiler only rach pru|wrti«>> of U and V aa 
beloag •qnal^ to all tMr muMrioal moUipIn, we may awume thst thaj- alwaja Us in anjr pUae 

Ar+R!l+Cs = ^. 

not |<ls^jll>; tliniuKh thp r>ri)cin ; iinti thon -r , y . -t . nofl x . ;/' ^' . will bo the homogeneous codrdlnalM 
of th' Mm in'. . [°nnd I' in that pkinu Let il bt> r-. iiii'iiibtTt-il Uuit. :iltlioUKh<, k, fll ai* TMlani Jit 
their multiplication doeei not at ail follow tlie rule of <|iial*>riiiiiiiH, but lliut 

M=b,J•C<<.^^ k*=bj+d^, ta»=b,J+<l..<. 

Tte condition that I'V— W— 0 is expreeeed by the eqaations 

(«»'-«'») + 16., -ft.,) + (6„ -6..) {)H( -gt) = 0, 

The flnit equation evidently Hi^ifleK that tor t yt^ry ralwoC IT, ^omit ImmH itfllgllt UMi that lUa 
line p ttoew through U. and that il also posntm tUrough dM point 

J>S -6„)l+ (6„ -»„) »+ (6,. -ft,,) ». 
Tba MOOBd o q i M lioa u miei that the line between U and V contains the point 

g= (d„ -«*..)<+ - d„) fc+ (d.. - d.,) m . 
Iliatwo<qMBoMtai>tli>ci>giiii^, ttwwteWittatCraaJriMylieaay two polatiwflw linabttwtn 
tfas Und poiiiltPuid 9. llimrtwaatanMrtioiMol/Mid Imay «hiftPMdgtoaiiyotfniritoatlmi» 
oa ttio IIm joining them, but oannot tan tlie Una nor bring the two points into aalneldonoe. 
The ron-iition tluit UV+ VU=. 0 h expre»i»ed by the equationx 

ad,j*'+8d,.a' + (d, , + d, ,Hi|F'+«V)+ (d„ + d>, x» + (d., +d„)(»»'+y'*) = 0. 

IHMflntofUieae evidently aigniflea that far aarpoattiaB of r the kcoa ofinaalina; tliat CTbeingflmd 
atnirlMfaitoathat line. F^majlMoanMloaBy poaMloooiia UnapaMiagtlttmigliitiorlgiulpaiiilion; 
nd ttat fwllwr, if f is at one of the two points where its line oota the oonic 

b,x' + b,v' + b,t' + (b, , + b.i) *»+ lhi» + b,,)«+ (ft,. + b„) j»« = 0, 
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0 = ^ a, — Ik — ml = kt = »j' = = dgOj, = A*in = 

0 = kmk = «»/ = ujj = (m . 



than l^majr be at an iafinitelj' neighboring point on Uim .<uii« conic. «o tluit tangonts to the conic from 
V«atttielooMoC antthairpointiot tMgMuqr. Th« aemind aqiutian ihowB tliat the poiato aad F 
llftT* Am MBM NimioB to tli» OMdo 

lliese conicB are the loci of points wbu»u miuartw Mntaia respectivelf no term in j and uo tenn in I . 
Their four int«nt«ctiono represent expresBions wliose aqaares vanish. Hence, linear tranKfomuttlooi of 
/and I will change these conic» U> any otliem of the sheaf pMaiog throngh these four fixed pointa. The 
two equatiouH together, then, aignify that through tha loor ftnd poiala. two ooaioa eaa h« dmwa 
tangent at V and V to the line joining these last pointa. 

Uniting thooonditions of UV~ VU—f) and UV-\- V17=0, they signify that and K are on the 
Um Joining P and 9 at lluM potato at whkdithia line ia tangent to osoioaUuoagktlMfM^ llzod polatt 
wlMiMaqnani wiiih. BottftlMalgtbmitpazo, U ia impoMibio to flttd two Mah polBlt; ■» dttt tho 
liM balwoMP tad 9 taUtpMathnuglt (no o< Iho four fixed pointa. In oMmt wwdit tto naaotaaij 
<Hiiid iBo notth>algoh»h«i]^;pBwhtti*OMnado«Jyo«oidlpotarto « p ^ la {. at. abiMld to 
■ llMar ftnwtloaof Paiid Q. 

Tto two polatafMd<>tagrth« with Mta two ooMfcaoomp M ol y dotonaiitanU thoooiMti^ tho 
— Mplfcationtehte. Let Sand T he the ptrfoto at which the two oooica «eparat«ly intenact tha Una 
totwonPond^. AUBwrtEaaaldniiilioaofiwflliiuiwoPtotfaepointpP-fU— i>)OanlwiUinovo 
StothepanitpS>4-(l— p)T, and a Ubnt tnulomntimi a< / will move Qand f'lanaiaiilarway. Tlw 
pointM f> and S may thus be brought Into ooinoldeooe, nid tlM point Q may bo brought to the OTtnmon 
point of intersection of the two conic» with the line from P to ^ . The geometrical figure daHl wInilllg 
the al(;ebm is ihw^ reiluced to a fir^t and n nocond oonio and » atmightUne haring one common intenao- 
tioti. Tlii-' tivruri^ will hnvf i<)i<i ial vjirietii'- tliu- to thO OObloidonce uf different int^rMX-Uoni*, eU:. 

There are six caseB : [11, thore N n liim of ijiiantitlaB whoae Bquares vanish and one quantity out of 
llie line ; [2], there nn' l<,iu ili^,^jmiUir nuuutitiw wlKwe iti|uare-( variisli ; twn »( these four qiiautitieii 
coincide : [4]. two pain* of ilic Unir .inauUtit"^ coincide ; fr>], tlirei- of th<- four (|uantjli«« coincide : [9], all 
the quautitiea coincide. 

We may, in every eawti. suiUKise thu e<iuiitii>ii of (he pl.iiM- to In- s -\- \i -\- z — \ . 

(!]. In this case, the line common to tlie two coqilk nmy !«• taken us ;/ = (>. ami thi' M liin'r, <if 

the fonicR af. « = 0 and oe = 0 , respectively. We may also assume iP — x-^y and m — x+t. We 
thu , rhtoin th" following iBwWpMf^'^ toUo, wkOM tho lowo ud ooltunBO tovingi and I an (hair 
arguments are omitted : 

t km 



0 




-1 


0 




i 




0 



[ii]. In thi» case, we may take k an tlie common intenectian of the two conies and flM line, i i m . 
and <— It + m as the other loterMHrtion* of the < onic ». We liave V = t , and wo may write 

P=S=|i<+(I-p-g)fc + «B», r=rP + (l— riC = n»»+U— nP -r9Jfc + »9»i«. 

Wo Uma oMaia the following mnltipUoatton table : 
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There are two cases : 

[2421], when doee not TuuBh; 
[^42<], when TODuhes. 

[24^]. The defining equation of this oaae can he leduoed to 

* = 

which givee 



and if 



i {k + bit ■\- pm) = I + = wj' ; 







— — b,^x — b^>dn — 






i 


* 




i 


0 






k 




0 




m 


|2-p(p + l) + 9(v-8)J/4.r 
[2 — rp\rp—\\-\-rq{rq — \S\l 




\ 

0 



[S]. L«t k be tii« doublu jiulDt cnmmoti t<> the (wo cunics. and li.-t i and rn he tlieir otlier iuU>rfte('tion». 
I all espNMioBa of the form ku + uJt are iiiiuilar. The line bet wocn 1' uud Q cannot (muw through 
ir, bocau«e in that caae all products would be similar. We may therefure uc^unie that it paii»e>i through 
1. Then, wu luive ^ = (. w« may aMttine S=P = t — lc+ "I, and wc may write T =.rl' -\- \ \ — r) Q 
■=.i~rk-{-rm. ThaoqiiBtkiaof thaoooinioataiiganttotlwoaakaatlcixiaj be writtBnJkz+ 
» oflhe two oooiM an 

Aotyf (fc+r— Ar)a»-f (1 — fc)||*=0. 



0 




!y+[AU-r) + 8rll 




0 






-A(i+0 


• 



[4]. In thin riiwi we rii;iy tiilti< t and m a» tlie two pointa of 
i — It 4- m aa r. Then writing the eqaatiuaa of the two taagonti 



»M P. I 



Kf + * — 1 ) » • + eaw + aat + *»» = 0 , 
and the multipUcation taiila ia aa tallow* : 
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the subitituUoii of Syf +j»m for h and 1+ fi^/ for 7 10 the same aa to make 

This gives 

There are two caaes: 

[242*1*3, whcu b, does not vanish \ 
[242*12], when ft, Tanishes. 

[242''1*3. The defining equation of this cose can be reduced to 



I i; m 



i 




»)» 


af 




k 




1)' 


0 




m 


V 




0 



[5]. In thU caao, we inay take k nn t)i<> |><>iiit of oscutuUoD o( the conies and t aa Uioir poinl of iuler- 
■ection. Tito lint! IwtWL'on I' and V inunt . ir' . r. ['ilj, |MMi1klimghJk,0r,[MikPMltl>Xiaah<. 
[9t]. We may, without Ioih of geueraiit^ , take 

J»=k, 

wd the efMtioot of tlw (WO «oaiN are 

zM-ra» = 0, fav+agn-l-^sO. 
Then, the multijilicaMan tattle is aa foUmra : 





1 


k 


m 


t 


0 


0 


"J* 


h 


r« 


0 


f 


ni 


rj + qi 




i 



ptj. V« haw we my take Tzsm, and we may ■amiiMP=a{— m end 6,,-|-bt,=r]. 

Then, we nugr write the eqnaliaiie or tfM two eoaka, 

2«' + *ir + art + 1»« = 0 , 

We Ihua obtaiu \Xv foltuu iii^ multifilicalicia tiiblv : 

Vol. nr. 
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Tliis gives u «iuiiiliiiile algebra wliidi can be calloil (Ui^), its iimltipiiculiou 
tftblo being* 



1 


j i 


0 


1 1 

1 


0 


0 


• 


0 : 


• 


• i 


• 


• 


k 




• 


^ 1 


u 




I 


0 > 


0 


•! 


0 


0 


m 


a'j 1 


0 




0 


I 



i » m 



0 


-1* l/-(r-«)l 











(Qi The conies hare but fHie point in common. This maj Iw taken at ft. We hsTO Q = l;, w» may 
takers! ■iMl&P=S8=<+k. W« ai«]r *1m Uko b, = — 1 . Then the aqsatioiw of tba two ooaiw 

—«»+ 1«* + Saw +♦!*«+ S»ir« = 0 , 
W» thua aad lUa imiHi|illeaU«B table : 



■ fe «i 



-i 


i+i 




J+t 


• 








1 



ir Uila aaaljraiB ia oomct, onljr tbroa iiidalenuiBato ooaAMauto are miuirad for the uoltijiiiealhm 
taUcH of thia claaa of algabma. [C. & P.] 

* Sue l.-wt note. I do not gire rclatiiw fonoa for tUa chaa of algabnuh ombtg to the axtnana eaao 
with which ibej may be found. [C. 8. P.] 
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[2 4 2'' 12]; The defining equation of Ais cnse is 

il* = 0. 

There are two cases : 

[24:i''121J, wliL'ii iloL'.s Dot vanish; 
[242U2*J, when An vanishes. 

[242*1213. defining equation of t)u« case can be reduced to 

^. = 1. 

This gives a quintuple algebra which may be called {bi^, its multiplication 
table being 





i 


h 


I 


m 


i 


• 


0 


I 


0 


0 


• 


0 


0 


0 


0 


0 


h 




0 








I 


0 


0 


0 


0 


0 


m 


^3 


0 




• 


I 



[242*12*]. The defining equation of this ease is 

H = d^. 

There are two cases : 

[242»12»1]. when A^, does not vanish; 
[242*12*], when ij, vanishes. 

[242*12*1], The defining equation of this case can be reduced tu 

*ta = l. 

Thb j^Tes a quintuple algebra which may be called its multiplication 
table being 
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m 


i 


J 


i 


I 


w 


i 


J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


k 


4a 


• 




0 






I 


0 


0 


0 


0 




0 


m 




0 


Vj+il 


0 


I 



[24^12^. The defining equation of thiB case is 

wludi can alwajSi in the case of a pure algebra, be reduced to 

This g^ves a quintuple algebra irhidi may be called (M^, its multiplioation 
table being 



(6*.) • 


j 




/ 


m 


i 


J 


0 


1 


0 


0 


j 


0 


0 


0 


0 


0 


h 


a 


0 


0 


0 


ij+d 


I 

m 


0 

t 


0 
0 


0 


0 

1 " 


0 
I 



^2<]. The defining equation of thb case b 
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and it am bo lednood to [242^1] unless 

tf« = <7, = 0, V=^hJ, rf„ = — 1, = — 

whence it may be assumed that 

and since 
wlien 

i>' + yi, + /', = o. 

it may also be aasumed tbnt 
There are two caaee : 

^42*1], when ha. does not vanish ; 
[242P], when 1^. vanishes. 

^42*1]. The defining equation of this case can be rodooed to 

This gives a qaitttuple algebra whidi may be called its muUiplieation 
. table being 





J 


k 


I 


m 


i 


J 


0 


I 


0 


0 


i 


0 


0 


0 


0 




0 


» 


i-I 


0 


0 


0 

. 


aj+U 


I 


0 


0 


0 


0 


0 


m 


J 


0 


.,J+bl 


0 





[242^« The defining equation of this ease is 

« = -?. 

There are two cases : 

[242*1], when does not vanish; 
[242*], when hj^ vanishes. 
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[242'IJ. The defining equation of this cane can be i-cducod to 

= 

Thia gives a quintuple algebra which may bo called (ftntf), ita multiplieation 
table being * 



i 

• 

J 


■'■ 


0 


1 


0 


0 


0 


0 


0 


0 


0 


k 








0 


J+al 


I 


0 


0 


0 




■0 


m 


J 




bj-al 


• 





[242^. The defining equation of this eaae is 

ii, = 0. 

There arc two cases : 

[242*1], wlicn docs not ^'anish^ 
[242'], when ft,;, vanishes. 

[2 12*1]. The dcUaing equation of this case can be reduced to 

This gives a quintuple algebra which may be called ita multiplication 
table being t * 



'This mlgebra ia mixed. Namely, if li^l, it M'paniU^ oa HbaHtutlag 4i s (1 — 6)4 + I^t 
lt| =: (1 — b) <+ (a(l — b) + 1] it — (1 — bj ; bat if 6= 1 , it svparntMon ittMitattilg f| sol— (O* + a 
't-e)k+nt,ki=ai + qk-i-m. [C. S. P.) 

1 8ab(tltttl« i,=.i—k, k,=ak + M, naAtUe a Vbra aeiantes. [C. 8. 1'.] 
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i 


J 


0 


I 


0 


0 


J 




0 


0 


0 


0 


k 


-/ 


0 


0 


0 




J 


0 


0 


u 


0 


0 


m 


J 


0 


j—id 


0 





[242*]. The defining eqimtion of this com is 

ito = 0. 

^niis gives a qiuntuide slgBlnra which may be called (io^, its multiplication 
table being* 





i 


J 


k 


I 


HI 


i 


J 


0 


I 


0 


0 


J 


0 


0 


0 


0 


0 


Ic 


— / 


0 


0 


0 


al 


I 


0 


0 


0 


0 


0 


m 




1 " 


—al 


0 





[243]. The defining equotions of this case are 

0 = ik = a=im, 

which give 

0 =jk =jl =jm. 
•SoMtttleCscM, af+Wi «idth«a||rtmiqwntai. [a&P.] 
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There arc twu cases: 

[2 1. '51], when ki = /, fi = m, mi = 0 ; 
[24:;2], when hi = 1, U = mi = 0. 

[2i313. Tlic deliiiing cquatiomi of thiu ca^iC are 
Iris I, /(Bin, ntisO, 

which gire 

l^ssm, lj=mj' = 0 = lk — ml: — P=zltn=ml^ m\ 

0 a? = iki =z ikm = ((, = «(3| = (I J, , 
j(*» = £l = (;^+ J^, 
iVi = km = r,iii , 0 ~ /.-'//! r, = Jem , 

0 = i* = 6,111 + djm = + 4 . 

There ere two ceeee; 

^431*], when ej doee not vaoish; 
1^812], when e, venuhefl. 

[2481*]. The defining eqiution of this eeae can be rednoed to 

This gives a qaiutupk algebra which ma/ be called {bj»i), its multiplication 
tabic being* 

*Tlie ntfuclure of ihlii •iKobn may be exUbited by i>uuiug k, = i-\-a 'j-n 'k. l,=J—a 7, 
m,s-«-'M, whraUwarallipliaayaalMetacaaMi 
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In r^hitivvfonii, I = i/:f •+(•:/>, >=:/<;/». k = A:U + CI>. /=.I:C, m=J:/). (C. S. P] 
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[84818]. Tb« dsfiniiig equatioD of ibis CMe la 

4^ = 0. 

This fjmm a qumtuple algebra wbiob may be called (Ag^), its multiplication 
taUe being* 
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[2432J. The defining equations of i\n> rase ure 

ki:=l, li=imi — 0. 



form giT«n ia ib» hut BOtab [0. & P.] 
TOfc IV, 



to (^). ia thm 
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U = e/, o = ;,-v = ^, = w. 

0 = ikm = a„ = kmi = c» = Ic'm = p„ = imk = , 

« 

and it may be asBumed that 
wbidi ghres 

There u then a quintuple algebra which may be called (iri)» He multiplication 
being* 
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[26]. The defining equations of tliis cam are 

0 = = = = »7i* = (>■ +,/(■ = ik + ^v' = if + /i = j'm + mi , 

0 =/*■ H- J(0* = j7 + ^' =zjm +ny=M + lk=ikm+mk = lm+mli 

and it may lie assumed that 

[c a. p.) 
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which gives 

0 = = ki =jk = kj = im = mi = km = mk = An = m/, 
yk = kl = bfjc + d^m = — ilj = — ny =yin , 
0 s>^R = d^Jin = d;, = «* = s tk( B « B ft B>i s nv*. 

' (<w + <wO = — (<^* + ; 
M> HmX it » etsy to we tint there ib no pure algebm in this ceee. 

Sbztdflb Alodba. 

There sre two ceeee : 

[I], when there is an idenipotent hitaisj 
[2J, when the algebra is nilpotent. 

[1], The defining equation of thia oeee is 

f-i. 

There are 19 caaes ; 

[I'], when all the other units but iare in the first group; 

[12j, when j, k, i, m are in the first and m in the second group; 

[IS], when/, k and I are in the first and m and n in the aeoond group; 

[14], when/, k and / are in the first, m in the t>c<-oiid and n in the third group; 
[15], when y and I- are in the first and /, ni iin<l n in the ffccond pro'ip : 
[16], when J and k are in the first, / and m in the secuud and n in the third 
group; 

[17]i when J and are in the ficst, / in the aeoond, m in the third, and n in the 

fourth group : 

[18], when J is ui the hriit, and k, /, m and n in the second group; 
[19], when / is in the first, h, I and m in the second, and n in the third group ; 
[10'], when y is in the first, / and / in the second, and »i and n in the third group; 
[ir], when J is in the first, k and I in the second, tn in the third and n in 
the fourth group ; 

[12'], when J is in the first, ft in the second. / in the third and m and w in the 
fourth group; 
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[13'J. when J. k. I . m and n are in the xcond ^oup : 
[14']. wbeny, k, / and m are in the second and m in the third group; 
[IS*], when/. Ir and / we in thie leoond end ei end it ere in the third group; 
[10^, when /, k end / ere in the eeoond, ai in the third, end n in the fourth 

frroup : 

[ITQ, when ^ and k are in the second, I and m in the third, and n in the fourth 
group; 

[18Q, when/ end A ere in the eeeond, / in the third, end et end n in the fourth 

group; 

[U*'], when j L* in tht- M-cond, /.■ in the third, and /. m and n in the fourth group. 

p*]: The df'finiiig equations of this '■a**; are 
. y = ji = y, i7i" = ki = k , il zrz li — I , im — mi — m , in = hi = n , 

and the 54 algebras of this caae deduced from (j^ to (br^ may be called (a«) to 

[If). The defining eqoetione of this case are 
i}=jt=j, SkxUxk, U^K^t, masimsin, inssa. msO, 

which give 

0 =^ = )V* = ih* = tti — At B n/ B em B nm s n^, 

eo th«t there ie no pure elgebnt in thie ceae. 

[18]. The defining equatione of thie ceae ere 

tf=/i=/, ikskisk, U^H'=t, im = m, msit, «n=Rt = 0. 

There ere four eaaee, which correepood to reUtione between the unite of the 

first {Tfoup similar to those of the quadruple elgebrea (a«), (ft,), («,) or (4,). 
[131J. The defining equations of this ceae ere 

/• = *, jk = ls = I, //=JS* = JW = 0 = »=/» = O; 

•nd, in the reeolt, we obtain 

ymsn, jits Ams An = AR=:Ai = 0. 

* Tbc raaltiplieatioii tables of these algabCM, foHBMl &<oai Ui* ailpolMit qointapl* algabia*. in lb* 
aaai« manner in which the first cla£s of qutatayto algtbcaa aw tonuti tMm tlw ■flpotmt foadnpto 
•Igafana. hav* ban onittad. [C. B. P.] 
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Thu gives a sextuple algebra which luay be called (bc^), of which the inultipli- 
oation tabic ii* 
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[182]. TIm defining equations of tlua case are 

which give 

There are two osses: 

[1321], when ^^oet not vanish ; 
[182^, when Taniflhes. 

[1821]. The defining equation of this case can be reduced to 

jn = m, 

which gives 

0 = An . 

This gircH a sextuple algebra which nay be called (bd,), of whidi the multipU- 
cation table is f 

•la ntatlm §em, i^A'.A+B:a+0:C+D:D, i=AiB+B:0+OiD, ksA'.C+BiB, 
lsA:D,»sB:B,msA'.M. IC&P.) 

tThnalgafanbdMhiciidMliUiiitotWDitintlMaaawBUHi^ IlHMijrti' «=±>i «iMib- 

■UtutiDg {, =t±J. WW have f* = 0, jl=*, tf=— Ik, and tlia mnlUpUiwIiaB Wde ta 



ohaagiKl. OUmtwIm, «■ mlMlltatittg>|St+49'. I, =Jr + «~V- wh(>r«3r = — a±y o'— 4. «• liav* 

y> = {'=0.>I = (l — e>)*. — e-')fe.in=i6+e)*. M=: Ib + e-'lit. and otherwiae fhe mvltl- 

pUcaUoD taUo ■ nncliaiigad. The foUowing is • rabtiTa form for the flnit rarkity: i zz A : A + B iB 
+ C:C+D:D.Jz=A:B+B:D+C:D. k = A:D. I = A:C—B:D, m = A:E. n = B:£+6C:* 
ViKibi»wm»oaimit*r,i=A :A + B:B+C:C+D:D,J=A:B+{X -e*)C:I». ltsA;J>. tsA:C 
+ {l—t-*\B:B. m = A:S. n:=ib+e)B:S+ ib+e-*)C:E. [a Sw P.] 
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[132'j. The defining equation of this case is 



«nd there is no pure algebm in tlue < 

[18*]. The defining equations of thU eeee ue 



/ = = >*=y/=i^ = iP = A/ = ar = /» = 0, 



whidi give 



There is a sextuple algebra in this case which may be called (ie^ of which the 
multiplication table is* 



• nii* ulic^'v """y l«' » li'll'' "implifieil by nubxtilulinR j — ltotj. Ill ntliitive form, i=A :A 
+ B :B+C:C-i- d'd, j-A:U+ B:C, k = A:C, *=.4:J», msA:E, n = 6B : oD : £ . 
10. & P.] 



L ijiu^od by Google 



PEDta: iitneur Auoekutiiee Algebra. 207 





i 


J 


i 


1 


m 


11 


i 


i 


J 


k 


/ 


m 


» ! 


J 


1 

J 


It 


0 


€ 


0 


AMI 


k 




i 


0 


0 


0 


0 


0 


I 


I 

1 


k 


0 


— 

0 


0 


bm 


M 


0 


0 


— 

0 


— 
• 


0 


0 


H 


0 


0 


0 


0 


0 


0 



[134]. The defining equatimts of this case are 

There is a sextuple algebra in this case which may he called of which the 

multipfintioii table is * 
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[14]. The defining equetions of thia eaee are 

ij = ji —j, ik = k-i = k, »/=/» = /, im = m, m = n , mt = in = 0 , 
which give 

0 =/in =Jn= km=kn=bn=bi=wij=t^f'= mk = nib = m/=M2 = wf=nm =n*. 



There are four eaaee defined aa in [IS]. 

[141}. The dining eqaationa of tUa eaae are 



which give 



Then is a aeztuple algebra which maj be called (^), of which the multipli- 
cation table is* 
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[142]. The defining equations of this case are the same as in [192]» 
which giro 

mn — Cyjc. 



•la relative ftxin, <=.i : /! + B : B+ C:0+ J):D,iSi4 :B+B:0+C:2>, ft=ilsO+a:J>, 
la^:i>, iMBil:*, n=<:l>. [C.8.P.] 
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There m a sextuple al^ln a wliicli intty \^e called of which the multipli- 

GttioD table is * 
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[1483- "^^^ <lefining equations of this (sa-oe are the same 
is a sexiiiple algebra which may be called (At*), of which 
table isf 
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* Thi" algebra Iuih two vari< lit >, uiiuhvuiis i<i thfitx' <if 1 1' , . The (Irot Ls. in ri-liiii\e form, i — A : A 
+ B: li + C:C+ D U. j- A II + II < • + A : I) . k- AC. l-.-A:B+ DC. m — A.E. u- E:C. 
Tbe second in re]ati\ e form is tho samu t'sccpt thiit j = A : H + h'D : C. I — A : D — bB .C. [C. 8. P.] 

t Tliio alK>-bni rnuy be ali^tlf eiiiiplitlixl by puttiDKJ — ' forj . Then, in rcLadTO ikMm, ISSil Sil 
+ B:B+1:V.J=lB:C. k=A:V. I=:A:B. m = A:0. « = Z>:C. IC. 8, P.J 
vobltr. 
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[14'J. The detiuiug equations of this caae are the same a» in [134]. There 
u a sextuple algelmt which mey be called (^J, of trhieb the midtiplioatioii 
tebleie* 
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[15]. The defining equations of this case are 
ifszfissj, ik = ki = k, U=l, im = m, ^ = «, H=mi = ni^O, 
wfaidi pre 

J'^k, 0 =Jk =z kj = 1^ — ij = tk = P = Im =■ hi =: mj =: mk = ml = m* 
= mn = nj=nk=nf=nm = if. 

There is a sextuple algebra which may be called {bk^ of which the multiple 

cation table isf 



*i=.A:A + B:B+C:C+D:D. j=A:B — C:D, k=A:D, l=:A:C+B:D. m = A:R, 

%-K:l>. If. S.P.I 

tin r«UiUv« form, i — A: A + B -.B + C-.C, J=A:B + B:C., k = A iC. l = C: D, mzz B :D. 
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[16]. The defining equations of this ewe are 
^sjSs/, ik^hi^k, «I = f, «m = m, m = K=fln»ms:0, 
whidi give 

f = k, 0 =>ik = ji» = j^' = = Xvi = /y = a = <• = IM = «!/ =: Mft = «2 = m* 

= nj ssi nk — nl = nm = n*. 

There is a sextuple algebra which may be called (iQ, of which the multipli- 
cation table \a * 





i 


J 


k 


I 


m 


II 


i 


i 


J 


k 


I 


m 


0 


■ 


J 


k 


0 


m 


0 


0 


k 


k 


0 


0 


0 


0 


0 


I 


0 


0 


0 


0 


0 


k 


m 


0 


0 


0 


0 


0 


0 


n 


» 








0 


0 



•In nbtira Inm. ixd:A + BtB-i-a'.0, i^A'.B + BiO, ftsiliO, IsB-.D-t-AtX^ 
mstAxD,m=E:C. (a&P.] 
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[17]. The detiiang equationt< of tlii:^ casf are 

ij—ji—j, ik = k-i = k, il = l, mt = m, /t'= i'm = t»=:ni =0. 

There is no pure algebra iu iliis euiie. 

[18]. The defining equations of this case are 

ij=ji=J, iA- = A-, if = /. hn = m, tn = R, /h' = /i = mi = m = 0 . 

There is uo pure algebra iu Ihia ca»e. 

[19]. The defining equationa of this oaee are 

V=y<=y> ik — k, U = i, tiR = m, ni = n, m = W=K = iN=n. 

There is no pure algebra in this case. 

[lOQ. The de&iing eqnattons of this oeee are 

V=j«=/, ik^k, <2 = f, m< = m, iit = n, un = m = U = £i=:0. 

There ia no pure algebra in thia ease. 

{11% The defining equationa of thia ceae are 

if=jt=/, 4k = kr U=l, mi = m, M> = K = m = m = 0. 

There is no pore algobm in thia oaae. 

The defining equations of this eaae are 

ir*=ji=y, ft = ik, K = f, tl = im = m = ii = mt = m = 0. 

There is no pure algebra in this c-ase. 

[19Q. The defining equationa of thia case are 

V=jp', ftssft, tfasf, tmssm, m = », /iss^tjasKsimssmssO. 

There is no pure •%e1»a in this oaae. 

I14f}. The defining equationa of this oaae are 

There is no pure algebra in this eaae. 

[16Q. The defining equations of this oaae are 

^'=/, iftaft, U = l, mt = m, tn = n, MN = m=jt=J» = lisO. 

There is uo pure algebra in thi^ case. 
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[16']. Thft ifoiniDg equatiuus of tliis ea»e are 

tj=j, ik^it tZ— iR«sm. nil = Mi=/i = M=K = m'sO. 
There u no pan elgebre in this case. 

[ITQ. The defining equetiona of this cue are 

if^j, ikssk, K — l, mi = m, •{ = jin = tR=j»=ib»sins=0. 

There is no jiuro ;i!f.'i'KrM in this c:i:<e. 

[18']. Tlie detiiiiiig c<jiiali<>iis of ihis ciUM^ arc 

ij =j\ i-k = /.• , /r = / , Ji = ki = i7 = im =: in = mi = ni = 0 . 
There are siz cases : 

[IS'l], when nf = m, inii = n, iim = 0, 
[18'2], when m' = m, mn = 0, nm = n, 
[18';5], wIr'ii m' = n . mn — mn = 0, n* = m, 
[18' 4], when »»* — m , mn = nm = n* = 0, 
[18'6], when 111* = n, ir'sO, 
[196], when m*=:»« = 0. 

[IS'l]. The defining equations of thia case are 

m' s 0t , Mn n , Mn 0 . 

There are two cases : 

[191*], whenm/ = U; 

[IS'l 2], when fni = l. 

[18'1*J. The defining equation of this ease is 

j«/ = 0. 

There is no pure algebra in tlm case. 

[1912]. The defining equation of this case is 

ml = L 

There are two cases : 

[18'12I], when>ni=y; 
[1912F]. wheaymsO. 
[19121]. The defining equation of (his ease is 

There is :i s(^'xtu|)le algebra which may be called {bm,), of whidi dw mnhipli' 

(MtioD table is * 



••lBatati««lOnB,lsil:^./sil:B. ftBil:C, lsB:4, «isB:A, i»=A:C. [CaP.] 
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(frjM,) » j k I m n 
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[18*12*]. The ^'^finiffg equation or this case is 

/m = 0. 

There is no pure algebra in this case. 

[192]. The defining equations of this case are 

ff(* = m, fim=0, nmsit. 

There are two oMs: 

[lb'21]. when ml = l; 
0-9^}, whenmJsO. 

[18^21]. Tb» defining equatioii of thia eaie ia 
There are two cases : 

[18'21«j, wheny«i=>; 
[19212]. whfliiisi=0. 

[IS^l*]. The dining equatimi of thia case ia 

There ia no pure algebra in this case. 

[18^12]. The defining equation of this case is 

ym=o. 

There is no pure algebra in this case. 
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[IffSf]. The defining equation of this caa» is 

«il=0. 

Thwe is no pare dgebm in thia oaae. 

[IffS]. The ddining equations of ihia ewe ere 

m* = m, MR = MN=:0, l^=n. 

Thoro ip no pure iili^eltni in tliis case. 

[18'4J. The defining etjuations of this awe are 

m* = m . mn = nm = n* = 0 . 

There ate two caeeB : 

[18'41j, whenjVn =j; 
[18^42], whenjm = 0 . 
[1941]. The deiniug equation of tliia case is 

There is no pure algebra in this case. 

[1942]. The definmg equation of this case is 

jm = 0. 

There is no piiro nlj^obm in this fuse. 

[18'6]. The (lotiuiiig omuiuuns of this case are 

Tliere is no pure algebra in this case. 

[]8'6]. The defining equations of this case are 

m> as 1^ = 0. 

There in no pure iilj^o'n-a in this m>*c. 

£19'j. The deliniiii; e(|U;iti(ins nf thi.s case lire 

y =j , ki = k , ji = ik = U = im = in = /» = mi = «t = 0 . 

There is no pure algebra in this case. 

[2]. The algebras belonging to this case are not investigated, beoauae it ia 

evident from § 69 thnt they nre l aruly of use unlcSB combined with an idempo- 
tcnt basis, so as to give septuple algebras. 

Nati rat, Classification. 
There are many cases o( these algebnu which may obviously be combined 
into natural olsases, but the oonsideration of this portion of the snbjeet will be 
reserved to subsequent reseanshes. 
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ADDENDA. 
L 

On Ae Vius and Tnm^f!tnnaiien» <^ lAmtsr Algebra. 
Bt BnoAimr Pbdob. 

[FraMNlMl to tSe Amtrtaan AeadKtnff of Jrtt and SeimetM, Map 11. 1875.] 

SdiTio 'li'finitc intorpn'tnfioii nf n liiioar algeln'n would, at first sight, appear 
iiiduipeasable to its fiucceesful applioiiinii. Hut on tlic contrarj, it is a singular 
fbct, and one quite coDBonant with the principles of sound lo^c that its first and 
general use is mostly to he expected tnm its want of significanoe. The intorpre- 
tiilion in ii trammel <n tlio iim^. Symbols are essential to comprolifiisivfi argument. 
The familiar pro|KMiitiou that all A is B, and all ,0 is and therefore all A ia C, 
is eontraeted in its domun by the suhstittttion of aignifieant words for the 
symbolic letters. The A, B, and C, are subject to no limitation for the purposes 
and validity of the propojiition : they may rcpropont not moroly tho uclunl, Init 
also the ideal, the iinpo8.silile as well a« the possible. In -\]gcl)ra, likewise, the 
letters are symbols which, passed through a machinery of argument in accord- 
ance with pven laws, are developed into symbolic results under the name of 
formulas. When the fornuila.x admit of intelligible interpretation, they are 
a4xes.sionH to knowledge: but imlependently of their interpretation they are 
invaluable as symbolical expressions of thought. But the most noted instance 
is the qnnbol called the impoarible or imaginary, known also as the square root 
of minuH one, and which, from a shadow of meaning attached to it, may be 
more detinitely di.-itinguifihod as tho symbol of si ml-iiir-rsSoii. This symbol is 
restricted to a precise sigiiiticntion as the representative of perpendicularity in 
quaternions, and this wonderftil algebra of space is intimately dependent upon' 
the special use of the symbol for its s\ mnirtrv, rlcgance, and power. The 
immortal auflmr of quaternions hjus nln>«ii tliai tliere are otluir- HiL^tiifications 
which may atlut h to the symbol in other cut$es. Bui the strungesit use of the 
symbol is to be found in its mapcal power of doubling the actual universe, and 
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placing by its side an ideal universe, exact counterpart, with wliich it can be 
compared aad contnwted, and, by means of curionaly connecting fibree, fonn 
with it an organic whole, from which modem analysis hai developed her 
surpassing geonietry. The Icttors itr miit-> of the linear algebras, or to use the 
better term proposed by Mr. Cbarleu B. Peirce, the vida of tliese algebras, are 
fitted to perform a rimilar' ftinetion end) in its peculiar way. Thia U their 
primitive and perhaps will alwajH be their principal uge. It does not exclude 
the possibility of some special modes of interpretation, but, on the contrary, a 
higher philosophy, which believes in the capacity of the material universe for 
all ezprenioDB of human thought, will find, in the utility of the vids, an indica- 
tion cf ihwr probable reality of interpretation. Doctor Hermann Hankel^ 
alternate nuinbofH, with Pro fo>»ior OlifforrlV ajiplicutionM to detorminants, are a 
euriona and interesting ezamplo of the possible advantage to be obtAiucd from 
the new algebras. Doctor Spottuwoode in his fine, generous, aad complete 
analysis of my own treatise before the London Mathematical Society in Noyem- 
ber of 1872, has re^'iirflcl these numbei-s n.s quite difTerent from the alpcbnu! 
discussed in my treatise, because tliey are neither linear nor limited. But there 
is no difficulty in reducing them to a linear form, and, indeed, my algebra (^) is 
the simpleBt case of Hankel's alternate numben ; and in any odwr ease, in wbioh 
n is the number of the TI;i!ik<M elements employed, the complete number of vids 
of tlie corresponding linear algebra is 2' — 1 . The limited character of the 
algebras wbidi I have inTesttgated may be regarded as an accident of the mode 
of diseottion. There is, however, a large number of unlimited algebras 

stiggested by the investigations, and nankel's numbers themselves would have 
been a natural generalization from the proposition of § 65 of my algebra.* 
Another class of unlimited algebras, which would readily occur from the 
inspection of those which are given, is that in which all the powers of a vid are 

adopted ns independent vids, and the highest power iiiuy either be zero, or unity, 
or the vid itself, and the zero power of the fundamental vid, i. unity itself, 
may also be retained as a vid. But I desire to draw especial attention to that 
class, which is also unlimited, aad for which, when it was laid before the math* 
ematical society of London in January of 1870, Professor Oliflbrd proposed the 
appropriate name of quaiiratea. 

* nauok ia not intaadsd > fcMmdatiaB for a eUlm upon tba Bkalnl muibMa, wUofa ware 
imhUAtil in ISST, fhiw tmib prior to tko paUlMtkiH tt mj mm tnatlMk— & 9. (Thqr wan ghm 
■mdliaacUairniidardieMunoaf Iqr Ctadir, ami (wiliriwiiHsHy) staitWl •atlfardatolirfli— wua 
-C.8.P.] 

TOb IV. 
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QtmSratea. 

The best delinitiuQ of quadrates is that proposed by Mr. Charles S. Peiroe. 
If tbe lettera A, B, O, etc., represent ibBoluie quAiititiee, difforing in qulitj, 
the vide may represent the reUtions of these quantitiee, end may be written in 
the form 

{AtA)iA.B){A.O . . . {B:A)(B:B) . . . {C:A), et& 
ittl(|ect to the equations 

{A :B){B:C) = (A: O) 
(A:ft){/7:n) = 0. 

In other words, every product vauishea, iu which the wicoud letter ol' tJie multi- 
plier diflbn from the first letter of tbe muUiplioand; and when these two letters 
are identioal, both are omitted, and the product is the vid whidi is compounded 
of the remaining letters, which retain their relative position. 

Mr. i'eirce has shown by a simple logical argument that the quadrate is the 
legitimate form of a complete linear algebra, and- that all the forms of ihe 
algebras given by me must be imperfect (|uadrutc!<, and has confirmed this 
conclusion by actual investigation and reduction. His investigations do not 
however dispense with the analysis by which the independent forms have 
been deduced in my treatise, though they seem to throw much light upon their 
probable use. 

Lilt Hi/. 

The .sum of the vids {A : A), (if iB), (f: C), etc., extended ^o us to include 
all the letters which represent absolute quaotitieB in a given algebra, whether it 
be a complete or an incomplete quadrate, has the peculiar character of being 
idempotent, and of leaving any factor unchanged with which it is combined as 

multiplier or multiplicand. This is the distinguishing property of unity, so that 
this combination of the vids can be regarded as imity, and may be introduced 
as sndi and called the vid 0/ tmfty. There is no other combinaticm which 

po8.se.s8es this property. 

Hut any one of the vids (.4 : A), {B : li), etc.. or the !<um of any of these 
vids is idempotent. There are many other idempotent combinations, such as 

i,A:A)-^x{A:B), y{A:B) + {B:B), 

which may deserre •consideration in making transformations of an algebra 
preparatocy to its spplication. 
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ftirervivn. 

A. Tld which dilVers from uuttj, but of which the uquare is equul tu unity, 
mj be called a viii mvenion. For such a vid when applied to some other 
combination transforms it; but, whatever the transfdnniiion, a repetition of the 
application resf^reH t he coiubiuation to its primitive form. A very general form 

of a vid of inversiuii is 

{A : A) ± (B : fi) ± (O : (7) ± etc., 

in which each doubtful sigu corresponds to two cases, except that at least one of 
the fliipia must be negative. The negative of unity mij^t also be regarded as a 

Hymbol of inversion, but cannot take the place of an indejiendent vid. Besides 
the alinvo vi(i8 of inversion, nihoi-s nmy be foniied by adding to either of (hem 
a vid consisting ol two diHerent lettoi>, whicli correspond to two of the one- 
lettered vide of different fligne ; and this additional vid may have any numerical 
coefficient whatever. Thus 

(AiA) + (Bx B)—{0: O) + x{A . O) + »{Bi C) 

is a vid of inversion. 

The new vid which ProfeflM>r Clifford has introduced into bis biquatemions 
is a vid of inversion. 

Semi'fnvenioH. 

A vid of which the square is a vid of inversion, is a vid of i«mi-incvr>tion, 
A very general form of a vid of semi-inversion is 

(A:A)±(B:B)±J{0:0)i:9Us. 

in wludi one or more of the terms {A . A), {B:B), etc, have J for a coeffi- 
cient. The combination 

{AiA)±J{BiB^ + iiAtB) + eti!. 

is also a vid of 8em<-invenion. Widi.the exception of unity, all the vids of 
Hamilton's quaternions are vide of semi-invexnmi. 

TTie Um of Commufafln Ali/'hrfiii. 

Commutative algebras are especially apphcable to the integration of 
difihrential equationB of dm irst degree with constant coeffioienla. If t, J, k. 
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eta, are the vids ut' tiucli uu algebra, while x, g, z, etc., are independent 
vamblee, it m easy to ahoir that a aoltttion may have the fomi F(xt + + sfe 
+ etO.), in which Fis an arhitr.irv function, and i, J, k, f1i\, are connected by 
BOnke simple equation. This .solution nm lie developed intn the form 

F{xi + + + = ifi + J^r + + 
in which ^f, A'. P. I'tv.. will l»o functions of .r . y, etc,, and each of tlicni is a 
solntion of the givan equation. Thus in the caae of Laplace's equation for the 
potanttal of attiacting maasee, the vids moet aatiafy tlie equation 

+ A' = 0. 

The algebra ((ij) of which the multiplication table ia 



i j k 
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0 



may be med for this com. Combinations hi Ju h of tbese vide can be found 
which satisfy the equation 

t?+y? + xi = o, 

and if the fonctional solution 

is developed into the form of the original vids 

Mi -\- Nj + Pk, 

M , N, and P will be iiide|iL'!i'!('i]t solutions, of .such a kind that the .surfaces for 
wliich N and P are constant will be perpendicular to that for which M ia 
constant, which is of great importance in the problems of electricity. 

Tht Use of Mixed Algebras. 

It i.^ (|uite important to know the various kin<ls of pure ul^ohra in making 
a selection lor special use, but mixed algebras can also be used with advantage 
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in certain casea. Thus, in Professor Clifford's btquatemioiui, of which he has 
demoDStnitied the great value, other vida oaa be eubetituted for unity and his 

new vid, namely their half stun iinfl half dilTerence, and each of the original 
vids of the quaternions can be multipliod hv these, giving us two sets of vida, 
each of which will constitute an independent (|uadruple algebra of the same 
form with quaternions. Thus if A, are the primitive quaternion vida and 
«o the new vid, kt 

(jt, = i(l +«). u, = J (1 — w). 

»! — Oi*. »5 = ri,/. 

Then aince 

'iJi — ^'i — jih • 'iji ~ ^'s — Ji^'i ■ 

Jl^'l — 'l — — ^tjl • Ji^'i — 't — — ^i^l • 

OiOf = 0 = 0,0] . 

jfjjs; = 0 = jv; jf, . 

in which if, denotes any combination of the vids of the first nlgehra, nnd A', any 
couibination of those of the second algebra. It may perhaps be claimed that 
theae algebras are not independent^ because the sum of the vide O) and a, is 
absolute unity. This, however, should be regarded as a fact of interpretation 
which is not apparent in the Jftfiwing equations of the algebras. 

U. 

On the Rebtke Jbrnu q^ Ae Algebreu. 
Bv a a Fnaoa. 

Given an a.<^<!nciative algebra whose letters are t, J, k, t, ete., and whose 

multiplication table is 

<« = «„•• + *uy + etc.* 

y = Out + b„j + Cyjc + etc. 

j» = «ti» ■ + W + + etc.. 

etc., etc. 

I proceed to explain what I call the relative form of this algebra. 



' 1 have uaed a, , , «!«;., in place of the a, , etc, used by my {aUHir in his teat. 



222 



Pmcs: Umnr AMmtMot JJgtbm. 



Let us Assume a number of new units, A, I, J, K, L, etc, one more in 
number thao the letters of the algebra, and eTery one ezoept the first, A, 

corrcspouding tf> m pntticiilar letter of the algebra. These new units are sus- 
ceptible of being nuiltiplied by numerical coeflicieuts and of being added 
tt^ther ; * but they cannot be multiplied together, and henoe are called tmi> 
reiSatm units. 

Next, let us assume a nmnber of operations each denoted b>- bracketing, 
together two non-relative unit« separated by a colon. These ojierations, equal in 
number to the square of the number of non-relative units, may be arranged as 
follows: 

(A : A) {A : I) {A -.J) {A: K), etc. 
(I: A) (/:/) (/:./) (I : K), etc. 
{J: A) (J:/) {J: J) {J : K), ebo. 

Any one of these operations performed upon a polynomial in non-relative units, 
of whicb one term is a numerical multiple of the letter following the colon, gives the 

same multiple of the letter preceding the colon. Thus, {I:J)(aI-\- hJ -{- rK) = l>I.f 
Those operations are also taken to he susceptible of associative conibiuatiou. 
Hence {I : J){J . K) - {I : K); for {J : K) K = J and {I . J) J = J, so that 
{I:J){J:K)ir=r. And (IiJ)(KiL)=0', for (f:£)Xs= and (/:/)£' 
— {I:J){O.J+ K) = O.IssO. We forthcr nHsume the application of the 
distributive principle to these operations ; so that, for example, 

!(/:•/) + (-f :«n + (JT: bL) = aJ-^ (a + h)K, 

Finally, let as assume a number of complex operations denoted by /, Ji, 
t, etc., corresponding to the letters of the algebra and determined by its mnlti- 
plication table in the following manner : 

(/: A) + «u(/ : /) + : /) + c„( : /) + etc 

+ / ; .1) ^ hJJ:.T) + r^,{K:J) + etc. 
+ : A') + /-u,(J: A') + r^{K: A') + etc. -fete 
/= {J:A)+a„{I:I) + />,,(./:/) + c„iK: /) + Otc. 

+ a,(/: J) + J) -H c„(Ar: J) + etc 

k= etc 



L ijiu^od by Google 



Pnws: Lmnr Ameiatue MgAru. 



328 



Any two opcratioas are equal which, beiug perforiued ou the same operand, 
invuriibly giv« the aame remilt. The ultimate operaads in this ease ara the non- 
relative units. But any operatious eotnpuunded by addition or mulUplicutiui) 

of the operations i'. /". //. elc, if they f^ivo tlio saiii«^ result when performed 
upon A, will give tlie mime result wheu performed upon auy one of the uou- 
relatire unita. For suppose iff A = Iff A, We have 

iJA - i'J = a,/ + + CttJT + etc. 
kfA — kL=a^+ + etc. 

so (bat Uu = M34, ^ = 6141 '^n — ^t ^t<''-r and 111 our original algebra \f =s kl . 
HuMse, multiplying both ndea of the equation into any letter, aay m, ifm = Mm. 
But 

=• (a** + W + cWk + •*«•) = + ".»''» +«vfim + etc)* 

+ + M» + *M<!to + etc.)/ + eus. 

But we h«?e equally 

ifmfA = {«hflm + a,AB + a^ + etc.)/ + (i„ei» + Mm + + eto.)/+ etc. 

So that = ifc'/'m' J . Heuee, i'j'M=A't^l. it follows, then, that if 

= MtA, then ff into any non-relaUve unit equals Vf into the aame unit, so that 

if^ J/f. We thus see timt whatever equality subsists between compounds of 

the accented letters y, /.•', etc., subsists between the smne compounds of the 
corresponding unaccented letters i,J, k, so that the multiplication tablc« of the 
two algebras aie the same.* Thus, what has been proved is that any BSioci> 
tivt' algebra can be put into relative form, i. r. (see my ftrochun Ontitied 
A hrii f Ih.yrrii.tiou of Uw Aigebm </ Bdaiiwt) that every such algebra may be 
represented by a matrix. 

Take, for example, the algebra It takes the relative form 

i = (/:ii) + (/:/) + (Z:Jr), j={J:A), 

k=(K:A) + {J:rj + r{L:I) + {I : K) + {M: K) + r(J : L) - (J : M)—t{L:M\, 
1={L:A) + (J-.K), m = {M : A) -\- {f - I) {J : I) - {L . K) — ^{J: M). 



' A bri«r proof of this thvorein, [wrhttim uwHrntiiklly the mmv ax the sbovo. wag pvUMlSd fay SMIb 
th« ProemeUmgt ^ Ih* Amtrieau Aemttm^ <4 ArU and Settnett, for lUy II. in& 
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This U the same as to my that the general expression xi ij + zJc + ui + vm 
ot this algebra has the aame laws of moIUplication as the matrix 

0, 0, 0, 0. 0, 0, 
». 0. 0, s, 0, 0, 

jf. 0, tt, n, —t—rv, 

s, 0, 0, 0. 0, 0, 
«, u, 0, X — o, 0, — IS 
V, 0, 0, s, 0, 0. 

Of coui'Vf. merv algebra may ho pnl into rflalivp form in an infinity of 
vi&yH ; aud simpler ways than that which Uie rule allurds can often he found. 
Thus, fbr flie above algebra, the form given in the Ibotpnote is simpler, and so is 
tlie IbUomng: 

k={D:A) + (E:B) + {0:B)+^{F B) + t{C : F), 

1:^{F.A) + (C.D). m = {E:A)-i-{t*-l)(CiB)-iJi:A)-(F:D)~(C:E). 

These different forms will siigtrosl traiisfonnutions of the algebra. Thus, the 
relative form in the foot-note to (l^li) «ugge»Us putting 

ij^^i + ffi, y, = r*y, =A+ f-'t-f r-'wi. fi=ztl+j, «t,= — m. 
when we get the following multiplication table, where f is put for r~' : 
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Ordinary algebra with imagioaries, considered as a double algebra, is, in 
relative form, 

l=(X:Jr) + (F: F), J = {Z: 7)-'(T:X). 

This shows how the operatioD J turns a reetor through a ri^t an^e in the 
phme of X, T. QnataniionB in rehttiTeform is 

1 = (TF: I7) + (.Y:A') + (F: F)+(Z:Z), 
; = : It') - ( ir .X)-\-{Z:Y) — {Y:Z). 
j = {^Y: W) -(^:A') -(IK: Y)+{X:Z), 
h={Z'.W) ^-{Y.X) -{X.Y)-{Wx2), 

We see tiiat we have Imtb a lefereBoe to a spaoe of fbur ifimennona c or re s 
ponding to X, 7, E, W. 

III. 

Om ihs AJ^itroB m wAwil Dm/nm «r UnandAgvom. 
Bt C. S. PiiBci. 

1 In I he Linear Ajmeialke Algdtra, the coefficienta are permitted to be 
imaginary. In this note they BTO restricted to being real. It is assumed that 
we bave to deal with au algebra such that from AB = AC we can infer that 
A = (i w B'ss O. It is required to find what forms sudi an algebra may take. 

2. If ^^ = 0, then either A = Oorfi = 0. For if not, il(7=:^(J} + (7), 
although A does not vanish and T' is unequal to Zf 4- C . 

3. The reasoning of § 40 holds, alUiough the coefficients are restricted to 
being real. It is true, then, that since there is no ezpresnon (in the 
algebra under consideration) whose square vanishes, there must be an ezpresaion, 
i, Buch that I* = I. 

4. By § 41, it appears that for eveiy expi-ession in the algebra we have 

iA-Ai = A. 

6. By the reasoning of §5S, it appears that for every expression A there n 
an equation of the form 

+ /.F = o. 

Hut / is virtually iirithiii(>tii'!il unity, sitire = ^-If = A ; atid \\\\» equation may 
be treated by the ordinary theory of equations. Suppose it has a real root, a; 
then it will be divinble by {A — u) , and calling the quotient B we shall have 

Vac IV, 
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But A — at is not zero, for A was supposed dissimilar to i . Henoe a product of 
finitet vtnuhes, whieb is impoflribto. Henoe the equation cnmot limve a reel 
root. But the wliole equation can be resolved into qnadrBttc fbcton, and aome 
one of theae must Taniah. Let the irreBoluble Taniehing ibdor be 

(il— •)»+^ = 0. 

Tlien 

or, every oxjiressioii. uijoii sMVitiai lioii of u re;il luuiilter (»'. «. a real nmltijilc of i), 
can be converted, in oue waj only, into a fjuantity whose ^-qua^e is a negative 
number. We may expretN this by saying that cvi i y ijuantity connats <tf a acalar 
and a rector part. A quanti^ wboee equare is a negative number we here call 
a veeUir, 

6. Our next step is to show tlui the vector part of the product of two 
vectors ia linearlj independent of theae veetoxs and of unity. That is, t and j 
being any two vecton,* if 

V = « + • 

where k i.s a scalar and « a vector, we cannot determine three real scakn 

a, h, c, such that 

o s a + M + 9*. 

THoB 18 proved, if we prove that iio scalar aubtraeted ftom v* leaves a remainder 

/*! + oj. If this be true when i and / are any unit vectors whatever, it is true 
when those are multiplied by real sralars, and so is true of everj pair of vectors. 
We will, then, suppose i &iidj to lie unit vectors. Now, 

If therefore we had 

we should have 

— »=»/» = (#/ -f bij — 0S=«6 — C + 6'i + (a + bc)j; 

whence, t and j being dissimilar, 
and 6 could not be reaL 

*Tbe idempotent bacw lutving been ■hmwn to ba avftfamtitieal 011%, wamfiw towfha WMvllB 
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7. Our next step is to show that, i aady being anj two vectors, and 

0'= « + e, 
« being a acalar and v a vector, we have 

ji — r(# — p) , 

where r is a real acalar. It will be obviously sufScient to prove this tor the case 
ID which i and / are unit vectors. Assuming them such, let us write 

w]mi« ^ and s^ are aoalars, while t/ and t/* are veotora. Then 

= (♦+•)(•'+ ef) si^+ /• + 1/*+ A 

But we have 

y.ji — yH = — ? = I . 

HenWi 

But v" is the vector of (V, so that by the last parBgrapib eodi an equation cumot 
subaist unlets ^ vanishes. Thus we get 

0 = 1 — ^— «/— i/e , 

or 

M/=l— s/— V— •'e. 

But a quantity can only be eepatated in one way into a scalar and a vector part ; 
10 that 

Tliatii, 

it = ^ Q.S,D, 

8. Our next step is to prove that « = so that if y = « + v then ji = 
« — V . It is obviously sufficient to prove this when i and / are unit veotors. Now 
from any quantity a scalar may be subtracted so as to leave a remainder whose 
square is a scalar. \V'- i" nnt yet know whether the sum <if two vectni-s is a 
vector or not (though wc do know that it is not a scalar). Let us then take such 
a sum as a» + ^' and suppose e to be tlie scalar which snbtneted from it makes 
the square of the remainder a acalar. Then, C being a scalar, 

(— « + «» + Vf=0. 
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But developiog the square we have 

{—x + ai + l9f = ^ — <;f — V + abt + M—iaxi + 3k9'+ab(l — jy^Oi 



ab(l — ^y = 0—a? + tf + lf—ab$ — aU + iam + 2bii9, 



vanish. Either then « = 0 or 1 — j = 0 . But if e = 0, i^ss $, and multiply- 



But V being the veetor of if, by the Iirt paragraph but cue the equation mnit 
vanish. ] 

ing into J, 

which is absurd, » and y being diflrimilMT. Hence 1 — ^ = Oand 

9. The number of independent vectors in the algelm cannot be two. For 

the vector of y is independent of » and j. There may be no vector, and in that 
case wc have the ordinarv algebra of rcalti ; or there imiy be only one vector, 
and in that ca^e we have the ordinary algebra of iiuagiuaries. 
Let i andy be two independent vectors sueh that 

»>■ = « + <". 

Let us substitute for j 

Then we have 

tt=»t = — ». 

A» ^j'lVi = — = * . ^1 = Vi = — », 

• ^» • • ■ • 4 . ■ 

w = *l>i = — A. «» = «i» = — J»»*=/i. 

Thus we have the algjsbra of real r/tiatt rniom. Suppo.se we have a fourth unit 
vector, k, linearly independent of all the others, and let us write 

Ai = »"+>. 

Let us substitute for k 

hi = ^i + ifJt + k, 

and -we get 
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Let us fbrthw rappow 
Then, beoROie » • veotor, 
But 

because both products are vectors. 

«"'+ «"'= V"— i/" 

or rf"= 0 . and the product of the two unit vecloi-s is » scalar. TheHC verfjoni 
cannot, then, be independent, or k cannot be independent of y = v. Thus it is 
proved that a fourth independent vector ie impossible, and tint ordinary real 
algebra, ordinary algebra with imaginarie?, and real quaternions are the only 
associati^'e algebras in which division by finitee always yields aa unambiguous 
quotient. 



On Tchebychef/'s Theory of the Totality of tfie Prime 
NumJberB comprised toithin given Limits, 

Bt J. J. SrLTMFIB. 



Tf it be admitted that I.egendre's approximate formula for the num- 
ber of prime aumbers inferior to a given number, which haa been con- 
firmed hj diieet aminMimtioii of lJ» BnmlMr of prime numbm flOBteined 
in tlie Bmt fow millioiMi, oan he extended to thoae remote regiona of num- 
ber whicli transcend the limits end ercn the possibilities of human experience, 
it will follow aa a consequence that the average density of the distribution of 
prime numbers in the neighborhood of a large quantity x approidmates to 
^ , and MHiaequently tibat flie number of prisMe iududed between » and 

(1 + f)z, or if w* like to say so, between x + A and (I + e)x + B, will be 
approximatoly equal to , and therefote will become iodellnitely great* 
howerar email e may be taken. Although there can hardly be a doubt that 

auch is the fact, no step had been taken previous to TchebjchefTs researches 
towards establishing this proposition demonstratively. Tchebycheff has suc- 
ceeded in proving it, not, it is true, in an absolute sense, but for all values 

of t esseeding tiw fraetion ^. He baa dime more, inaamuoh aa be haa. jpTen 

fbimulaa fbr actually aaeertaining a number a; for all valuea superior to wUdi 
thAre will be at laaat any apecified number JT of primes induded between »+A 

and (1 + B when t has- any positive value superior to -j-, and A and B 

are any quantities positive or negative. He may not perhaps have actually 
stated this proposition in so many words, but it is an immediate inference 
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from the limits (expressed in terms of x, and log x) which he hM 
obUin«d to the number of prime numbers not ezoeeding x. Tbe olgeet of 
what folknm u to make a little further advance in the same direction, and 

to show upon Tchebj'cheirs own principles that the proposition remains true 

when 1^ is conditioned no longer to be inferior to tlie fraction ^ , but to the 

fraotion ~ + jg^, eo that the ezeeaa above unity (the region eo to eay of 

darkness) is scarcely more than five-sixths of what it is for the first named fraotion. 
This conclusion is arrived at by aid exclusively of TchobychetFs own formulae. 

' TchebycheiTs method may be regarded as the Jirtt approximation to the 
inferior and luperior limita of a quantity 4» eulgect to the conditions 

where Fz = 4aB — ~'^To Serret's Goura d^AIgHin mipin- 

«un, 4th Ed., Yol. 2, pp. 230-233), and to the further conditions that 4« ie not 
leas than if z > j;', and that ^ = 0 when z < 1 . 

The liiiiits obtained for depend exclusively on these definitiona, and 
would be applicable to any function ^z whatever that satisfied them. 

The ad^ee made in this artaeb oonaistB in punning the approximation 
through an indefinite number of stope, 80 aa to bring the snperior and inferior 

limits to (J/jc continually nearer and nearer to each otlitM- ns rPL'ar'l? the /-rmcijMf 
term (a multiple of z) which enters into each of them : the remaining terms 
over and abovo Hub multiple of at in the expressions tar the limito always 
continne to be pontive integer powers of log and consequently the ratio ot 

the limits becomes as nearly as we plcfisc identical with the ratio of the principal 
terms (i. r. of their i-oefficients) when .r in taken sufficiently great: this ratio as 

given in the iirst approximation is ^ . hut as the approximation is continued 
contintiaiiy ronverees to but never reaches the fraction 4- + aA^a • 

9 404211 

Such, Hiui such only, is the small but not unimportant contribution here sup- 
plied to Tchebycheff's remarkable theory. As no allusion is made to the possibility 
of this oontvaetion of the limits in a work published so recently as 1879, by an 



f 
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author so competent as M. Serret, T presume that it has hitherto remained 
unnoticed ; but of this I cannot speak with certainty, inasmuch as it was enough 
for M. Serret's purpose to obtain for the ratio of the principal terms a number 
lesa than 2; tliat being suffident for the object he had in view, which was |o 
prove M. Rertrand's celebrated postulate that at least one prime number most 

be included ^for all values of x greater than between x and 2x — 2 . 

Although I might confine myself exclusively to the determination of the 
limits tu 4^ which Ouw trum tlie conditions above given, it is, I tliink, desirable 
to supply a brief summary of M. TehebyeheflPli method, so as to point out the 
connexion between the detetniavtimi of these limits and the limits to "the 
totality of the prime numbers comprised within a given range," In doing I 
shall adopt for the coDTenience of reference the notation which 1 tind in M. 
Serret's able exposition of the sut^ect {J^, «»/>., ToL 2, pp. 226-289). 

Ae stands for the sum of the logarithms of all the jwtms numben not 
exceeding sr. 

4i = ftr + ftrl + ftr» 4- frxl + fla-! + .... 

and, as a consequence founded on purely arithmetical considerations, Tx is 
the sum of the logarithms of f/// the numbers not exceeding x, and therefore, as 
an easy deduction from Stirling's theorem, it follows that for all values of x 
superior to unity, 

7!e<«logir.-ar+ ylojf aF+ (log 

7^r > ar log j- — x — ^ log x + log \/2s. • 

If then Fx (a notation not in Serret) be used to denote 

^where it should be noticed that 1 — ^ — \ ~\ "^W"^)' ^ 
can be found hi which « log « will not appear, and expressed solely in terms of 
s and log it may. in foct be shown that for all values of s superior to unity, 

rx>^(x--l)— |loga! 
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when ^ = log 2 + ^ log S + y log 6 — log 80s .92129202 . . . 
Th« liiiuti ifitually employed, however, are the slightly wider onei, 

Faf > j1« — ^ log X — I 

5 

'PSb< j1« + 2 ^"S 

If now we take an infinite Huccession of uunibers separable into batches of 
Bixteea, such ihai every (i + 1)"* butch may be got by adding SOt to each of the 
Dumbets In the first b«tdi, Aoae numbers being 

1, 6, 7, 10, 11, 12, 18. 15, 17, 18, 10, 20, 28, 24, 29, 80 

(where it is perhaps worth noticing that leaving out the Ia.st number 80, the 
remaining 15 consist of a middle term 15 and paire of numbers whoso sum is 
always 30, disposed symmetrically about that middle term), it will readily be 
.seen to follow from the expreasioo fat Tin terms of the 7*s and of 7* in terms 
of the i^n, that 







10 ^ ^ 11 18 ^ ^ 13 
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T IK j7 


^ 18 19 


-.•L-5- + J,-5 4,^ + J, 
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47 


^ 48 ' 




^ 60 J 
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just in the same way ss if supposing osb^^bc — 2ii> ' we shoold find ocs 

^ — yl' + i ^ —■4' ^ + 4' I . . . ; or a.s It' .siaijpoaing £Lr=^jr — ^i, ^ — ^ 

-a|,|weshouldandfLc = 4« + 4|-2*|+^5 2^ i2 + • • 

T9L.IV. 
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From the limiu to which Vx is subject ( Vx being now regarded as representing 
Uie Mriet of -4^ above written) limita can be found to -^o: of the fonn Ma + 
J2i(log x), nx-\- i2^(Iogx), where the R'a signify rational integer forms of funo- 

tUML In the first approximation, for the inferior and superior limits respectively, « 
m ssii , n s6 -— ; ^ is a linear and a quadratic form tA function. In the j 

approximation of the i""" order m and n will hcoomc functions of t, and Ri, 
will be of the i** and (i + 1 (jrders renpectively in log x. 

Hm limits of being supposed tu be given (say ^'x the eupNior and 
the inforior limit), i^s will aerve as a superior and if^as— as an inforitw 

limit to (?jr. But insti-ud of ^'x we may use (although not at all necessary for 
the object in view) the slightly cbjser limit ij/x — which is what M. Serret 
employs, and equally instead of -^^x — i^'x\ we might use the slightly closer 
limit ! 

which, probably as leading to calculations needlessly complicated (as regards the 

objrnt in view), M. Serret does not employ. In any rafle, following the same* ' 
notation before to distin^uii^h the two limits, we shall obtain 

ffx = tu + /'(j-i , log x) 
^Bims-f f*( . . . , log*),. 

where F, F' are rational integer forms of function, and the dots in the F mnj 
be filled in either with xi or with xl , , xl , ; and we shall have 

0'ar = iix(l + O flrr = iiix(H-,.), 
where s, and 9. vanish when r = oo . 

To come to our ultimate object, it is obvious that the number of primes 
btftwi'eii s unci (l+p)j- will be greater than [<'i(l+p)x — 6''jr] log x. 

Tt will therefore be crcuter llu»n - ■* where A, = (.) when j-=oo . 

Hence we may fuid a value of x so great that the number of primes shall be at 
leaat K by finding a number m sulBoiently large to make 0i(l + p)» — 9m 
— (JT— 1) loga >0, which it must always be poesable to do provided that 

m (1 + p) > R , t. e. that p > ( 0- Henoe the importance of diminiahing < 
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what I call the ajiyiiiptoiic ratio , t. e. the ratio of the coeffirients in the pria* 

cipal tarms of the superior and inferior limit to i^r. That is what I shall now 
procccfl to arromplish, bnt first it is necessary to establish a certain easy lemma. 

T 

Suppose the equation fx — / — = Ax' is to be satisfied ; this can be done by 

wnHng/kssA^j^H^x, aad in particular if m = l,tlie <m\j ease that the 

present theory demanda^/cB^^ilar. Again if the equation /k—/~ = 
P (log 18 to be aatiafied, this may be done by making fit — P^ (log ^Y** + 

Pi(logx)"+ P, (log x)*"' + . . . +P. logx, for since lug ^ = (logx — logc), 
fr — /' will then oliviously beooine a function of log a- of the ju"" order, which 

may be ideutiQed with P (log x)" by properly aasigning the values of the {jt 
diapoeabte constants P«, P,, P,, . . . P^. In fact the equation mif^t eapily- 
(if it were worth while to do so) be turned into an equation of differences, and 

the general values of the P's be expressed once for all in terms of Bernoulli's 
numbers for any value of ^ . Hence it follows that the equation 

A— /4=ifo + Vlog«, 

where is a rational integer form of function of the order, may be satisfied 
by naldng 

A=,_l, Vjr + log«. 

where tlie second term on the right hand side of the equation is a known Amction 
of log X of the {(t + ly* order. 

Suppose now that the inequality ^.x — ■^'^ <:i Nx U_ logr, where c > ] , is 

given, and it is desired to extract from this inequality an inferior limit toi^x. It 

is only necessary to get a solution of the equation /x — /-^ = .^x + iJ, log ac. 

*Th«nMder-«altaatiimis«aItadtatteteottha»JU Is wtdlhwi^^Brt a /n-nfj^nnffca, 

■ad not, Uk« P* , a mfftbrnt 
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We itnll tlwD hmvm 

<.-+:<A-/'. 

+ :-*;</:-/; 



ud eoDMqiMDtljr /^>il«~V'^- 

ir then V be MippriMtd to tie token imdi that ^ , fiu z, liea between U end 1 , w« 
iihall have 

nn4>& foHiari ^ H, + , log s (if N Vie |>«citivf.-, aH Ih the roue throughout the 
jifKfrif inv<"-1it':iti<.ii I w\ti-rf' the ri^fht hari<l ^i'l<i of the inequality i« a known 
ratioiiai iittegt^r fijuction of log z. If then J/ be a nuin(M.*r Icfw than the leaet 
▼•liM that A.^if can aararoe between the limita f = 0 , ^ = — log e, we ahall 
Imvc <■ /r — i/, aii'l an inforior limit will have been obtained to yl^j- . 

Ill I Ik- fir^t a|>|iroxiniation (^rret, p. 234), where ^ 1 andc = 6, 

i^ = ^j^^^* + 4 the minimum vaJae of which te got bj taking Sfss — log 6 

or £ = — log (wlii' b happens to lie between the limiteof log 1 and — log6) 

end gives as ^, so that^a^O^-f The aetoal valoe em- 

ploye'l for the superior limit, as sufficiently near and more oonrenient for 

use, \n /x + ] . 

tS<i in ttiti general ouMe wc ehall liave/x — > J/ where JU ih any number 
leas than the leaat value of Ri+iS for values of ^ lying between 0 and — logc. 
It may or may not be the absolute minimum of Jtt^.,c tlint has to be taken 
Wfor'lirig ill th<' valiii; of f wliich gives thin absolute niinitiiiitn (hwH or doef not 
lie bolwecn 0 and — log c In the latter ca«c it may be eitlier some other 
nmimum, or one of the values of 72,^,^ corresponding to the eactreme vduee 
I a: 0 and £ s — log 0, which might be found hy trial. But a method praeti* 
enlly better and sufficient for the demands made hy the present investagstton, 
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would be to substitute zero in place of any term in the function of £ of the form 
+ JTg^ or — Jrp"+' , and fbr aoytonn of th* form — JT?" or + ITP**' to 
nibtdtute Jr()og «)*" and — ir(log c)*" + ' respectively. 

For instance, in the case just considered we might have written M = 

— log 6 , and the superior limit instead of being fie+l would have been 

ySv + log 6, whidi would pnetioelly have been just as good, ^th a view to a 
remaric wbidli will subsequently be made it is well to notioe that the inequaHtjr 

C 

may also be solved precisely in the same manner, and will give for an inferior 
limit to ^ (using fie to signify the very same flmetion as befbre) fie— Mi, where 
(iV being supposed positive) iV, = — A'' log c+ any quantity not lesa than the 
greatest vahio of a known rational inl«ger ftmction of a variable conditioned to 
lie between 0 and — log c, which may either be fuuud by an exact algebraical 
prooeas or by aubatitating 0 in thoae two oases where previously — Vage, and 

— log e in those other two eases where previously 0 was to be substituted for 
the variable. 

The lemma needful for our piu'posos mav nrav aocordinglv he stated in the 

following terms : 1/ "^x — >^ — tA htm or grmttr than Nx + a given ratxomd irittyer 

c 

ftmciion of loij x of nn;/ fjivm order, is less or greater than — ^ Nx + a known 

c — 1 

(and easily determinable) rational integer fimetion of log « of the order next 

superior. 

If the coefficients of x in the superior and inferior limit to at any stage 
of the investigation be called u and v, I shall show tbatthese values will serve to 
give (step by step) other superior and inferior limits where u and v are replaced 

by quantities uf, r*, such that i/ <«,»/> p; m', t/ being known linear functions of 
u, r. We shall thus be led to a system uf two pimultaiieous linear equations of 
differences in order to obtain the elTect of those changes repeated any number, 
finite or infinite, of times: but fbr greater clearness I shall begin with supposing 
that one of the two expressions u , » , viz. v (which undergoes far less modification 
than the other) is kept coniOtant. There will then result a single scheme of 
Bucceesive substitutions leading to the construction of a single linear equation in 
diiforenoaa. 
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X 



The first step will then l>e ar followfi : 

~ ^ 6 < ^« + ^ log «— ^ + 4^ 

<^ + • + , 4, ,'„)•+ 1 log 

or writing 

Xss log 6, ^ = Iog7, fsloglO, 

Henoe ix<'^^AT+P (log x)« + Q(log + &— Jf, 

where lirst to iintl P, Q, R, we have the three equations 

-8W + 2«* = ^-| 

"^"12/" 4>1 4?' "~ 12^4 'Zi^^;? 2>!^i- 

Hero F u poaitive ; Q, whose aign depeode on that of 8 — • ^ poiitivt ; 

s 8.S3333 . . + .10160 . . — 2.1570 . . — 1.25 
= 8.48498 . . — 8.4070 . . . whieh ii dio poBtiTO. 

Heoos we may make 

- = 1 + '\ - '-^''-p^ + ^ = 1.2947. 

4 8 44 

It is quite jui^Kililc, and even most likely, that the minimum of PX* — QSk* 
+ (within the prcHcribed hmits) would be found to exceed — 1 were it worth 
while to go through the arithmetical calculations neceewry to obtain it, but it is 
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quite aufficiently near for all practical purposes to use the value above determined, 
or even to take — Mm great aa 2 and to adopt for our new superior Umit 

■^Ax + P (log x)' + Q (log a-)' + R lug x + 2 . 

In like mauuer this new limit will enable ua to find another, and it is obvious 
tlMt ibe gnaenl fern of the limit obtained after i of thew atefie beve been gone 
diroiighiviUbei(|^4- J2i+|log«, wbere 

Patting 



■nd making 
we have 



22,__36 jL 90 



+77- 



90 

The ultimata value of «, is therefore , and aooordingly, by repeating the 
process indicated a sufficient number of times, we ^hnll have for a superior limit 

— Ax + Ri + x log X , where may bo iiuidf as small as we please liy taking 

i Buniriently great, and thiu the ultimate asymptotic ratio of the two limits is 

90 . , ' 6 

instead of i • 
77 5 

Another mode of approximation may be used, as shown in wliat follows. 
Sinoe 

if we have found 

i)<e<«i^ + Ai^., log» 

we shaUhave 

lk— 4|5<-da» + f<iiJ — BI^, logtr, 
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and therefore 

4(B < 4. , js + js^ ^ , log «. 




where 

„ 27 20 _ 90 
22 ' 21 ~ 77 ■ 

Thus A' = /< and coiiHorpu'titly iiLso. if we suppose each of the two sorts of 
tpprozimatioD to start frum die Maiue point, K = C. 

Hence tbe althmte value of «i and is the eaaie, but the former method of 
approximatioD is to he pKibnred,ae the same number of atepe, i«. the aame TafaM 

of t , makea G + A alwayi > 0 + A. The oorraqxmding ▼afaus itf 

«!, i4 have the same mitial and linal values, but fi»r every intermediate value 

of », M( <C "<■ In fact , u\ are ordiniites to the saiiie abscissa of two non- 
intersectiiiK <'urve», having a common starting point, and a common asymptote. 

The maximum value of 1/, — u, ifl found by making — " maxi- 

mum, which takes place when » is the integer nest above or next below the 
value 

1^1 » I I 27 
Wt log -5— log Jog -5 

26 27 ' ^^^^ *■ ob'ioudy kss than unity. 

'"8 3 - T 

Ilence after the fini approzimi^n u, and are always drawing doasr 

together. 

We may now proceed to the more (but only very slightly more) advents 

geous method of approximation, viz. that in which the principal terms in both 
limits arc Hiiniiltuneously varied, derTea^sing as before in the superior, and now 
at the same time increasing in the inferior limit. 
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Suppose then that we have foand 

■^I < M, ylx + i?, + , log S 

4« > fi il« + log «; 
obMiring that S| ~~ ^ ^ poeitive, we shall eoceeed in inereating the 

principal term of the inferior limit by writing > ilz + — U| 

+ i^i ^. « lug z, and slightly more than previously diminishing tlic iirincipal term in 
the superior limit by writing^ — V'g < ^ — + ^^« + » ^"S'- 

We shall thus easily derive 



where 



i^-J: > J-i+i ^ + lt,+ t log « 
•4* < -At + J?4+, log as 



or, making = +/, + 

r;+, 



1,1, 

24''' 2^^ '' 



3 



(J , 3 
36 + 



0 

0. 



'i.'5 I 



6 22 _ 6 
36 •'^"^26^" 



So that calling p, , the roots of 



5 • 

1 1 

fa* 20 

1 . _ 

35' 25 



= 0 



The equation for linding fi, pt 'ia 

97 37 
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wlienoe 

p,s.l67268... = . 006687... 

Also the equatioDs in e , / give e, / (the valum of as follows : 

_ 69596 61072 
*~fib9M '~60M» 

If (here irara any hm in obtaining tlM values of tlw disposable constants 
tbey could of course be obtained fWun the equations 

Ci+Q + s = «^ = | Ci,», + C, p. + « = «!= 

a; + a- +/= = 1 c[ px + c, + /= r, = ^ 

The asjrraptotic ratio of tho two iiinit8 is 

e_ _ 5t)5»5 _6 _11_ 
/ ~ 81072 ~ 7 61072 

Various other modes of approximation may be adopted, but it will be 
found tbat no amaUer value can be obtained for the asymptotic ratio than that 

above given: the value of cannot be made leas than nor the value of 

, 61072 

r. greater than ^.jj,^. 

Thus ex. yr. making me of the inequality 

'i^ — -4'^>Ax — ^'j-j-'^^ — ^^ + Ji (log ar), 
we mig^t by the lemma obtain 

and consequently 

combining which with the previous equation for v,^i we should have for 
liudiug u^, say t', /' the two equations. 

86^ T 2B' 6 
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snd oooaequently 

331 90.5 _ 2a4-l >4 

~ 281029 — 'JH-mit ' 

Beduoed to decimals 

e = 1.16855... /s 1.00148... 

1.16856... /ar 1.00125... 

It my be noticed that t-A = 1.006774 . . , /il = .992019 . . of which the 
sum is nearly 1.999394, and their mean nearly J99697t wliensB tlie 

mean of A and (the original ooefficienta of oc in tin limits) is nearly 1.01842. 

Thnsthe new mean is more tliun 4 \ times nearer than the latter tO the true 
Mymptotic value deducihle I'ruin t)ie empirical i'urmula. 

Were it desired merely to find tnuperior and inferior ltmii0to'4« ^ form 
obtained in Tcheli|ydieff*8 method, it would (as already indicated) have been 

edBdent to have .taken for 7ae, 2b— 27|, which would have led to the in« 

equalities 

> (log 2) x+ III log J- 
^ < 2(log 2) a; + ii, log « 

hut the aspiiptotic ratio heing Iktc 2, thoso llii;ils ootild rot hare conducted 
to a proof of M. Hortrand s po.'-tnlatc. If, however, we were to take = 

2k— T^— T^—T^- we should obtain 

31 o O 

Vx > lix + log X 
Vx<Bx + Itilogx 

where 

= ^ log 2 + 1 log 8 + j log 6 = 1.01U043 

and 

F«=^* + 4|-24^ + +J+ii^-24-^^ + ..., 
when we should obtain 

4«~4|-<ite + Ji;iog» 
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and agun 

^>£(l-^)x+/lt.log« 

90 

Hera tbe aqmptotte ratio of the two limitB is j^, which bdag lev than 2, 

the formulae above mdicated would auffiee to ptove If. Bertrand'i poatak.te, and 

would lead to an er|iiation ?«nmewhat J<ini[ilf'r in form lliaii t!i:i( led to by 
M. Tchebycbeff 't proce^ but wboae greatest root would be cuiuiderabljr burger 
than that (bund bj the eatablished method | to that there would be a burger 
number of Terifications of (he poetolate to be nuide for the lower numbers: 
this, however, Is ifMlly a niattor of very (riflintr imiioHanfO. ax the needful 
Teriflcatioiu could be made even up to 10U,UU0 if ucceasar^, by throwing a 
rapid glance over a ftw teavis of Burekhardt'e tables. 

It IB noticeable that the limits above found bj giving Vk the form 
7b — 2 7^ are the onJy limits that cm be got in such case ; no proceas of sno- 
ccflsive approximation being here possible, on account of the too close conti* 

guity of the Kiicreiwive denominators in -^x — + . . . 

.Siuli, however, would not be the ease were we to use Vx to signifjr 
Tjc — 7"^ — — '"'•^ consequently 

Far = *r + * J— 2V. J + 4f + - a*iL + 4i . . . 

The limits esfvessed by the inequalities 

4«< Ml B»-^ ... 
4« > fi Bx-^ ... 

would lead to the narrower limits 

■i'X < + i tix + ... 
'<«>f« + i Bx-\r ... 

where 
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that is to say 

"' + '10+36 T-"' 

H«Doe, using M iMfbM «! /to in^cate tke idtimto valvt of Vo ^ 
•bottld Yuen 

21f + 4/— 28 = 0 , 
96e + 27A/"— 330 = 0. 



tod Qonsequently 

and 



_«M0 4^ 
*^6891' •'~'68M' 



e. _ G3X0 _ 3 1 
7 ~ 4242 ~ 2^ 249iV 



which is the ultimate value of the asjmptotio nJHo, of which the initial value 
30 

wee n , that could be found by this method. 

In every such kind of stcrics as I have denoted by Tx , it is obvious that 
the sum of tlie multiples of x under the sign of 4' in ^'•r equal to the 
coeflii ient of x in either limit to 1 x. Thus fx. gr. in TchcbyrhefFs series, if we 

take n a multiple of 30, and make iS, = 1 + 4- + -l" + • • + <he sum of 
*» ternw of + + . , 

L/^_JL_ + _L_ +1V 

aO\Aa+l^*ii+S' • »/' 
•nd the multiplier of 8^ being always 0, it followa that the sum of an infinite 
number of the eonaeeutive temu = ^ log 2 + ~ log 3 + ^ log 5 — log 30 
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It nmy not unreMoiiablj be eonjeetared tluit whtbt nothing 

done with th«; Tchebjrcbcffian Vx, it may be powtble to find such other form of 
function in lien of it, or such infinite <!nf 'f««ion of difforent forma of function, as 
oiay either directly or by liUccc-iMive a|j]>roxiinatioa bring the coefficieaU of x in 
the two limitfl nenr m we pleaae to one another, nt the ezpenae, of oonrM, of 
projiorlioiiftlly I<!n^Ii(-ning out the residucfi, or tails as thej might T»c Ifrtued, of 
the two liniitM. Could thin )»: douc, it i^ «a-y to fiomonstrat*? that tho limit 
thiu continually ajiproachcd from opponiie ttides Uiu^t be unity, as indicated 
in ndvinoe by Legendre'a empirical formula. For thU purpoie it will he lofli* 

dent to nee the nmplett form of Vz, vix. Tic — 27^, whence we obtain 

* j + * J > log 2 . X (1 

< log 2. «(!+«.) 

'•I Vm iMing known logarithmie quantities whidi Tanish when «sao . 
For nippoM it poinUe to prove that 

*i»>e(l-»)«+«r 
*r<g(l+*)se+-FSr 

where , may be made as email aawe pleaw betaking m aulBeiently laige, 

(I mean by takbg m grMter than some certain value • Then 

(l + f.)log2.«<4*-^^+^f 

Let £ l>c taken so great that for all values of x greater than-^, — shall 

be lew in absolute numerical value than -—^ where 1; is an aiiUrarg positive 
quantity: then, if we take 0 >£,.the sum of the absolute values of A, 
■f'l I ....... , is less than luf and h fntiori 
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Therefore 

Q(l + A)log2.a!>(l + 01og2.a: — is. 

Henoe, Q being greater then i^'^ — ^ * and being all 

three capable of beoomiog indefinitely small, 1 — Q cannot be a finite positive 
quantity ; which amonntB to laying that 1 — Q cannot be poaitiTe. 

In precisely the Muae manner, dealing with the other limit to Vk and stop* 

ping in its development at the term 4 2^^^ ^instead of sloping at the term 

— "^^m) ^ ^ pI^>ved that \ — Q cannot be negative. Hence 1 — ^mwt 

be aero, i.e. Q = 1 . Q. RD. 

We have thus determined what is the common limit to whidi the principal 

term in the superior and in the inferior limit of ij/jr are bound to approximate, 
on the supposition of the p()>si)i:]ity of furmulue being discoverable admitting of 
the interval between these pi mei^jal terms being capable of being made as small 
■8 we please. But to pnuMMmee with certainty uptm the existence of sucb 
poSMbility, we shall proluiMy have to wait until some one is born into the 
world as far surpaiwing TchebychetT in insight and penetration as TchebychefT 
has proved himself superior in these qualities to tlie ordinary run of mankind. 
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The Tiiblo, commenritif^ \: l>: <■. />»; f/, //r, is in fact a Partition 

Table, viz. con^ideriug the lettera b, c, d, . . . ae denoting 1, 2, 8, . . . respectively, 
it w 1* ; 1 ; 2, 11 ; 8, 12, 111 ; ...» table of the {NurtitioiM of the numbers 0, 1, 
8, 8 ... , expressed however in the literal form, in order to its giving the Utetal 
terms which enter into the cocffirionts of nny povariant of a hiimrv (|uan(ic. 
The table ought to have been made and published many years ago, before the 
calcttlation of the oovmrianta of the quintie ; and the present publication of it 
is, in some measure, un anachronism : but I in fact felt the need of it in some 
calculations in regard to the scxtic; and I think the table may Ik.* fnund iL^efiil 
OD other occasions. I have contented myself with calculating the table up to 
•B 18, that ii, ao aa to indude m it all the partitiooa of 18: it would, I think, 
be dMirable to extend it Anther, aaj to a= 26 ; or even beyond this point, hut 
perhaps without introducing any new Icttcix. (that is, ao as to give for the higher 
numbers only the pturtitions with a largest put t not exceeding 26): the question 
of the qiaoe whidi socfa a table would occupy will be considered preanatly. 

As to the employment of the table, obaerve that in a)>plyiDg it to the case 
of a qiiantic (« , A, r, f/y.r . ;/)', t)ic term-* containing the letters r, /, etc., pos- 
terior to the last coeilicieut d of the quaiiticare to be disregarded; and that the 
terms are to be rendered homogeneous by the introduction of the proper power 
of the first coefficient a , rejecting any term for which the exponent of a 
would be negative (or what is the same thing, any term of too high a degree in 
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the cooiBcienis b, d) ; thus, I'ur the cubicuvuriuiit, where the ooefficiento an 
of ths dsgree 8, and of the weights S. 4, 5, 6 reepeotiTely, from the portion of 

we at onee copy out the tmrma 

({*(/ fiM iiffl ftfi* 
abc 1 ac* , b*d , bed 

which eompoee the ooeffidente in qneetioo. 



ka regards the formation of the table, this ia at onee eflbeted, and the boo> 

cesfiivo icnns are obtained currenJUs ca/limo. by ArbogMt's rule of the last and 
the last Imt one: observing that each lorm is to be repirded as containing im- 
plicitly a power of a , so that operating on any term such a« b* , the operation 
on the last letter gives Ve, and that on the last but one letter gives fi*. There 
is little risk of error except in the atu-ldental omissiuti of a term ; but of course 
anyone omission would occasion thf mnissiou of all the subsequent terms deriv- 
able from the omitted term, and would so be fatal : to remove this source of 
enor, obsem that for the suooemive numbers 0, 1. 3» 8, ete.» the number of par* 
titions should be 

0 12 3 4 5 6 7 8 9 10 11 12 13 1-1 15 16 17 1« . . . 

1 1 2ir5~7 11 15 2'r;;n 12 F,*; 77 101 IHA 176 2.'n 207 .Wo... 

and we can thus, for each partible number successively, verify that the right 
number of partitions has been obtained. 

But as the number of partitions beonnea larj^, a ftirther control is conve- 
nient) and even necessary — say we have the ITfj partitions of 15, we Itiive by 
the rule to derive thence the 231 partitions of Iti, and it is not until the whole 
of this derivation is gone through, that we oould by counting the number of the 
new terms ascertain that the right number of 281 terms has been obtained. To 
break up the verification, it is convenient to know that for the partitions of 16 
into 1 part, 2 parts, 3 parts, 4 parts, etc., the numbers of partitions arc 1, 8, 21, 
34, etc., respectively : we can then as soon as the derivations giving the partitions 
Vat. nr. 



Oe table 

♦ / 'J 

be bd be b/ 

V if ei ce 

1^ h<f 
Ve bed 
y <^ 
Ml 
etc 
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into 1 part, 2 part*, 8 paila, etc., respectivelj, hare been perfbnned, verify tlmt 
the ri^t numbers 1, 8, 21, 84, etc., of term* bave been obtained. The numben 
are contained in the following table, earh column of which \s calculated from 
the preceding columns according to a rule which is easily obtained, and which 
ia itnlf verifiecl by the oondition that the sums of the nvmbere in the several 
oohuina give the before mentioned aeries <^ numbers 1, 1, 2, 8, 6, 7, etc. 



No. of 
ParU. 


u 


1 


a 


s 


4 


s 


Partibui Ntnan. 
« 7 8 » 10 11 


18 


18 


14 


lA 


16 


17 


18 


1 


1 


1 


I 


I 


1 


I 


I 1 


1 


1 


1 


1 


1 


1 


1 


' 


1 


1 


1 


t 






1 


1 


8 


2 


S 3 


4 


4 


5 


S 


• 


e 


7 


7 


0 


8 


• 


3 








1 


1 


8 


8 4 


S 


7 


8 


10 


IS 




14 


16 


19 


21 


84 


27 


4 










1 


1 




s 


a 


9 


11 


15 


18 


aa 


afT 


St 


aa 


47 


S 






■ 1 






1 


1 8 




9 


a 


7 


10 


IS 


18 


aa 


ao 




47 


87 


6 














1 1 


8 




a 


S 


7 


11 


14 


!0 


3« 


83 


44 


38 


7 














i1 






8 


8 


6 


7 


11 


IB 


81 


ae 


88 


4S 


B 




~\ 














t 


1 


8 


S 


a 


7 


11 


15 


ss 




28 


40 


0 
















1 


1 


a 


a 


5 


7 


11 


15 




80 


10 










1 











1 


I 


a 


a 


S 


7 


11 


15 


88 


11 
























1 


a 


8 


6 


7 


11 


15 


13 








-1 


r 








"1 






1 


1 


s 


8 


S 


1 


u 


18 








-1 


1 — 1 







- 










1 


1 


8 


« 


• 


» 


U 



















1 








1 


1 


9 


8 


a 


11 

















' 








1 


1 


1 


8 


8 


M 













' — 1 








1 — 




M 








1 


a 


17 
















1 












I 


1 


18 








t ■ t f ■ 1 




















I 




37 


1 


2 


8 


s 


7_ 


n j5 


2a 


SO 


42 




n 


loi 


185 


176" 


881 


897 


"i85 



The practical rule fur tlie cun»truction of the table thus ie : — On a sheet of 
paper mled in squares, and which b read as a continuous column from the bot* 

torn of one column to the top of the next column, form the terms by Arbogast's 
method as already explained ; writing down in pencil a baloh of terms, and rount- 
ing them to see' that the right number has been obtained, then, at the same time 
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veriiying the dsri^mtioiii!, nwrk theie over in ink; and ao on with another batch 
of terms, until tlie iriiole number of the partitiona of any partioular number ia 

obtained. 

The foregoing series 1, 1, 2, 3, . . . 385, for the number of the partitiona of 
the racoeniTe numbera 0, 1, 2, 8 ... 18 ia carried by Baler up to the number of 

partitions of 6ft, as 831820, nee the paper De Partitime Nnmerorum, Op. Arith. 
Coll. I., bottom line of the table pp. 97 101 ; ilu- continuation flrom the number 

385 and for the partible numbers 19 to 80 in a.** follows; 

19 20 21 22 23 24 2fi 28 27 28 29 30 
480 •27 792 1008 125B 107S 1SM» 3486 3010 3718 46M 8404' 

the whole number of terma 1, 1, . . . 6604 amounte to 28629, wUdi at the rate 
of 500 to a page would oooupy somewhat under 60 pagaa; or, at the rate here 
employed of 369 to a page, aomewhat under 78 pagBa. 
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If 12 


12 


12 . :? 


13 


!3 . 14 


14 


14 


14 
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fx 
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14. 15 


'5 


1 

•5 


>5 


15 . 16 


16 


16 
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10 
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Note on Ban9en*9 General Formulae for 
JPerturbatione. 



lir C, W Uu.u. 



The lit-tt furm in wliich FlAVrJEV *»xprp«HGfl the pertur^iatioiis of the mean 
anomalj and equated radios^ vet-ior is exhibite'l \>y the following equatioiu : 

(Equations 36 and 37, p. 97.)* 

It will be peroeived that the right'haad member of the fint of theae in- 

▼ohres three quaotities, ▼!& W, v and , But the last of theee quantitieB 

has no share in defining the position of the body, and it is desirable to get rid 
of it. provided that can be done without complirating the equation. This is 
readily acromplinhed by means of the equation (33, p. 95) 

dz 

"S ~ k{l + yf ■ 

The result is 

/W + 1.' 
1 _ rj "^^ ■ 

Why IIavskn has not put the equation in form I rannot imagine; the 
advantage, not only as regards simplicity of expression, but aUo in point of ease 
of eomputaUon, is evident. 

' Hiia Atittrinitwirrtctcuity ciner ZHVcA/iKUittyi M' tim'lr zur B*rf chnuHgdrrnbtolutcn SI'iruuiji-n tier 
klanen I'tiuirlnx. Vmi /'. .!. Iltuuteu. Eratr .V/h'tniUintij. \ Abhrmtllinujen tier KiinujlicJicn .S'l uAtuAcn 
0*mU»6ka/i iler IVincnictutftm. Baud UI.) The nuiuberiog of U>e equaitions and the pagiiig are from 
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riAN.^Kv develops IT by Tavt-or's theorem, and, limiting ourselves to the 

second power of (he distiirhinf;; force, we have 

When this value is substituted for W in the oqu; li n: for rt^, we have a 
(liHerential (H|uatinn of tlio fii\-,t order and degree for thi? lietorniiiiation of iSz, 
the integral of which is well known. Terius of three diuieaaions with respect 
to distarlHDg forces being neglected, this procednre ftimishes the equation 

which, however, is without interest other than unalytioal, MB it* Use invol¥es 
more lalior than tlial of the ecpiation f^iveu hy Hansen', 

IIansiiIn'h equation for the determination of v has the disadvantage of not 
affording the oonstaat term of this quantity, and is inoonTentent in computing 
the porUon, of the Ibrm 

At-ir Bi'{- Oe^ 

which IB indoiirnilont of the arguments 7, if , kr.. as Iho values of A . B , A'c, 
must be detcrmiucd to a degree of accuracy much beyoud what is necessary in 
the case of the other termsi. Ae aU the* arhitraiy eonataats admissible have 
been introdueed by the integrations wliich give s, it is evident there nurt extat 

ane<|Uation deteniiining r without adtlitional integrations. IIan'sen' ha.>< virttnilly 
employed this in the place where ht; shows how the constant term of v is to be 
obtained, but has nowhere givcii it explicitly. This lacuna 1 jiropcwe to 111 here. 
The equation 89, pi. 97, 

mav be employed to discover the value of The known expressiona for 

s» 

— cos«» and ^ain »are 
a. «, 

J ooe y = — J* + {^^ — J cos y + J (^^< — J cos 2y + . . . , 
^ sin tt = («'r + •'?*)sin y + \ (•^'' + ) sin 2y + . . .. 

VnulV. 
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555% Hnx; Stdf! *M iltttunti O^ntfJ Fitmtlm /ftf P»^f* tt*/ttyinM. 

wttf.rt Hiivtlw'H n'»*A»;ofi f<tr tK« Bca-kma.v fijn'ri->:i L* ttui'.or^.i. ar.d th<» a iV 
i^pt Mr*', wh^'::}! pr'tjitsrlv \^jtuii» *ji t. b>. for corir«bi«itce io vri*.:!«;r: oi3::r*.«<L 

fn Pi •> rr.'-.fioif*, whftre th** m^ri anomalr i« employ*--? :t- ! 
Vawau,*:, ffA.v-'K'f 'Vt^.'^' to '/.r.'ip'iV: ',r.!r fh^ (/tir?-- of H', h jr*f ii. i'if^D'ient 
of y or whi';h hav<: ^ y in t}i<:ir Arj au'tu'f ; tJtal i.-. liift paTuS which have the 
frtm 

X. if .V, <■'.» y + JT, ain y . 
-^1 ''-'I'' iii'J'Jji'rfi'l'jril of y, 

1 1 will itK emiily per'«ive«] tlitit. if we put 

/* being tbtM s ojtMtotit, the three fir»t tenus of H*^ must have the ralue 

h I,, 



2 



In v\i'in equation we mkj sutjMtitule fur ^ iu value ubtained from equstioD 
83, Slid lhu« we nbtiun 

ThiM equation, when ''^^''>i knuwn, given i without addiiinnal integratioiu. 

To J>iil if iiil'i .1 t'oi in -iniuMi- for rom|intaliiiii, a'M t<i iM.-d inoniher fiuch a 
qiiantily an will inukc llio (iir«t uqual to — tii', liieu dividing bolb meinbera by 
' A we ftfii 

TtuH equation in rigoroiix. If wc may rcHtrict ourselves to terms of the 
llntl onlor with roM|tocl to disturbing forcett, it rcflm-i's to 
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or, if terms of the second order must b<? imludod. to 

V = - \ix. + px.] - i + ; ['^ + i .]'+ : v. 

The fiui<-ti(>i. luiually tabulated is com. lo^ (1 + v\ ; and wo have com. log 

(1 + ,) = * I - i [ + M.] - i + 1 [^^" + + 1^ [ , * beta, 

the modoliu of common logarithms. 

These equations aie as readily used as those ^ven by Hansen, and are flree 
from the dixudvaateges, previously mentioued, which b«.'h)ii.!; to the hitter. All 
the quantities involved, except ^V, , have alreiidy been obtained in the <-<)inpu- 
tation of h». Also Xy is rea^lily got by putting ^ = 0 in the termtiof \\\ which 
involve this quantity, and summing two and two together the terms which 
result. 

WtfRonmN, IK 0.. Dtemhir 17, IMl. 



wk^ff I" '/f fh'T <■* 'I'-jrf*-*! nr./l 2*** or'J'rr. 

",'>. i > "1*1 = 

/,r whi'li, wKi-ii /' 0, 111'- •■'>liji i'lfi I- >/, = /I'x'. .1 a Vrf-ir ;f ?<«irh arV'itrary. 

I»<»l f<«f /' iii/i M-r" IK f xiiri"f ii iiy «, t (Aa' -h with the wjiidilioiw 

wl.i'li a'llMtiofi nn m titnhf iliitum I may remark may easily he converted into 
Ml" «i«ri|il«<r Mfid morn f %\A\ni furtn 

(Mil + /'ffiii « + ' = 0 

w(i«<r« a , // Mtii arlHlmry miwUintA 
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If wc proceed now to verily llie solution in its original form, we tfhall 
immediately be led to perceive « eertahi genenUxodon which the given equa- 
tion may be made to undergo witlioat eewring to be soluble— the solution how- 
ever becoming nnrrowcH from a general to a epedal one : whether particular or 

Kiugnlar I shall not discnsn. 

If wc write = Aa' + ^^.'^'i the detonniinint liccoines 



which is equal to ili^a — iiy(<J^i)'i this is the verification spoken of: but, as 
a coneequenoe, it is apparent that we miiet have 



+ B^'** Aa'+* + Bti'+* 



Y)W + OA{y-ay{yar 



Hence we can solve the equation 



via. we may write 



AB{a 
thatutoaay 



where 



u^ + Aa.' + Bii'+(Y = 0, 

R, BO{fi—yy=P, OAiy—ay=Q, 




or calliug 



G {n — m)n 



_ O (/— n)fn' 



V = 



a (m — I) n' 

g {n — l){n — m)H 
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iicuco 



(! + »)( i + 




or 



will Butufy the given equation 

• When T= 0 the stilntion fails, as wc know a priori it ought to do. 
When jS^= 0 it takea Ihc form 



We might, hj an analogous prooeas, writing (1 + f), (1 + p f ) , (1 + p* f ) in 
lieil of/, m, «, and giving /», ^, R appropriate values involving as well 
asf , render 'S.Pl' a finite function of the form (.V + 71r + ^V) V , and deduce the 
solution of u, + i~- 4. 1 = ('S + + U^?)^' an a particular caise of the solu- 
tion of the general equuiion. But as we can eaefly «» that the unreduced form 

ar 

of the solution must be w, = X^ {A + Bx -\- Cj^) , it will he OMier to find 

A, B, C immediately from the equation 



Hence — 2C* = U , - IHC — iC* = 7', 2AC' — {B+Cy= S. 



-«+|'(^,)V-'(7^, + -)"l'=o- 



or 



A + B(x+l)+0{x+lf A + B{x+i)+0(» + 2f 

A + Bx+C^ A+ B{u +\)+ G(m+IY I 
B+C+2x B+iO+2C'x 



or 





I »f,'I ;< <-', V, '< I; 'f *:x-- -.-:.*L*!4 «a.:L of f r::. f'l*' 
ft/. n.**:'/r)k'. of It <3kn *a f'. »r.'l If i t:x^.:.K:.'.i»l* ir.:o 

^*r*.ift! srth'tiA trf t . /, ^ , , . Utmjt a jro .p. 'i.-ca of -i.* * c-il*.;pl«* of 

AXfK.ri'if/.ftji ^in\',uft.t.ti Ut ft.'./ jrro .p hat • i*| + iV 'V* + -•«' 

-f /'^ if-d *>fi'. t'.'.ii of 'I - '■<. !:.'>'.f.>-4 C.ftTl«d««i'I>»dfrii>m 

tilt: m,'.','.',tt firxt t(t'^u^lot,*-A a*i a {/*r.' ,!^r '/.-rvof. 

ft J,<s »iifKf;i«;/tt for ail r*f*-/x.a"/;<; purpy-^s of ii;'^-:n»'iMa hhecv to o^u- 

All tfitt-j/rnl of UiiK tuny i,>: )V>ij;i<i t.v wrring 

M, = + Ji./y + Cy + Dh' . 

liyff = ay^ = m , <x i^A = n , a = /< , 

^ irWNiiiinK Utn pniduct of Uie iquared differeneea of the letton which it governs. 
W« hiW tbijii 

„ — 0 A — 'J . — 'J x—!f 

/• /^-n- 

whnra 
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M tbat writing 

•adtiias 
or 

It is aonrcely neccs^siiry to inJil tliiit all the above conclusions continue to 
hold, wlien, on the loft liaml side of ti»e iMjiuition for we write ( J .'/ 

'at the same time for any exponential on the riglit liami side substitute e**. 

Thus for instaaoe wo may in goncnil find an integral of 

yy — y = ^ + -ifc*' cos 

or again of 

(y/— y)/" — jfify + Wl/" - y" = -Ac*- cos {ax + ti)-t Bt*' cos (yx + i) . 



Vo*. lY. 



/>« Ut*'. Afuiiijti^ni lormuf €mlUd Trt^. 



'A f\ /A. */ iy i ':..* v.-: > -j>:z. » r.. -.-■r^. Tbe 

<M v>r • f s « ".tft:. v .'-»••: f . '. ■»*.•.'» j» ?„•■;.•-♦ w « rv.'XK* : *::. i if w* 3; itr 

/.'♦ ;.A --^ • ».', V/ /..•.i ;. '.f T .•'.'t-vw* "^^-Ji .Vic :*: 

V, ' ;. .::.-Art '4 'i. *.«vf* .V «:;v*>, 

J /**«f tt'/ ;A;Ar '':.tT:.Hf,rT •,fu.i A.'.i!TrI<a»l F:rri* caZ^-i Tre**." 
/'A'/ ^, IS I7j{ 17^. ;f:r';i V*-f vi. ,:. of -.r.* £r?: ••j:i'srj >a : lir. 

% i ♦ ^t* ^ ■ . = a — a — jf»,— ..1 . . 

tutti/tiff t t 9 4 6 n 7 H » lO II IS 1» 

f • I I a 4 'J U 11", Tl'J 1»42 4T»>> 124^6 

Ali'l I lif. '■ i'l J'»Ii<jr "On 111'.- .\(i;ilyii'al Vorui.- <-alle'J Trws, witli Api li- 
intlutM Ut lie: i)f i)\iKm'u»l Coiiil/iiiutjoij.-," i/W/. J/mmt. RejMft, IbT'J, pp. 

J(//7 •'Ml/'i, hImi hImiwii how liy tlie or>tuiid«mdoii of the centre or bicentre "of 

|«ti(i;ti('' vv<' < >iti olifaiii roimulac for the tiutnh'T of central and bicentral troc>!, 
thill I' tor lie- iMiiiiKiT Iff 'liHliiicl Ic'-t--. with ,N' ktioit^ : thf nunifri<-al re.*tilt 
(it<liiiiii-'l I'm till- I'liul iinnilii-r «f <li-iiii<-l ln.-<'h with \ knots i.< friven as fullows: 
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But a more simple solutum b obtained by the oomideniioii of tho centre 
or bicentre "of number." A tree of an odd numbw Not knota hu a centre 

of number, and a (ree of an cvon imialior X of knots luis ;i centre or else a 
bioentre of number. To ex^luiu ihia uutiun (due lu M. Caiuillc .Jordan) we 
oonnder the branehee vhieh proceed from auy kuot, uud (ezdu^ng always this 
knot itrelf) we eonnt the number of the knots upon the several bnuuihes; say 
these numbers are a , 3 , y , A, t, etc., where of course a -\- 3 + y + ^ + e 
+ etc, = N — 1 . If \ is oven we may have, isay a = (N; and theu /3 + y + i 
+ e + etc. = — 1 , viz. a is larger by unity than the sum of the remaining 
numbers: the brandi with a knots, or the number a, is said to be "merely 
dominant." Tf .V be odd, we cannot of cotirse havea=: ' .V, hut we may have 
xN; here a exceeds by 2 at Icaat the »uxa of tiie other numbers; and the 
tarai^ with a knots, or the number a, is said to be " predothinaai" In every 
Other ease, i^is. in &m case where each number a is less than ^N, (and where 
coiiHcqucntly tlic hirircst numhiT a dot's not exceed the sum of the remaining 
numl)cr»), the several branches, or the numbers a, ^, y, ete., are said to be 8ub« 
equal. And wo have the theorem : first when N is odd, there is always one knot 
(and only one knot) for whidi the branches are subequal: such knot is called 
the centre of nunilicr. Soinndly wlicn .Vis even ; eitlier there i.s one knot (and 
only one knot) for which the branches arc subeciuoi; and such knot is theu 
called the centre of number ; or else there is no such knot, but there are two 
a^acent knots (and no other knot) each having a merely-dominant branch ; 
such two knots are called the bicentre of number, and eadi of them separately 
is a half-centre. 

Considering now tho trees with N knots as springing from a centre or a 
bioentre of number, and writing ^jr ft>r the whole number of distinct trees 
with JF knots, we readily obtain these in terms of the foregoing numbers 
^1 ^1 eto^ vis. we have 

^= ooeir.a*in (l— a)-*', 

*« = t *i (♦* + 1) + co«-n- (1 - ^)-*' , 

\<p»i'h + '^) + c"^'"- *' ( 1 - -^r*' . 

coeir.a^in(l—ir)-*»(l — (I— a^)-*-, 



- .V V — - V — J. V—: V — 

♦ • M • 5 * - • . • • . ■• . ...:-.r '. r^'-s^ iC" 

-J *✓.»-• » » • , * ..' • » "-• r . 1 I -i i»: : » :.i t T"'^ ci« ' » 

»♦ ,•■ 'i . i *>"* *«• • ^ . »^ .11 * ij" —..'.■■r.tr' ~r t 

*. 4. • \- <\ ^ /' »• '•' *•'•' *• J •••'^ ♦ ♦ » - }iu-i;j.aj» 



, > * « ; t 



* > :• :: 



« 
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Notes. 



I. 

On Sj/mMa t/ OperaHim. 

By Pkofebhor Cbopton, F. R. S. 

To prove HaA, ^ being any Amction of i.e.-^, 

' (1) 

wlwTO Xiatk orastMit detemined from 

i{X)=l + ^h), (2) 
tlM fimction ^ being defined by 

■«-)=/^- <») 

The above theorem might be made to follow from prindples given in a 
paper 1^ me in the PtoeeediBgi of the London Mathematleal Society, April 
1881 ; but the following method may be alao employed. 

Let M = e»^'"e*'i 

difTerentiating with regard to h , 

iln 

also = f^^j-iyioy 

We liave tima a parliul diflereutial equation 

du du 

••• «=«(*+/^)=«(*+*w)- 

To determine the arlntraiy fUncUon x > ^ observe that if ft s 0, it = e*" ; 

hence if X be determined 80 a» to satisfy 



Digitized by Google 





« = X*/J» 
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TTenoc if z be the same Ainction of x in (6) M in (4), the operator eP* is 

identical with e"^; that ia 

1 + + l ^lt^' + &c. = 1 + IJ/+ — I/j^'-^kc.... (8) 

In order that this iilenlity slunild hold, it is newssary thstSi /{x), 40*) •hall 
be three functions of x which sati.-i'v [I) and (7) , viz. 

z = x+/{z) (7) 

<p{^) being put tor^. 

If we could then cliiiiiiialc (:) from (1) and (7), an^' fuuctiuus /, ^, whose 
forms Bfttlsfy the resulting equation, will cause the identity (8) to hold. 

For iustaucc, suppose = ha* , then •^x = — ^ ; 
hence (1) 

therefore (7) /W^lflii 

therefore 1 + *iW + i;^,' + Ac = 1 + AZ> + Ac 
tdwlever be the operand. 

Again let us supjio.se /(r) = Jbe, then « = ,- : ; 
hence (7)^U to be found frum 

• ^''-^ ki8(l— A) 
^x)s— a!log(l — A) 

Thus 

= 1+ Aftc+ y>x {Dx + 1) + , />x(/.»x + 1 )(Z>x + 2) 4- . . . . 
ThL* is esisy to verify. 



,.1. ,. k 

/ f A ^ . «• V » -*-»• : *.»•"•.» jfcj 1 1* --ai -rs—*- Ki'i. d Ti -wrrt 

'.r . •». •* ^ / -.1* •rr.*'-*." 4 T ;ki if *• siaiiit i:it :'-i.r:z. 

J^T. J/,., . . = J, T \ 

x>. .r., = J, F X'. 

iT*. , JTm. . , , . _ At. .Xi. 

.Vfc , . — I -t-^ . X ~- 

'/■-->«'.•. '.-.ft ;/•,;.•.•/» JT*.-.-! .V»r% »t izJ^.-.i-r -Ir^ £-KJi:t r in 
*/» ..•.,*y *..*! u^'.ty::. •!'.'.•*» vjk*. 'i^* r»t:-. ..f 0>i jr;«: j.'j -.f *»; Oitwo 
',f 5.xH «:./»;/->..•. .si » T»rV-;"i i^;-: JT » rir^-- Wb?a :he 

I * 
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m. 

Oil the Miiitijtticatioii of tin {>i — 1 Pout of ,i Siinni\itrif LMtrminant 
of the »'* Orikr bi/ Uw I'uurr uj any Dtkrmimmt 

of the tame Order. 

By Tbouais Uvia, M. A., F. li. S. E. 
1. In OnB^a Journal, 1868, Vol. XLIX, p. 246, §S, Hesse gives the identity 



« b 

b e 



Ifi Ih I 



a b xi , 

b e x,\ 

xi a, 0\ 

a b Zt 

b e Xf 



a b X, 
b e Xf 
9i !h ^ 

a b //, 
icy, 



adding that in a subsequent part of iiis jiapor he would t<how of wliut extension 
the identity was capable. 'This he did in § 6, p. 252. Starting the prooeas of 
generalisation wiUi his mn ! i ,ed on the Icft-luiii'i mombtir, he reached the 

pnijKisitinii tliut " Tfi' prmhirt of </ Ktfmmi trirtil ijitt nniii'iiil I'l/ flc oc-mni /lOiivr^f 
any determinant of the same order us tJCj/reseiUe as a ni/mmttrkal dittnninant." The 

object of the present note is to show that fbr the same idmtity there exists an 
extension in quite another direction, the starting point now being the right-Jkmd 
member of it. 

2. Tsking the symmetric determinant of the third order 

a b c 
b d » 
e e / 

and bordering it with pairH of tiio rows of the determinant \ -Ti */% h\ ^fter the 
manner indicated in (1) we obtain six determinants ; and making these the six 
distinct elements of a aymmetrie determinant of the third order, we have an 

V0i.1V 
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at? 



-t 'i 

J» - 



o-^ <k rf, «: <ii <t / 



«5 //, 



= ''J -h '» /i "i W 



'i 'A "3 't '« ' «1 *. 'i /i 

Jfepla/^fig in thi« t|i« <i<it«n<iiniait o, ^ <^ Ut 

'/ «r ati jfi *i 
A '/ ' r, y, % 

' ' / y. «i , 

a% ar, 0 0 0 ' 

9i 1h S* ^ 0 0 
s, % ^ 0 0 0 

irlii<'li in ('(iiml to — V, ^, we at oii'-e ohtuin all that u required. 

Til'- f'xrtn of ilxr theorem for higher orders in apparent, and is iudicated in 

Uk! i)tl<: of the note. 
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S. It is worthy of remark that Hesse's general theorem ouunciated in (1) 
'leads directly to aaotber of at least equal importance, yiz. Anif power of a 

tymmetrical dett^miimnt it ituflf t-xjinxKil/c a« « nijmmi fi irnl nniimnt. For, 
tho /7r.s^ [lowcr being symmetrical, tiio tfunl uiuat. he so ulsu ; tlieiororo uI.ho the 
Ji/Vt, the stctnth, ttc ; and as fur tlie ecru powers, they are known to be symiue- 
trical in the case of any determinant. In the order of diaeovery, however, thia 
theorem preceded Hesse's, being used by Sylvester in the statement of the 
property found liiiii to belontr; to tlie equation of the st'cnlar inequalities of 
the planets. In this couuectiou no ])r(>of was given of it except in the Nouvdlea 
Anwdet, the editor of wludi, in bringing the property referred to before hia 
readers, prafluMd the atatement of the .same by a few remarks on determinants. 
To bini !iji|)fiieni1y the rcsponsililliiy ui inches of discovering the theorem "Le 
produit de dotermiuants !>ytni''i! i<| lies est im determinant symetrique," in order 
that the aoenatomed easy »ic luight be made from predmA to pouer. 



IV. 

On XewtoH H Mvthixl v/ AjtpfQximalion. 

Let /(a*) = 0 be an algebraic equation. Newton's method of approximation 
oonsiBtB in adding to an approximate value, a, of a root, the correction k, 

= — ; correcting the new value a say a,, in like manner, vis. by 

adding — ; and so on. Fourier's theorem concerninc this method is as 
/(«,) 

follows: Ifbetwecnaandithercisoneaudunlyone root of the equation /(x)=0, 
and i/ mUhvr /'(x) nor f (ar) vanishes between these limits, then we will be 
Bore to approximate indeflnitely to the root by Newton's method, if we begin 
the process at that one of the quantities a, b for which /ha." tlio sume ^ign as/". 

The proof, as usually given, i.s somewhat tedious; the following proof is 
very brief, shows that a part of the usual statement of the theorem should be 
omitted, and gives immediataty a meaaure of the rapidity of the approximation. 



r .. •>» • .. ^ • ••.«.•. *• ; "vs nn* -.^ rx- m x jr> 

>. .•v-: / . - .t -_:»» . kz.i 

* -.'Jc .f ':..» . .• 1 ..... '. / . t . ." ut'^ -ai.-* ;i i- 

» .M.;; (f/rfivwlat diffiiniU method tlie lesult that the error alter the fint 
Uf,^tuxUi»»Xt»in *»unttt. exceed the product of ' h- I v the numericallv greatest 

yajiiK fif tlM fnu;Uoa between xssa and x = b. Tbia ia obriously leas 

h/' irtiU: tliHii ilitr nrHult obtained abOTC ; and in fact it may W uottfJ that,/*!'!) is 
f«<:'-<:r^;iriiy iiiiiitcricailly gnakul value which the denominator, y(j;), can 
tiik<: li<;twi:i.ii tin; liniitM. 

HAunmnui^ May, m\. 
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Simple and Uniform Method of Obtaininif 
Tuyior'e, €kvyleiff% and Laifrange't Series. 

Bv J. (J. GlasuaN, Ottawa, Vaimthi, 



In n short, note in the Am' l i'-aii Joiirnuf of Mathematiea, YoL I, 287, 
I bare given Taylor's Theorem under the funn 

Ax + a)^(l-X"da.£)-W 

I fiod tbtt althongfa this form b ezoellent w a merely eymboUc notation, the 
operator ^1 —J^da • mtrodaoeseome obocurity in the reamning if employed 

in obtaining tiie theorem. I therefore propoee to show the real method adopted 

in the note and to apply it to obtiiin Lngrange's Series. 

Tajflor'v Thtfomn. Let j- and « he independent variablee, and fy, fy, 

/*y be continuous from // = x to y = x + a . 

S»« ^fi' + «) = + a) = /(a: + a) , 

/(« + «) +fda/'ix + a) 

^A+X"''" XV' } 

= + -f A + -y/** + ) V(« + «) 



V. jr. •% 

'^/, ■fr""!^'-^ . . . — ^ • « /• , * J, — e. -I. ... |. 

= ^ - / ^ + 'i, — . . . . 



•od C«J* S wl ^Jpc&iJ = the ret-ult of retaining cnly thofle VUm» of the ex- 

y*!.*i'iit uf ('I,, -♦-«,+ + «. _ , r i if 'lit- form 

CV4(</^ + a,+ , . . +".)'(«. + 1 +«.+» + • • . + 

frlii':[i ^ Uie result of n^jectiug all termi of the atmm ezpuieion. of the fbrm 

a a 'a 

• 11 

in w)ii< h «..,>!, «, + fi, _ ,> 2 , . . . . «i + fi, + . . . . + H. _, > n — 1 . 
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Tfajflpr**, Oajflej^; and Lagrang^* Sariea. 279 

Writing ^ for j- + «, + «,. + , the theorem becomes 

/x=/iz-a^) + ^f{z-a,-a,)+ 

Let |a|' = the result of retaiuiiit; only those terms of thu expaneion of 
{at + ai + at + + a,_i)* of tliefonn 

Cl«Sa!ttI+, 

and afFoi-tiiig oarh tonii with the f<igu( — 1)" " where m = ^ + -^ + y + ..., 
aud the theorem may be written 

A =/(« - <g + i^/ (X - oo + + 1)1 <* - + * • • 

At the time of the puUicAtion of the aboTe theorem in my note Mitttled 

An F.rf>),sio>i of T'li/lor'x Thonm, (Vol. I, p. 287,) I believed i( (<> lie now, but 
the following note published in Qunii. Jonrn. Math., XIV., 63 (two years Ijefore 
mine), shows the theorem had been given long before by Profesaor Cayley. 

" I wiflh to put on record the fbllowing theorem, given by me ae a Senate- 
Houae Problem, January, 1851. 

If ja + /8 + y . . . denote the expauisiou of (a + <^ + y • • •)'"> retaining 
those terms Nii''3''y° . . . only in which 

then 

af = (x +«)•- n |« + a + + 4« («- 1) + +o+/3+y)—' 

-y«(n — l)(«-2)|a + i3 + yj»(x + a + ,i + y + 6)"-» + &c. 

The theorem, in a somewhat diArent and imperfectly sthted form, is given, 
Burg, Oreik, U I. (1826), p. 868, ne a generaUsaUon of Abel's theorem 

(a+ar = a?»+i««(» + ^r"'+ | «(tt-l)a(o-2|tf)(«+ 2|8)"-» 

+ J- « (« - 1) (« - 2) o (tt - 3.j)' (X + 3t3r - ' + Ac." 




♦ J ••' - « V • 

7», •/•,"•» 7 *A/.-«rv ; Jivrr»'..i -J :*.-> ki.: -.la- r*=Aiiisr 



4« ilM <•$ % ^ ' » '•-r • ^ • 
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Intogmtinj; liy parUs, 



iVi-r-^'(i)-ic')-ti]= 

This form of the remainder corresponds to that of Taylor's Theorem ob- 
tained by iutegratiou hy part«. (See oIbo xx, of the article foUowiug this, 
entitled Ibnm jRtoZfe'* TXeonm.) This fimu «ui earily be redueed to that 
obtained by Zolotweff*! metiiod, {WiUiea$uon'9 Inhgral OahduB, 8d edition, 

p. 159), thus: 

r. S.— I find that a form for the remainder in Lagrange's Series was given 
by Schlomilch, Lioimik, III,, 390, (1868.) 



1< *- UiVAa. 

'.<♦<:. »<*<:. 



"••i-r -p ,_;>" — •.•»+•-». 

ii._,>l. 
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If » be A complex vnrinMr, 

j(/tt=the proteiisivo (nnil ) part of fii ; 

the diteraivc (imaginary') part of /u . 

I. FuBcnonn w a Soiflib Yaxumlb. 

1. Fiimlamrntal Form. ( 7?>>,VrV.) Let jit Mid be OODtinUOUSflrom (tssiS 
to X = and /'6 — ill = 0 ; then will 

= 0 . i. 

A proof of this theoreiu is given iu nearly every text-book on the difl'or- 
enttal calcolus; perlwps the best is that bj Professor Ifansbn in his Xepnm 

tPAnafif9e infinitiHimalc, {Garni). 

2. Extfitfion of liollta Form. If /x , andyz be contiDuous from 
X — a to x = b, and J'b — fa — 0 , then will 

fix : ^'(iSsO. U. 

This form may be proved by reasoning similar to that emploiyed to prove 
the Fandamental Form, or it may be deduced from the hitter thus : 

Let fx = F<px and + 9 (^fc — ^) ; then, since fx and ^ are hoth 

Oontinnoiis from x = a to x = ft, F<px will remain rontinuous while variem 
oontitumulif from ^ \a >pb, also D^Ff^ = l),F<px : D,'px=fx. i^'x is oon- 
tinuous between the same limits. 

Therefore by L ^ 0 (a). 

But since ^ is continuous from a = atoa;=i, although it need not 

always bo inlmtn iliuto luMwcon an<l yet it iiiunt he <"up:i1il« of assuming 
any proposed intermediato value for at least ouc value of x between a and 6, 
i.e. Hi = ^(i. 

Hence F/i, = D^J'^n = DJ'^^ /)^<pft = f(i . ip'n , = Q by (a). 

S. Lagrang^t Fom. Let Fi x and Ft'x be continuous from x = a to « = ft, 

a)F{n. iii. 

6 -a' 

J-=0,byl.} 



then will 

Let 

then 
hence 



/',6 — F,a=(ft 
Fx = 



— = — 



/. r 





















t • y. 


m 













f f.-*i 4 ■''•.7 .'T *TSC. 

3' ■' ■ — 
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Glabhan; IbrfM iff RolVt Tkemvm. 

C. Extmnion of Cauchi/'s Form. Let /^c, /,*, /^'x /,x, 

^,x, iptj-, i>tjc, ^.x, ^',alw«lloooti&tM>atfroma;=ato»s6, 

then will 

i fi6 — fjtt fs6 — f,a ■ • • - T ^,^_j,^a J • 

then i. becomes vi. 

Cor, If /c=/ix = /,j-= —fv^t then will 

jRc being eontinnonfl, n must in general be finite. 

7. Forms erprvaeed by JJejinite IntegraU. Let/x , ^« , i^x , J^'/x.^dx and 

jr*>SE:4«fobecontiniioiiafhnDc=:atoe=6,and/c«0 uidifcexO, then will 

Let -^^=-79 jij 1 

then /"^ = ^/*?* ^ /".T^~~^ 

ooDfleqaently J^/x,^xdx = ^ J^/x.^xdx . 

Cor. It4a = l , then will 

JL A.<^lx = f^njjxdx. iJC. 



» ■ 
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The umml prooft of viiL snd iz. are salMtantially tito aune as Hoigno's proof 

of Cauchy's Theorem, but no hint is at the same time ffwn that iii. and viii. 

differ only in form of ftatcmcnt. xi., fur the case c=b, was given by A. 
Winckler in iSitzuiigvbmchk dcr malh.-iMt. Klmse, Wicn, LX, (1869). (y) was 
given Gnmert in Ormerf* AnAtv., lY, 118. (Ji) was given by U. H. Meyer 
iu GrumrV« Archiv., V, 21G. xiv., xiTi, and ziv, were given by Hankelin 
SchldmUch'a Zeiischrijt, XIV, (1869). 

8. Rtmaindt r in Taylor's Tluonm. In the Special Case of Crtu<;hy'8 rorm, 
let y ~ 1= b, = a, e~o, e = c — a, tt = k + b and b ~ a + /* , then 
T. beoomei 

+ + + + ^/■«} 

+ ^(i + A)-|# + -^4-'i+ + ^^.aJJ 

j>\nU\-i>rh'f" + ^a-\-eh) 

^ At [gl (1 — tfj*- Ai'f + ' (o + pi iC A» + • I* +(l — ff; A|] — • 

i2 gives at once all the forms, exclusive of thoee involving definite integrals, 
hitherto proposed for the remainder iu Taylor's Theorem for a simple variable. 
Thus, if ^ be constant and c — a,R will become the general form ^ven in the 
mmoirm de PAeadimie de ifen^pelKer, T. (1861-1868), and if m addi- 
tion = 0,7? will become the sixrial form given in the HUSie memoir. ( Tocl- 
Awrier's Dif. Calc, 6'" edition, pp. 40 1-406). The latter form is also given by 
Sobldmilch in his Uebuagtbueh, p. 262. If = n , It will become the form 
given by Professor Manaion in MeBunger nf Ma^, T,, 161. 

If be con.stant, U will become a form of which the ppecial case for 
jfc = 9= 0 was given by ^chlomilch in LiourlHi:^/i Jourmd, III,, 384, (1858); also 
in his Uandbuch, 1847. The forms of Kochc (1858), Cauchy, and Lagrange (1807) 
«re an particular cases of this form of Scb]omilcb''B. 

Definite-integral forms of the remainder can be reduced by viii. or i.\. above. 
Thus, to obtain Roche's form in expanding /(x -|- A) by integration by parts, let 
the remainder 
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In III. of An ExtemioH 0/ Taylor'n Theorem, (this Journal, Vol. I, p. 287), 
the remainder 

= [P'^T 1 1 -r'""" (« i « + 1 )• X r + « ' « + 1) 

and bj 1. of the same note, this 

s[jf<i«]""/'(* + «J«) 

wbicb IB (2) giyen abore. 

10. JfoMOMMfer tn Lagmng^B Serie$. Let se and jf be independent Tariables, 
= -Hy^, r = r + o^, + i^M and U|=:ae + ^i^; alao let yiv, 

^(""y)' — fce »U oontinuouB fromysa to 

y = 6 , and ^'(e — ft) zO. 

" V-^ + (i)- { i^.,^} . 

or, writing this in full, 

>+'Tvt+ *^:ray'{^m 

lSk = b, c = b + k and a = 0 and therefore i- = x and m, = z + , 
this ledueee to Lagraoge'e Seriee, or 

A=A+ '[ <p..f.+ •. . + I'xiy 'u^«)v'»=f 

vofc. nr. 



2d0 



Ofjunusi: Form* «/ ife/^'* TKeotm. 



Let A s 0 and 4^ s C** ' , then the reioaind'^r will heeoote 

FV<r 4^ f''-- ,'/! wri?<- •^,(7 -i- A), whi d inav 4'iri<i *iace % Afld Vi bolh 
ar'iitrary, tbtin making; ^ = /< aii«J « = 0 . ivui. Ui'-i^ia** 

Afffon tor ^(r — and ^,{^ + h}. ;!i -f .n i v - .'• --i- r-ed funotion* of :h« 
form of H^, T^t or — (F^ of 6. or fuuctiooji VMiaring the aune relation to 
Lagrange*! SeriM tbat tbew do to TajlorV 

In the note Simpk awl Unifarm M'thvl. At.-., it i« shown that if « = 
X + and 0 s X + (6 — the remitinder in Lagtmnge's Series i« 

in whirh m, — r -\- fllj<f>'i ^ . Tiii- 1- tlie -aiue form of reinaiti'ler a< that found in 
XX. Elad viii. been used iuj>ieii)J uf tx. in the re'iuctiun. form^ like those of xix. 
or xxL would have been obtained. 



IL Fmrcnon or a COvrLBX Vajbabu. 

11. Omeral Farm, Let u = x+ i^, v^ — i^+ipx,, ii,Ba^-f>«^, 
«k s II, + 9| ('<] — »«) > and = + 0, — u^) . If ^ and fTx remain con- 
tinuouR while r varies contiinioasly from r = x„ to x = j*, , if also <t>« and <!»'« 
remain continuoiw from " = //„ to (/ = , and if <I>//^ — <tm^ = 0 , then will 

<i><l>'r, = 0 and ^J«l»'r, = 0. xxii. 

12. 8pmal Fhrm. Let w = (11 — »») : (u, — »,) and 

♦« = («,- I (Fu, — Fu,) (»«• - »l»0) — (/•« - JW.) (VI — «)f 
and .-. •'uS(F", - q^-^ — («, — i£,)(1»l - m) fu 
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18. Remainder in 7by/or'« noerem. In the praoeding form let 

Fu =/(A + lu) + (A + /«) + + ^-^=p> {h + /u) . 

»w=4(a+ftw)+*-=^?i|/{a + 6w)+ +^^~^<^(a + lni>), 

.'. /<* + /«,) + ^^/(/' +/«!)+ + ^-m"''"/" + 

=[^1 (a + 6) + (a + A) + + (« + b) 

-|*i«+T^+ 

Hed it been Msnmed that 

a genenl tbeorem would have been obtained of whidi y. is the ibnn Ibr a real 

variable in the particular case / = 6, = 1. 

Taylor's theorem willi Remainder is the particular mee of xxiv. for h = 0, 
k=Ui, aud / = 1 . If m additiuu to these limitations, c = b, y = li, and 
«! — 1%=<, xxiv. beoomee (writing « Ibr «^ 

+ + 1 



« ■ . .•»;». I n. »-^i*rrw — ^ 'Sji 
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I write throuf^ut 0 to denote pOMtive niiity, end uniting witii it the 
■even imagiuarieH 1. ■ ■ 7> form an octKvio «9F*teni Qt li 2» 3t 4i 6i 6i 7* 
the law* of oombination being 

0'=0. r = 2' = 3' = 4' = 5' = 6' = 7' = -0, 

123 = ^1. 145 = *.. 167= *i. 
246=^4. 257= 
347=«i. 356=«i. 

where e = zt , viz > I lias a determinate value + or — as the oaie maj be ; 

end where the formula, 123 = ''i' denotes the six equations 

23= '^-l. 31= ^,2 12= ^,3. 
82=-^il. 13 = -«.2. 21 = -*i3. 
and to for the other formuhe : the multiplication table of the eight symbols thus ie 





0 


1 


2 


3 


4 


5 


6 


7 


0 


0 


1 


2 


3 


4 


5 


6 


7 


1 


1 


- 0 


^.3 


-f.2 




-«,4 


h7 


-*,6 


2 


2 




r 0 


«>1 




-.7 




-*.5 


3 


3 


ci2 


-6.1 


- 0 


*.7 


C.6 




-f,4 


4 


4 


-hb 




-«.7 


- 0 


<»1 


'«2 


hS 


5 


5 


hA 


-'.7 


— *t6 


-.1 


- 0 


',3 


h2 


6 


6 


r-Hl 


'A 


f,5 


-f«2 


-«,3 


- 0 


e,l 


7 


7 


he 


hb 


<.4 


-uS 


-e.2 


-.1 


- 0 



, r- — » 



^ '^'.tfc.i »f« 

'f»t= ■r%- 



'T't 
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We may without low of geaerality assume f, = = = + i the equations 
then become + = — tfy— V» 

-♦-as— Vi= Vi 
+ = — Vi= Vi 
e«= — f, = — «, 

h= ^ = — •* 
•, = — •« = f| 

and writing 0 = ifc at pleasure, ihcHo are nil natisfied if — f, = f, = f, = f, — fl. 
Hie teruu writteu down all disappear, and the sum of the squares of the eight 
coefidentfl tkos bMNHnM aqpial to tli* product of two mm Mdi of tiiem of 
ei|^ squares, vis., tiiis is the case if i|=:i^ = i^= + , — e^ = ih=(^sc^s9, 
0 hein^' = ± ut pleutiure: tlie resulting sjstein of imaginariee may be said to 
be an S-square system. 

We may inquire whether the ityetem is sssoeiatiTe ; for this purpose, sup- 
pdamg in the 6nt instance that the remain ariritrary, we Ibnn the complete 
system of the valuesof fhi' triplets 12-3. 1 -23 - etc. (read the top line 12-8 = 
— fiO. 1 23 = — ciO. the next line 12-4 = fiti7. l-24=«itt7. and so in 
other cases) : 



123 = 


1-23 = ' 






0 












124= 


1.24 = 






7 


23. 7 = 


2 37 = 


— eiH 


— V« 


6 


126= 


126=1 




— 


6 


24 6 = 


2 45 = 


— Ml 


— 'ih 


3 


12. 6 = 


126 = 




— h't 


5 


24 6 = 


2. 46 = 




— 'i 


0 


12. 7 = 


1.27 = 


— m 




4 


24. 7 = 


2. 47 = 






1 


13.4 = 


1.34 = 


— fif» 


— es*. 


6 


25. 6 = 


2.56 = 






1 


186= 


1.35= 


— e,f 1 


M, 


7 


25 7 = 


2 57 = 






0 


13.6 = 


1.36 = 


•A 


Vi 


4 


26. 7 = 


2. 67 = 


«4f(l 




3 


13.7 = 


1-37 = 


f,f» 


— 


5 


34. 5 = 


3. 45 = 


— «»«« 




2 


14.5 = 


1-46 = 


— et 




0 


34 6 = 


3. 46 = 


— Me 


— e,f4 


1 


146= 


1.46 = ! 






3 


34 7 = 


3 47 = 


— H 


— «i 


0 


14.7 = 


147 = 




"if 4 


2 


35.6 = 


3. 56 = 


— Si 


— 


0 


15.6 = 


1.56 = 




— f,f, 


2 


35.7 = 


3.57 = 




— 'le? 


1 


15.7 = 


157 = 






3 


36.7 = 


3 67 = 


— '^ 




2 


167= 


167 = 


— * 


— ft 


0 


456= 


4.56= 




— ftfj 


7 


23 4 = 


2. 34 = 


•* 


— Vi 


5 


45 7 = 


4.57 = 


— V* 


— f,fj 


6 


23 6 = 


2. 35 = 


— e,f, 




4 


46. 7 = 


4.67 = 


— «4*S 


— e,«. 


5 


23 6 = 


2.36 = , 


1 


— ttf, 


7 


56.7 = 


5.67 = 






4 



«» *. •% — «« — — — * — ^ 

— *■ — —Ml *- — % 

— — *t — — — — - 

— »i «t — '» — «, — — i,* 
— 'i — — «» »i — % — 

— «' — — V* — f*e. — — — 
«. «- — — — V. ^ — M- 

i »» . ■<» -.- Me "iA*. ".f i=. r»: y:l:T:'(» rwyt»-"::T*> 

.- .VAV: V. zux't v^ra *h'. ia-* e, = *. ?- = — «|. 

'•7 Vi* '.r J- ..A. -r. -.i. .. -.> i.-^ - - - L.. T -3.^ 4.->~ « a-.~+ 

.::^.:.xr.->r* 'o : _jl 'j^z. r: i» *: :ore :ha£ «^ 

v.rjcrM f* *w> r.^y^'jt tijCAz 'xaz ». 5:r *eT*r»I tra^ai 123- 145- 
1^,7 24o 257- 347. 355 '^i -•i>? isdii-^ic :f -J:* — Aj-'-Tl^ tbe 
*A^^r,*:.:t ^.T .i^rr h'^.i i* e <^ 12-3 = I-23 efcza. cf u>e 

12-4— " l-24> tbat xae fndxi 124 ^^^^ 7z:>>^ 
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First cfmnidor a HiiiTaco in a space of n ■\- \ dimensions. For brevity iu 
speaking of Hpa^:es of uiij uuuiber of dimensions 1 shall use the symbol (com- 
monly employed) M,+i; this is taken to denote a ipaee of n+l dimensions. 
A murflM in JC+i !■ understooil to be expressed by a single relation lietwccn 

the n + 1 coordinates which dt'ternune tlie jxtsition of a point in M^^^. De- 
noting these coordinates hy x, wlien; i = ],2,3...n-f-l, the equation 

• • • ac«+i) = 0 

u the equayon of an n-dimsDnonal nnikM in M^+i. ffinoa we Itave one re- 
lation oonnmting the it -f 1 quantities «(, each of these may be given as a ftmi^ 

tion of n independent variables 

Denote by a^* the differential coefficient of with respect to u^, then 

also denote by a^j,' the second diiVerential coefficient of Xt with respect to Uj and 
then 

For the element of length cb of a ourre traced on 4> = 0, we have then 
<V = ' Y V«»i< + + . . . + Sol* 

The limita of the snmmation have only been written onoe, as they axe of 
conise the same tbe every term. For brevity, write 

VdblV. 




» tiiH fir-'.. Ttk-.TH ■■• 1 ■ '.f •.:.^-» 'i r'rrrri'Artg - i r* : r->-^ n : 

- . - - E-j^ 

^ • • • • 



£",1 fat . . . • 

of '-owr-'- A' — f' , , 

Til*; <J,;!*;rcniiiil i:H'UU'>n of the surfii-t; <l> = 0 can now be written M 
The direetion-cokinM of the normal to thL-* !«urfa'% at anj point sra 

A, A} ^«^| 

«|l Ot» • • - + y ■ J- • . . . — | — ♦ 

The element of area of the aurfa«e (w will be shown hereafter) ia 

or hy virtue of the above relations, 

dS=(ttiAt + a^ + . . . + a.^iJ.^i)ndfii(- 
SuppoM we have now a second surfiwe 

connected with the fir-^t },y the relations 

y( •ac. + i) I =1, 2. . .« -(- 1 . 

i>ciii>tc if/ /ii^i, lit,. . • fim+t ^'>^ direclioU'CusiDes of the normal to this 
Necond -Mirfare, and hy B,, B, . . . £,4., what the determinanta of the first 
surface become for the second surihoe ; then writing 

U*=Bi + ^+... +JIS+, 
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we have 
and for the element of area 



The ratio between the elemeutn of area dS and d£ is 
Now Fmay obviously be written in the form 



7= 



O] Of Oj . . 

f/j, rfj", f/j", 

di*, rftti 

dxi dxx dxt 

di% dv, A% 

lili^ <£r] (ixt 

3^ *^ • • 



''•',. + 1 

dtti 

fai-i-i 



and similarly, deuotiQg by (^J^ quantity 



we may write 



ft A ft • • • • ^n+i 

/''.VA /%A /'VA /'^+'^ 

'^,/u,y ^./u,; • • • • V '/u, / 

(M) (^) (^) • • • (^0 

(^) (^^) 

The direction-ooiinee of the lines of inteneotion of tiie Mirfhcee t» taken 
n — 1 at a time with the suftce 4 are 



1 ctr, 1 . dxf 



1 
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This is rather an interesting formula, and one which I have not been able 
to Bud given anywhere gIko ; I artuall}' obtained it first for three diincnsions, but 
the generalization was obvious and attended with no diiliculty, so for the purposes 
of another part of the paper I prefer to give it in thia fonn at once. If we 
denote by a^, ai^, the codidinates of a point on an ordinary soiftee, and by 
2/1 1 yt, codrdinatea of the eotreaponding point on a second Bur&ce, we 

have* 



4I_ 



V_ 
V 



^1 

a. 
0 



^1 






(£rt 


fix, 










<ixi 




ctr. 
















a. 


«3 



suy k. 



Suppose the second surface to be a sjiliere of radius unity, whose radii are 
parallel to the normals at the corresponding point of the first surface. Let the 
firet aurfiMse be pven in the form 

3-8 = <?»(a-iar,) 

and denote by p and q the first differential coefficients of x, witb respect to 
X| and z^i also as usual write r, «, t for tlie second dillercntial coetlicienta of a% 
with respect to snd a^. 
Hie second soribce is 

»J + ^ + i^.= l; 

this is satisfied by writing 



Y - P 



— 1 



where Q = v'l -(-p'+g^ . Tlie ratio between the Corresponding elements of 
area on the iwo surfaces is now 



«' 

0. 



0 
0 
0 

—1 



*8anwtiiiMaftar ttieaboTe hadgone topr«Ml wMinXornwd that If euBuum had 1 

f, tat ipaa* o< fliw iMm—iigw, in VolMiia IX g* tli> JfnftiiiiiiWrtt ^wwnliii,— T. C 
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'I..!'*: ^LtT.-". X'. Oil-*-* *,T:rr~ -.c f ? :f r:rTir^ Li 

«i» «»» <h — yi- y«- yi — f-' J-' Y' 
_A A, A, 

yi 1 • 'Ji— y' y • y . 







d A. 


d A. 








dxx' r 






'f A, 


d J, 


v 


djc^' V' 


V' 






d A, 


i At 


d At 




«b;' V' 




dxt V 




At 


At 


At 


0. 


V* 


F' 


V 
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The reduction of this to the ordinary form is quite easy. Write 



^1 ^=00801, CMi^i Om(^, 



■nd we have 



00801, — ■inft-r^i — sin 6, 

ax, ilxj 



coa9„ — Bin^-g, — i 



— Bind, 
— sinOt 



0, CO801, CO80^, 

Multiply the first row by cos 9|, the second by cos 0,, and the third by cos 0,, 
tOkA add the first and second rows to the third. The third row becomes now 
1 , 0,0, 0 ; interchanging the third and fourth rows, paying attention to all 

the signs, we iiave 

dii, df)^ 

rfrt, dll, 
dxi (Itj 

eoa0i 006 0^ 



- SID 0, sin 

k = -r-— 



dHj 

oos 9, 



Now 



d 

~di 



du-i 
dx 



changing in the detenuinaut diflerential coefiicitinfai) with respect to x into difl*er- 
ential coefficients with respect to tti and u,, we have after some easy reductions, 

deaadt d cob tf« «/ ot» ^, rf oos j ( ^ /'<'«i rfsi <l«i\ 

dti, dut dtt, dui ) \ ' \cfa^ dxk dxi dx^J 



Denote by A'n 




the detoniiinants 










rf*x, Sxt 




















</"; (/(«J 








duidUf 


</u,</tlj 






</m.; 


dtii 










djf^ 


dj--. 




? 




dx. 


d.r.,, 




(/u, (/ill 


t/Ui 


» 


(/u, 


dui 








du^ 


dll^ 












dx. 








rfr. 


drn 














<iy, 






*^ 


Ah 



ft/»TMititi;<>ri?* of f.h*? fir<rf. row in <»ar.h, W-* in.ii ncm r^nillj 

Hi if-Mi tuning dwMft taIu^ in ''c.f. nr-r. £4.,r.-,f in ■-.r%:k>ia ia the <xpr*wm'ntt for 
A, ir« hftVft, after CM/ r«<iii<:rion.<i. C>r thj fj<:t>)r Uie val-i* 

Th« rftmaining fantor in Krai^keM b«»o:n;-»a obsioosiT 

Ho finally crfll«cting all the temui we hare 
or in the <»rdiiMrT notation, 

the well-known form for the raearare of curratuie. We hare, then, the theoieiB 
that if OM 6,, one 0^, cos 0, are the direetion-eosinee of the normal at anj point 
X, y , z of a mirfoce, the measure of ciuratore of the rarfoce at this point ii 
giren bj 





d CM ^1 




ooe (>i 






d* 




dm if 




d cos #1 


eoe d(f 


d* 




dx 






dtf»tt 


dw9t 


dj: 




dx 


0 


OOB d| 


eoe0y 


000 0^ 
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or again by 

ddf dtff dHt 

dx dy dx 

' d«t . fUl, <iH., 

dx djf di 

COS 0, COS 0, COS 0, 

There are of courue two other loriu8 similar to this gut hy advaiiciug (be 
fluffizet of 0. ISie bordered determinant whose valiie in the gpneml case is JT 
may in like manner be ahown to be equal to 

V 

where I'' is the result of acoMilin;^ uU lliu letters in 1' just uh has Injen iloiie in 

V 

the case of an ordinary surface and a unit sphere, so that y-^^ is the measure of 
curvature of a sur&ce 

in M^^i, the unit sphere being 

+ y; +... + >",., = 1 . 

The cnrreHjuindenoe between the surfaoe O = 0 iiiid the w-diinensional unit 
Sphere \» of course just the same as in the ordinary case. The directiua-cosines 
tlie normal to ^ are 

« ' « ' Q 

the aubscripts indicating diffiMemtial ooeffioients and 

The required curresjMudeiicc between the Mirlaco 4> and llie ijphere ib pro- 
duced by writing 

Consider consecutive {x>iut« tin botli surfaces : on the surface 4> these are 
^ven by 

vou IV. 
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(7 is the Tolnin« of the pmllelopipedon, h its alant hei^t, and obviously j ooe 9 
itsaltitude ; consequently i> the base, or the element of the sur&oe is 

given by the quantity V ■ 11 du, • 

This is the value of dS that hius been employed. The proof that I have 
given ifl similar to one given by Beez in the Math. Aim.; but as I obtained my 
pioof before reading Beea's article, and as the two proofr differ oonnderably in the 
methods of working them ont^ I let mine stand just as I obtained it. It is 

obvious that for the correspondence between the sphere and the surface ♦ 
required in order to find the value of the measure of curvature, it is only 
sary to write 

and so 



A 
V 



Consider the detenninant Bi , i, e. 



dA, 



d}f. 






d»i 


Ah ' 


• as: 








du, 






''.v.. + 1 




dy»+i 









Hu))Htitulirig in this the vahie of each oonatitueut as given by the above 
formula, we find after simple ru<luctiun», 







A, . 


. . . -^n + l 


1 rfF» 


dAt 


dAt 


dA. + x 


2 (/u, 






f/iz-i 


1 dV* 


dAt 


dAf 


dA,+i 


2 du. 


du, 


du, ' 


du, 


1 dT" 


dA, 


dA, 




2d«, 


du. 


du. 





'a • ^. ' ^ . 
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It 10 not neoeasaiy to go into the proof that the detenninant 



Ay 


d Ax 


d At 


V 


du, V ' 




A, 


d A, 


d A, 


V 


f/it, V ' 








'I ^l +i 


d A,+ 


y 


do, V ■ 




0 




A^ + i 




V' 


V 



reduoes in this case, aa in the aimpk one of n = 2, to the ratio 

U 



aud coMsequentijir that this bordered deteriiiinuiit gives tlie lueu^ure ul' curvature 
for the i»-dimennonal anrftee 4 = 0 in . 

In seeking the expreonon for the radii of curvature of the aucfoee 4 = 0 at 

any point, it will bo sufficient to consider the case of n + 1 = 4 . 

Denote by , , ^3 , ^« the codrdiuaieB of any point on the normal to 4> = 0 
at the poiot Xi, x,, x,, x^ ; then 

^, = x, + A,X, i=l, 2, 3. 4. 

Suppose (£) to be the point where thin norninl ineetii the oonnecutive nor- 
mal, then 

but 

dee, = ofyui + <i*^ + afpdu,, 
and similarlj we may write 

dA^ = A\*>dut + Afdu, + Ai'du, ; 

coiwequently 

K' + XA^)dui + . . . + A,<fX =0, 1 = 1.2, 

Eliuiinatiug (/(f, , , (hi, and <i?. IVum tliose wt- oliiaiii 

<^ + XAP, a^-\-XAr, af> + %Ar, A 
a}" + Xjl?>, dP + XAip. aS> + XAr. A, 



3, 4. 



= 0. 



IntrrjdiiQis here the Moented l«*.tere viz. 

JAi +Mi +^/; 

in which 

ft' = — _ '^'V 

IliflferftntMte the identitr 
Mid wt iAtUan 

/-I >-i^ 
There are in all six equations of this kind ; the quaotitiea on the left bend 
Ride «r eecb of tbeae equetiomrare the eoeffidenta of p in the above oibk t/tgrn- 
tioo, while the qtauititiee on the ri|^ ate equal to 

The cubic equation for the detennina'ion of p >-«>come!! now 

/;„ p — . r, p — r . a; , p — r 
AV,p-/;„r, f:^^~e^v, e^^-e^y =o. 
-^nP-'fi^nJ'. i^,p-^v'. En^-Er,y\ 
The equation fbr the determinalioii of the ladii of currature of ^=0 in 
if.^i isobvioaal/ 

i^p-^uF, K^^-^E^Y . . . El^-E,^y\ 
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The coefficiMlt of in tliis is U, whon? ixa before 

t7« = |J?;|, F« = l^l. 

and the constant term ih F*'*'*. OoDsequentlj denoting by . . . p, the 
roota of ihifl equation, we b»Te 

1 _ _ _U_ 



tbe vetue of the netnue ot ourrature. 
The equation 

U= F"+' 

IB the difl'unintiul equation of nil surfaces developable upon the n-dimenaioniU 
sphere. The result of equating the cocflicionl of p to zero, i.e. 

Pi + Pi+ - +P- = 0 
oorreflponds to a class of surfaces similar to surfaces of minimum area. 

Denoting by ai , oi , Os the directiuu-cooiuefi of a normal to the surface 
O {xix,x,) = 0 and by /?i , /?t > the direetion-ooaines to the second sur&oe at 
the eorrw p onding point, write 

da, 

I ~ — ' 



Mill 



It, 
Ma, 



-XT' znr 



Then obviouely 



o, a. 



dag 

c/U| 



=:F*, 



and, calling fthe meaeura of ourvatiure of the eeoond aurfaee, 

AAA! 

Ml ft /<s i 



:.4 









I 


1 


/; 






) 


) 








• 


1 














A.,. 








<>., 
















0 


7 








i:k. 







V, 


«'j Ji. 


V, 'hi* 


y 






> 


"/ 


'' / 
<j'. 






«» 


> 












^. 








0 




0 


«i 






0 


0 


0 




4 




0 


r> 


0 






»»1 



T>»t« »« 'f>.v)/,<Mly =1^ V*l'kK , *'t ?h;if no rH- .l'A of anj cor^f^^u:nce can be 
)rf fhi« rriiinri«!r, Ti^kt tiff. lU-.u-rutitiMd 



























>''-. 






'f.'h 




















*^ 
















dr, 


<^ 






0 


















0 


M 






<s 
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dxu 


ax 







and multiply this by flie detcrmiiuuit giving ?*, bordered in ft wiitable mftnner. 
The product is readily found to give 



— P 



Sttbelittttuig for— the value 

dtii dx dtt, ds ' 

and dropping the fiustor P, we have 

The first of the fiiotors in this expression is proportional to the cosine of 
the angle between the iioriuuls to the surfaces 0 = 0 and vy = const. The second 
factor is proportional to tlie cofiine of the angle between the normal to <^ = 0 
and the tangent to the carve wi = const traced on the second sur&ce — say 9= 0. 
The first factor of the last term is proportional to the cosine of the anglo be- 
tween the normals to 0 and t/, = const., and tlic last factor is proportional 
to the cosine of the angle between the normal to <t> = (J uad the tangent to the 
curve «% = consL, 9= 0. Chll these angles 0,, ^j, 0,, and write 

^(0=^' 

— A = V \3L COS 6, C08 <p^-\- O M cos 6, cos <^ \. 

If the snrfatcs j« = const, intersect 4>=0 orthogonally, we have cos 6, 
= COS ^s=0 and so A= 0. if cos ^i = coa ^ = 0, all tlie normab to tlie sur- 
&oe ^=0 will be parallel to the normab at tiie corresponding poinla of VsO. 

VoctV. 
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therefore 





ii- 




dm 










'h 


dx 










< 




cb 


a 


h 


e 



009 'Jr= 

P 



The ruliu bclwoou tlio corrottpoiiding clomeataof aroaoa two ComMponding 
BurfacOii (x^), ^^r^l^) has bucu shown lo be — 



" J« <f« .1, = y 

or or 

y 

0 

This can be givcu in a different form in the case wbeu the surfaces 

ar© orthogonal. The coordinates of a point on the second sorfiMie maybe con- 
sidered as given by the iutcrseottun of tlie three siirfsiccs 

Fi = const., F, = const., /'^ = vomt. 
The conditions for orthogonality of thc»c .surfaioos are, writing ^, ( in- 
stead of Ft, F^, F,, 







dS 


d» 


dff 


"A 


d, 


d9 




dx 


d9 


dz 


d: 




d: 


dx 




d» 


a 


h 


c 



dx fix 



''y dy 

dy dy ilz 



= 0 



= 0 



da da dg djf d* da 
Find the product of the hat given determinant and the fimctional deter> 
minant 

• d{xjfs) 

bordered by 1, 0, 0, 0 for iU flrst row and by the same for its lint column. 



* 'tj'^ tzj 

H'« ii»v«, fj^i, 'i^ rt'j .'."-A yA .—. 

'J. i Y 0 

SP 0 0 SOCrtf; 

0 fl* 0 fTow*, 

0 0 i:* zoM^t 

ftii'J couxcqu'.Titly 

u -^"^ ( ) 
( ) 

or 

4f(«y() ( ) 

Jf we denote for the moment by 

«i ^1 yi 
a» yi 
o» /^» yi 

the direction*0(Minei of the normelf to the etnfMies^, 1;, ^ respcctirelj^ we 
have 

At^v'\ ^' 
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und cuiiscquently 

Of course ftsimiliir formula applies for a surface of n dimciuiOM in Jf|,^i. 

I will now work out a few simple propordes of Piirvon in a space of more 
than three dimensions. The results obtained arc (with oue exception which is 
referred to below) I believe new. For simplicity, at first conrider 011I7 a ipece 
of four dimennone— JH^ . A curve in X in the ordinary aeoeptation of that term 
will depend only on one parameter— it may eilher be given by the values of its 
coOrdinatca expressed as functions of this parameter, or as Uie iuteraeotion of three 
3-dimensional surfaces, say 

^ = 0, ^sbO, 4^s.O. 

Let « denote the parameter. First obtam the equation of the oeculating 
flat space of three dimenrions at anj point of the curve. Four points on the 
curve will determine the osculating 3-flat. Take then four points on the curve, 
say jI, B, Of D. The coordinates are 

ABC D 

Xt X, + All Xi + 2Axi + A'xj X, + 3Ar, + 3AVi + AV, 

2^ + (4 + SAti + A^, tBt + SAact + 8 A^ + AV^ 

Oh a^+Ar, ar, + 2Ax, + A*z, a% + SAr, + 8 A»x, + A»x, 

9-4 3-4 + Ax, + 2Ar4 + A*x^ + 3Ax, + 3 A'x, + A*X| 

Now if (^1, ^4) is anj point in the 3-flat passing through (x), its equation 

IS 

Substitute for .(£) the coordinates of B and we have 

In like manner Hubstituting the coordinates of C and D in the place of (^), 
and using this last result to reduce the result of substituting the coordinates 
of O, and mmilarly reducing in the ease of the point 17, we have 

XaA*x=0 SaA*x = 0, 
Eliminatbg (a) (torn the four equations, 

• Ja({— x)=0 ZaAassO 
SaA*x = 0 SaA^sO, 
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Tlie direction-cosiucs of the perpendicular to the usculatiug 3-flut ace 



«ii ft» yif Ti — 



dx^ 

du d« dtt 

iPt, fPxf rPx, 

dm? du' dtt* 

<Rt% A*! <j*j!| 

dtt* rf? 



where of coune 



^ dx tPx 
^lli-d^' 



(/u d\? 

du' du* 



V 



du, du" 

Suppoae we make « the independent variable, then 

dx \> 



d.r iPx 

ilii f/u' 

itx <Px 

dlf di? 



and 



W« d^ 



Therefore 



Q = 



1 

0 



It would uot be diflicult to find tiie radiiu of curv:iturc of the curve at any 
point by introdmnng the oeeulattng 8-dimeii«onal Bphcro and finding ita inter- 
aeetion with the oscuUiting 8-flat giving an oeealating 2-dimenaional sfdiere. It 



,w w'ti^rt 'i>!..a[ * Iw.**-*"*^. H %;« .'-»':..«-^ •> \ri m-.i-T l ^c*: ta«t w 
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Note on tfee Theory of Bimulianeous Litkiear IHfflerewHal 
or Difference Equations with Constant Coefficients. 

Bt J. J. Stlvestbb. 



This theory is virtunlly the same for difTerential M for finite-difference 
equations. The mere verbal part of the expoMtion being somewhat easier for 

the fni iuiM- uf the two, I shall prefer in tho first instaucc to deal with them, 
alt]K)u<^h tlie applications arc more intnrestlng when madi; to hoar on th<» latter. 
Simple to tlio l&at degree as are the metliod of solution and the nature of the 
roBult, I do not find the one or the other set out, or even indicated, except in the 
most perftinetory manner, in titt ordinarjr textchooka. This brief notice, designed 
for the junior readers of the Journal, is intended to supply the lacuna. 

I/ct Vj^ t denote a linear function, with Constant coefficients, of ti* and of its 
first fj derivatives in respei^t to t. 

Let. .... + Mi.» = 0 

«•,! + «■.•+ +<%.l = 0 



"i, 1 + "(, J + . . . . + "i, 1 = 0 
be the system of diiTercntial equations pro^ioscd for integration. 
Gall ei + e, + . . . . +t, — c. 

The process of arriving at the reducing equation for any one of the variables 

is after the manner of the dialytlc method of elimination, viz.: 

Along with the first equation take Cach of its (a — r,)"' derivatives, with 
the second equutiou each of its (a — fj)"* derivatives, . . . and with the equa- 
tion each of its {a — tiY^ derivatives. 

Tliore will thus come into existence (»+ — («| + ^. . . .+*,) Le. 
+ l) — ir equations between the i (o -t* 1) quantities 

t»,, .... iyo, 
"*l ^<«l 



ttt» .... ^tt| 
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Bub<«titution in the original equations wc Hhall obtain a system of BimultaneouB 
algebraical equations leading to the equatiuu 

^i.xt R\, I . . • . i 
Ri,n • • . • ( ^ 

I 

■ ( ^1, ll ^t,» • ■ . • Rf, t 
where in goncnil 7?,,^ is wimt becomes on writing A" in place of ^"u,^. 

The above determiuaut of U»e i^^ order will be of degree fi + fg . . . + *n 
«. of the degree <r (for the general case) in h, and the roots of the equation 
will fpm the a valaea ki, h,, . . h,. 

It follows, therefore, that the result of the hypotht^tical elimination in the 
first instance roforred to will bo a linour function of i^'w,, Af'o^, . . . A, u^, 
of which the coefficients will be identical witli the cocflicieuts of A', . . h, 1 

in the above determinant Hence no matter now what special Talues may be 
attributed to the cociTicicntis of the given equations, the result last obtained 
remains of imir, /•'<'(/ valiility — without exoo|)liii>i; those cases in which the result 
of the hypothetical oliniinutiou would be such that the corresponding algebraical 
equation possess equal roots, although in those cases the form assumed in the 
course of the argument for the value of oi (vis. a linear fttnetion of exponen« 
tials) ceases tO hold good. Neither for the same reason nccJ any exception be 
niiulc for tliose cases where the number of terms in the equation to fulls 
below a on account of one or more of the leadiug coefficients in the result of 
the hypothetical elimination becoming zero : the degree to which h rises in the 
determinant will be in all cases the ri^t degree, whether it reaches the extreme 
possible limit a or falls below it. 

The result obtained may bo briefly sununarizod as follows. 

If («^>.^,) X + i<iH^)i/ + + {'PM 2 = 0 

{^if>,)x + i-'i^h,)!/ + + i-^A) z = 0 



(ttii,) X + + + (o,i«) 2 = 0 

(each^, . . •) u standing for a rattonal-integnil functional form) tlien will 

= 0 {R\) i/z=0 . . . . {R\) z=0, 
where is the resultant in respect to x, y, . . . s of what tlie above 

equations become when 6t is treated as an ordinary algebraical quantity ; under 



324 S uLVMwa : AUs on Ae ntortf ^mviUmeom Uatar D^firmtial or 



which form tht; proposition (hy virtue of Killer's inothod of iniiltijjlicrfs) becomes 
HO nearly intuitive as to abrogate all uoee^isily for any other demonstration.* 

To pass to the pMallel and more important theory in finite diffbrenoes, it is 
only necessary to interpret i/j. » to signify a liiunir function, with constant coeffi- 
Ci«nts, of ((j^),, (tji),4., . . . . (u,\ ^ . whiT'" I* is till' iut^'gor imlepeii'lout variable, 
(•ay (uj), and its rlitrorcnoc-augiacntalives), and instead of taking Uie diO'er- 
ential derivatives of any one of tho given cqiuitionB, to take tlie corresponding 
differeneeHuigmentativMi. Then by precisely the same reasoning as befine we 
shall have 

L>,^,-\- Ik>,+,_i + . . . .+Lo,= 0, 
B, C, . . . L being so taken as that A' + M'-'^-. . . + i shall be the 
determinant represented by the same fbrm of matrix expressed by Bf» as before, 
but where 7?^, , is obtained from i^it ^7 vritiog A'in lieu of any argument 

Uf-i- 0 which oceurH in it. 

The simplest example that can be given is whore t = 2, C| = ^ = 1, 
l«l.I = — Ti + i + OTii «i.i=W|, 

this was the cise which OOCOnrcd in the article on (he extension of Tchebydieff's 
theorem, in the last number of the Journal, leading to the equation 

e d—X I 

and to expressions for r;,, 9, as linear flmetions of X\ , X\ . 

It may also be reniarkcl that this same ea'je irives an instantaneous solution 
of the problem proposed and successfully treate<l by Babhago in his Calculus of 
Functioqs, more than half a century ago, and sinoe revived in connection with the 
theory of substitutions (Serret, Alg. Sup. 4 ed. tom. 2, pp. 256-262). The problem 

IS to find ^ = "^^"y ^""^ ^'^ > > I b' ' cqiud as for a given value of «. 
To find in general f*x it is only nooeaaary to solve the diftrenoe equations 

and then M(, v, will, if Uf—l, tb=0, coincide with Oi, and if «o=0, t||= 1 
with Of , 6| . 

*I ngnt ttiat thia alnipl* nllaetioD dU nol pMtwt ItMlf to my mlod IwAm Uic preceding iuTHtl 
gkUoD, the nece«i»ity for which it doe* away wttb, bad been net up in print. It of courae appUaa equal ly 
well to the analngoufl iiropcMition for flnite-diffoNBOa <K|uati<>iiH < >'. , r, bi'ini; xubatitvted for 

X . !/ . ■ . . . iiiiiM + ^ f<ir '\i . TliU I^Lii iiainad propoaiUoQ, limit' i ;<< til' ui' t'jLiatiuns of the firat 
onliT. til'- fi>iiii<liiti<in-'>t<)ni' >'i my nt-w theory of Mntrice^ rt't^ar li i v ■ ' ' ■ a*< Buhjwt to 

(•M'r\ U.imI lif fuui- li<ili;il oju'ratiou whii-ll <ll-.lili;try ;ir;(hni(_tlcul <ir iil^;' l'i..i :il i| : 1114 s .in i t i an lie 

8ubj<K.-t to : but though so impoitant an4 bo eaiuiy established, I know not where it can be found expU- 
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Thaa calling pi, the two roots of 

Ot will be of the form C{f{ — fi) and fit of the same form except as to C, say 

r(p| — pi). Also a,, ht will be of the forma (%pi, r,pl + r,pS , where 

Ci + a = l, r, + r, = 1 , and the roquired condition will be fulfilled, pro- 
vided oulj that pi = pi , or say 

pi = A'^C08 + M»» ^ 

pi=:/r(cos ~ — sin -^^) 

/. f. -if (a + i)* — 4 {(ih — a^) ^cos-^^^ = 1 , ^ having any integer value (which 

without loss of generality may be taken inferior to t) except zero.* 

If %s 0, the two roots of the equation in p become equal and the form of 
the solution changes into 

= ((7. -f CiOp* •« = (<V + W- 
When U)=l audvt=0 thenvissa, 

(7, = 1, a/=50, 0,= ~-l, Ci'=4' 

r r 

and when «asO, «|S=a, v,^b, 

mid di'x as * j * which cannot be periodic for any value of i, 

andwhen»=:oebeeomce ^^^;j-^ =--£=.^, ,.«. = -^orj^, 

so that in this case continually converges to a constant limit. 

I may add that converges to a oonstant Unut not merely when the roots 
pi> pi of 

\ a — p a I 

arc equal, but whenever they ate real. For the general fbrm of it may 
easily be found, is 

[(ft —o)ri + [h — ^4] « + « (/4 — fi) 



•19w«ewiUtlMwb9(<— 1) vduMor % wliieh will Mdk (tv* a dfatfattt adnMbla Mdatioa a( th* 
problem of period idkr, but of oouim onljr tboM valtiM<rf X wUoh «n ntalhnljr priou loiwUl (It* 
primitive «olutioiu. It i^t* llw •Sact ol asUog AsV4 will b* to mdM f'Ms* .l^ viiiM o< ito 

m a k ing — 0 • 



S26 Sylvssteb: Sokont/ie Theory of Hinudtanmwt Limxir Diffcrtittialor^^ 

whidi if p, > Pi when <=» beoomeB ^"'""^ ="~'"'or. * — where 
p, Kigiiilitis tilt? siiialltT of tho two roots p, , ; or in other words when 
rt — 6 > 2 the limitiag value to ^'x, when ^ represcnta ^"j"* ! ig 

^a-6)-f-'»/'(o^j*^4y ^ imdenUndingthftt the qiuwtity under tlu ndicd 

rign h to be takea pontive. 
So. if 

when all tliu root» ut' the dcteruiiiiiuit 

a — X 6 c 

of y-a e 

Me reolt the point x^,y^,^^,ia i increases, will be found to epproadi indefinitelj 

neer to a fixed straight line ; and if all the roots arc eqiiiil, to a fixed point. 

The coiiditiiin of ihe sv>teiii of ratios* j-( : //j : .r, Vieing pcriodie and having a 
period m \s tautauiuunt to the condition that the m"* power of the matrix 

a h e 
ti V e 

tP V 

fihuU be the matrix 

10 0 
0 10 
0 0 1. 

The complete solution of thia problem, and of the more general one of ex* 
tracting the m"* root of any unit-matrix {i.e. a matrix in wliich each eleineiit in 
the principal diagonal ifi unity, and the rest zero), which constitutes the ultimate 
generalization of Babbage's problem and is soluble by the same method, will 
probablj appear in a memoir on matrices, in the forthooming number of the ' 
Journal. 

Tn general, for a matrix of th<' order u, the number of roots is ni" and 
each of them is perfectly determinate, liut when the matrix is a miit-matrix 
or a sero-matrix (the latter meaning one in which every element is zero) 
there are distinct genera and species of such roots, and every spedes contains 
its own appropriate number of arbitrary constants. 
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Problem. Frvm tico ^loints in tltc plum of a circle, to draw Urns metling ai a . 
jioirU VI (Afl eiKu«n/ennie$ and makimj ajual angles teith the tmgeut dramn at Aal 
pomt. 

This problem is known r8 Alhnzcn's, and has been studied byseveral mathe- 
maticians, besides Alhazcn, fioni th« timo of TTuyghons to the present. The 
earliest solutions are all geometricnl constructions in which the points arc deter- 
mined by the intersections of a hyperbola with the given drele. Later, analytical 
solutions were given, and luAj trigonometrical solutions. 

The following li5<t of references and their accompanying notes cont«Uis a 
condensed history of the problem. 

Aliiazen. Opticac thcsavrvs Alhazcni arabis libri scptcm nunc primiini 
ediU ... it Bisnero. 4 |>.l. 288 pp. foL BatUeae per ejfueopim If DLXXII. 

Alhazen was an Arabian who lived in the 11th century of the ( Miristian ero, 
dying at Cairo in 1038. lie wrote lliis treati-^se on optics, which wms first 
published, as above stated, iu 1572, under Uie editorship of Ki.sncr. The first 
publislied sohitiim of the pioblem w contained in this book, pp. 144-148, Props. 
84, 88 and 89. The solution is effected by the aid of a hyperbola intersecting 
a circle, and is excessively prolix and intricate. 

Analyst (The). A journal of pure and n])plii'il ninflifmatic^. Edited and 
published by J. K. Hendricks, A. M. 8vo. /><« Muituti, luua: Mills & Co. 1877. 
ToL IV, No. 3. pp. 124-125. 

A general solution wss proposed, but the solution of only a special case 
was publi.shcd. 

Babrow {Uir. I.-iaac, T). D.) Lcctioncs xviii Cantabrigiae in scholis publicis 
babitae in qvibvs oplicoruni ]»haenonienXln genuinac rationes investigantur, ac 
ozponuntur. 8vo. Londini, tyj^ OuHdmi Oodbid, 1669. Lect ix. 
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BjUOB: AJhaxn'a Problem, 



See oho Wbbwbu.% edition of Banow'a works. 8vo. Cfamiriige, CAnvsr- 
ai^ Prm, I860. Lectiones opticae, pp. 84-89. 

Biirrow rercrs to Alhazcn's " horribly prolix " aoltttion, and diacoaBOs aome 
of its special cases as applied to optics. 

HoTTOM {Dr. Charles). Trigonometrical solution of Alhacen's problem. 

[/n LnBOOBK (Thomaa). The mathematical questiona propoaed in tiie 
Ladies' Diary (etc.) Svo. lM»don: J. M<iicmaH,lBn. ToL I, pp. 167-168w] 

A trigonometrical solution by trial and error. 

HuTcnENS (Chriiitiau) aud Slcse (Fraucifi Keue). Ezcerpta ex epistolis 
noniMiIUs (etc) 

[JNpBiiM0Pnicui>TBAinjum(W8 of tiie Royal Sodety. 4to. ZofMbR, 107*3. 

Vol VIII, pp. 0119-6126, 6140-6146.] 

Several solutions are rontiuncd in this cnrrfispondence, nil of thorn fjeomet- 
rical, and all except one being by the aid of an hyperbola. One solution, by 
Bluae, is hy means of the intersection of a paraboto with the given circle. One 
of the aolutious by Huyghens is the most elegant the problem haa ever r < ived. 

Kasbtmbr (Abraham Gotthelf). Problematis Alhazeni analysis trigpno> 
metiica. 

[/f> NoTi coirxBNTAiui socictatis rcgiae scicntiarum OoniKGBNSiB torn us YII, 
1776. 4to. (?o«&i0as, J: (7. Z>Mferid&, 1777, pp. 92-141. IpL] 

JL complete trigonometricnl solution, with application to several numerical 
examples, and containing difTercntial equations to faicilitate the computation. 

Ladies' Diaby. 16mo. London, 1727. Xol stm. 

The problem ooncretoly atated waa the prize problem in the Diary for 1727. 
Solved the following ymr by trial and error by I . . . T . . . 

LEVnornx (Tlionia.'ii). Geometrical construction of Alhazen's problem. 

[//( Leydoihn (Thomas). The iiiiilluMiiatical questions jiroposed in the 
Ladies' Diary (etc.) Svo, London: J. Maicman, 1817. Vol. I, i>iK 168-169.] 

This oonatruction is arranged from old materiaL The proof is given dearly 
and concisely, and a few bibliographic indications arc added. 

L'Hosi'iT.M, {(Inillaiiiiio Francois Antoinc dc). Traitt' aiialytique dc sections 
ooniques. 4to. Farie: Montalant, 1720. Livrc X, Ex. vii, pp. 389-395. 

In Book X, on determiuate sections, Albazea's problem is selected as.an 
example of a problem whose geometrical solution can be eflbeted by the idd of 
a conic section. Two solutions are given, essentially the same as those by 
Huyghens and Sluse, but with improved methods of arrangement and proof. 
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Mayer (Tobias). In a collection of problems by Mayer tbere isaaid to be a 
solutiou of Alhazcu 8 problem. Not seen. 

PaitoaopmoAi. Tbamsaotionb. See Hotgumb and Walol 

Priestly (Jose ph). History of optics, tranaUted into German with note* by 

Elunon Kliigcl. 2 vols. Tjciji/ig, 177') fi. y<if 

Said to contiiiu iuforinatiou about Alhazx'u'e problem. 
IllSNsa (Frederic) — Editor. See Alhazen. 

RoBim (Benjamin). Mathematical tracts. 2 vols. 8va ZomIor, 176L 

See Vol. II. pp. 262-264. 

One of these tfacts is a scathing review of Robert Smith's " compleat sy.stem 
of optica." Robins poiots out the complete omission of Alhazcn's problem, and 
supplies a short and easy proof of the correctness of one of SluseV solutions. 

Snn (Enoch BeeryX Solution of a problem. 

[Jn School (The) Visitor, devoted to the study of mathematics and grammar. 
8to. Ansonia, Ohio: John S. Rout, ISSl. Vol. II. Xo. 2. February, pp. 24 2-5.] 

A complete algebraical solution by an equation of the eighth degree, witli 
numerical application and roots found by Homer's method. 

SnisoN (Robert). Said to have solyed the problem, but no solution is con- 
tained in any of his works acoe.s.sible to the author. 

Sluse (Francis Kene). St^ Uuygue.n-s and Slcsb. 

T . . . (I . . .). Ladies' Diabt. 

Wales (William). On the resolution of adfbctsd equations. 

[In PHiLOfioriiic.\L Tbansactions of the Royal Sixnoty. 4to. Zombn, 1781. 
VoL LXXT, part 1. K.x. vi, pp. 472-476.] 

Albazeu's problem ia selected as furnishing an example of an adfectcd quad- 
latie equation whose solution is easily effected by the aid of the logarithmie 
tables and his method of using them. 

JAosmV Probikm eielmded to the Sulfide </ a Sjh^ 

The solution of Alhaien's problem gives the minimum (and also maximum) 
path between two points and an intermediary circle, the pointa and circle being 

situated in the same plane, and we shall here give the solution of the same 
problem when the two points and circumference of the given circle are situated 
in the suriaoe of a sphere. 



^ VI v.rt = «. 1..: j \ 
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ji wu'.ii 1 ra.-.i.*r u z:xc-» f^ui. i^iir* -r^.-Ji -^-t 




win -.f 5r«a: rZru« j*r;*:.t::ulfcr tj OP. Lei A-IJf^z, B'jJf=j, 



tAn OJf = uz JO oc« 7. 

'AZ. jr : 



._ ij, ,^ jci by Google 
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also UnAPM=:tMnBPM or ^j^^g-^ 

Now 



(2) 



wad again, since PN=ON— OP and PM= OM—OP, 

sin'PJf ( sin OJfHiny — coh <)J/<Mf»c )' ww'OJf j tan OMslnip — cos y ) • 

eia*PIf (sin OA' sin fP — cos OA cos ^ J tWOAT | tan OAT sin f — cos f ) 

But 

coa'OJV ~ r+utfOif ~ 1 +tanUOoiw^' 

wbeaee 

SuUfitating (2) aad (8) in (1) , and rememboring that 

^0=90** — ^ and £0=90* — ^ 

we obtain 

co«'yi »in*a (1 — oo^ft si n'y) ( 1 + colg'y t ooB*y | j colg ainytinaa! — coay | • 



or 



CObY, 8in'x{l — oo«Y, 8iii'y)(l -\- "'t^v'i i'o»'r)(co4;y, coay — ootgy)' j 

aM*f I sin'y (1 — ooB*y, sin^) (1 -|- oA^ft oos'y) (ootgfi ows — <»tgf)|* ~ 

Kow «+^ = X, — %i = AX, whence eliminaUng x or y we have an equation 
which can be solved by approjdmation as in the case of a phwe surihoe. 

>. o. a, CMotar as. usi. 



Om the ycm'EueUdeam TtigmmmtUw, 



j^ct.?*: d-'. .;* '.f - al ■ .-i'.' -T of -ilx-eti^iTa il-ric r-tweea 

two i^'yi.-.*.* aiid a.'.^> retire*:.'; '.tto Lc-f*'. wLI ii bu l««a g^--r.-il-ie'i bj 
l>f, K>:a in * (tkl^r ~re?>w <!;« wf^^KzxjzMt 3f:-?L:-E^iI;il*i# Geoaiie:rie-"'t 
Pr*>fe!«K>r C»j>j »f:eTwaris za^e as exar^ipe of •.r.^ :;:-s-E>'II i<ac air'-c- -nietrr 
hi tF** plane. o'.'a^rJ.ijr forwj-ae for ;he r-e iil <a>e La w"::; h f-s:: !*- 
nwental oriie '/r "ar/<<^il ~ u m circle, aad the cozka&:« of ic.'eaeureaect tare 
fartknlar MlaM^X ' propose here to ded^tce tike formolae fi)r the fenenl cm 
«f f««>j«etiv« tncararrmeDt io tike plane with an ariiaarr aliaolateaiideibhmy 
tf»n**ji.u'M. Th<; aj'plication of the mu!t« to a sp«ce of two dlmeusir'as with 
*y^r.>^AriX '.-Tirraturf; in a third dimen^IoTi is evi J-jriL It is al?o evi Jer-t from the 
oa^iire of tlte pn/jective meadurcmeut that the resul:« are ind^peodeot of the 
pwticnlar choice of codrdinatet, and theiefoie am not affected bj the dicnm- 
KaiMX that a fcal point may have imagiiiaiy eoordinatea. 

Fr/!!owing Professor Cajlej'a notation, I pat a dash orer anj qnanti^ 
rn'ra/ured projcctivelj. The projective iriea*ure a of the d:?tan<^ hetween two 
p'/ioU B and C, and the projective measure A of tlie angle between two Uaea 
h and e, are defined thna: 

a = irtna. A=V\na', 

where a is the anLamionic ratio of B and C with respect to the iniers<^-tio»s of 
the line BO with the absolute, and is the anharmonic latto of h and e with 
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« 

reipeot to the tangents from the point 5o to tiM ■lidato, sod k and U are two 
•rbitraiy ooriatants oomsponding to tbe arbitrary unita of oidinarj linear and 

angular measurement 

Let the equations of the absolute in point-oodrdinates tt, and in tan- 
gential coord in at*; H » , r , ic , be 

Ii=/(«, y, 2)=0 andu = -f'("f »« «') = 0, 
teqiecUvely ; and let 

and mnilarlj for other combinattons of the eufBoes 1 , 2 , 8 . 

Let A , B, C be the vertices of a triangle, a, b, c thoir sides, A, B, G, 
aiT", e the proJecUve meaaureB of the an^ea and opposite ddea, respectively ; 
and let the codrdinates of A» B, O, a, h, e, be Xi, yi, %; %; o^, th* *tt 
«ii «bi «ti« w^i «bt wbt reapeetiTely. Then, by the above definitional 

« - 2. In 5«±:5^^E?^- . 



1 - ifi' In ^fff-ff^ff"- 
Ub— Vffi— 

which can be put into the forma 

For conTenien.ce I take Ibr the Unea 0;= 0, y = 0 , as 0 re^ectiTelj two 
ooi^agate pohra through the points and the polar of il with respect to A, so 
that 

Cl^ a? + + , and hence y = m' + t?* + , 

X, : //, : 2, = 0 : 0 : 1 , 
M, : r, : u; = : — y, : 0 , w, : r, : « , = : — x, : 0 ; 
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and, pottiiig a4=%n«M^, 1h—*t*t9^^, w^^^r^CM^, y, = ?,r,8in^, 
I find 

fi„=l, il« = 4W + i). ft«=«5(»i+i), 

(2i*) = ^ l)(ri+l) ' (2?f)= 

/ 6 \ ±1 . / f \ ± ri 

(i) = * (iJit) (4) ^ (2L) (4) ' 

where each sign 3: has to be so determined that the distauce between two coin- 
ddent pointB and the anj^e between two ooinddent linei shall be 0, or some 
multiple of tbe whole length of a straight line and whole angle about a point re- 
spectively, while it remains arbitrary in whifli or thi> t\v<i jio^sible directions the 
measure is positive. If the points B and C coincide, c = 6, a = 0, ii = 0» 
hence, by the lost formula, 

l = d= 001^(4) =fc«n« (4). 

therefore the iqiper rign is to be given to both temw, i. e. 

~" (Si) = (L) (Q + (4) '^'^ (4) (4) • 

oorrespoudiug to the formulu of .splierioal trigonometry 

cos a = cos 1/ cos c + sin b sin c cos A , 

from which, as is well known, all the other formulae of spherical trigonometry 
can be obtained, without the use of any other relations than those impfied in ths 

definitions of the trigonometric ftmctions. Hence, in n unifbrmly curved space 

of two dimensions, with a projective measurement based upon any conic, whose 
oonstanLs of linear and angular measurement ure />- and if respectively, thr 
trigonometrieot /mnutae ttSt be obtaimed from Ihatv of ^iJitrkal trigonometri/ by 
te^aeiuff each »ide {or are) by the eorraipandiHg side (or straight tine) divided hjf 
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2ik, and each angh by the cormpMding angb divided by 2Uc'. Of course, what 
wo caII a straight line in mi'h a curved space is a geodesic line, i e. the shorteel 
line between any two of its poinUi measured as above. 

If A= i. 4^= 1. 

then W^^' 

■ill (g^ = — <«nha, oos s coeka. 

whence _ _ 

T coaha — ooshSooahe* 

«"^= riDh^ainhS * 

the (bnnula ^ivxu by Profemir Cay Icy, which, however, holds fbr any other 

Aindamental oonie, as well as for a cirde. 



ifote on Mechanical JnvoluHon, 
Bt J. J. Btlthtii. 



Ifedwnical involation b the nune mvented by me to ngniiy the reUtitm 

between six lines ia' space, so situated that forces may be made to act along 
tlicni whose statical s!im is zero. The definition may be extended to comprise 
au iudutiuiie number uf Hues, any six of which have this property. 

I shall use [^>, q] for the present to denote the moment of » unit of force 
acting along the directed line p about the directed line q , taken positive or negSf 
tive according as to a spectator looking in the given direction (or sense) of q, 
a force in the piven direction (or sense) of p tends to produce a riglit-handed or 
a left-handed rulutiou, which tendency, by a property of our mental constitution, 
we know is not affected in kind by the lines 2' ^t^x^ <J becoming interchanged — a 
AmA whidi might also be anticipated ^th a high degree of probability fh>m the 
circumstance that the unit-moment is measured by the product of the perpen- 
dicular distance from each other, of the two lines, multiplied by the sine of the 
angle between them, so that etich factor of this product changes its sign when the 
relation or aspect of the two lines to each other is reversed. Hence it follows 
that Ip, 9] = C?,i>] 

Three lines in a plane, it may be noticed, arc in involution when they in- 
tersect in the same point, or, as a particular case, arc parallel to each other. 

Let a, b, c, d, e, / be any six lines in space, ^, X^, X^, X^ tax 

forces capable of balancing when acting alon^ the lines 1, 2, 3» 4, 6, 6 
supposed to be in involution. 

Then by the equation of moments in regard to each of the first series of 
lines taken successively as axes of rotation, we must have 

aj + X,[2, a] -f A,[3, a] -f X,[4, a] -j- X,[5. a] + X,[6, a] =0 
+ +a,[6,ij=0 
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= 0. 



[1./] 



Consequently wo may Gnd quantities |m„, jt/», ft^, ft^, ft,, (t/ such that 



Thus it bccomea evident by regarding iiy, , fx^, ft,, fi^ as the mag- 
nitudes of fbroM acting along tiie lines a, b, c, d, e, /, that tiie equations of 
moments of a given set of forces about tax lines wMeh are in general inde- 

pendent, become linearly related when the six axes are in involution —a conclusion 
which springs also immediately from the consideration that the law of statical 
conipotiitiou of directed lengths is the same whether they be regarded as repre- 
senting (brees or as representing the axes of couples. 8o maeh by way of intro- 
duetion. 

I now pfu'is to the r()rmatif)n of the intiinnc equation of condition to be 
satined in the case of involution. 

To obtain this, let the lines a, b, c, d, e,/ be made idsatfoal with 



1, 2, S, 4, 6, «. 

In each of these latter lines (say in 0 l«t two points be taken at the dis- 



n> V> *•> («,/)— where / is anotherof the lines in involu^— denoto 

the determinant 



Ha [«, 1] + f^. [i. 1] + [r, 1] + fi, [d, 1] 4- [e, 1] + 1] = 0 



f » G j + (;] + fi, [r, G j + [d, 0] + U, [r, G] + ft, [/, 0] = 0 . 




»x «v »« 

»x K h i't 

J, J, it 

3m A h it 



liff.j-*'. *i>% 'l^^v.-iil.vkr.: ',f •./.-> ♦'j-i -.:icr »V.t* -rrlt:*- *«i-^>;-*i 

0 A', 1.2.. / v:. ? . -t . \\ 



\ttA'^.i.'.'.% tr.Ift li« f>rz:«<L \za 'atzia Ii. a^'i »!jo the 

t^rra* in ea^rh 'ir/un.n will J-iire ctj::.- Zi fj-'t-.r. re^. jwL'-.L It atvo- 
f'j 'i x^ K'-rr.*: of divLilori. »II the q'iir. / w.'.'. ll-.i.-yrxr. ?<:. :r.*-. r. vr ix.ripiir.5 
<:a/ h of th^ pairs of y/i&xa OQ ti** llr.-?s 1 . 2 . 3 . 4 . 5 . 0 r»--^:-r^ -..velv 45 <»ijr 
hn Mm-wuvndatl yuutf* vchatner, tLe wtrii^ic ctiiA.'l .Zi U r»{re«frr.:ed br the 
«irftn«inence of ttte foI!ovii.£ «rmmetrical i::rertd\:a:e t e. seio-Axial 1 eom- 
yiuud dkUsrm'iuziit 



0 


11, 2) 


n. 3> 


(1.4> 


1 1, 5 • 


il. C. 


(2.1; 


0 


(2. 3) 


{ 2. 4) 


(2, 5j 


(2,M 




(3,1) 


0 




|3. 5> 


^3.61 


a 1) 


(4. 2) 


1 1. 3j 


0 


( 4. 5) 


(4,6. 


(5. 1) 


(5. 2) 


to, 3t 


(-'>. 4 ) 


0 






(6. 2) 


I'i, 3) 


(0. 4) 




0 



irh«re e«^b pair of nunifaera within a parcntbcsb i«pre^nt« m d*.'tenninaiit of 
tli« fS'iUrtb order.* 

Ju-t a« th': equations of moments of a system of fon:*? about six lines ill 
f\iu.i:t; ar<; In ;.'<Tii;ral iri'lepeudent. f iit oM-c tn l-e 5<:i if {n.:A tiiilv if) these lines 
ar*: in involniidn, m tJie equations of momenta of a s>j?tom uf forces in a plane 
%\f»tii ttm-e points are in general independent, and onlj cease to be lo when the 
ilir<-<- \,<,\uyi^ lie in a ri^t line. Thus under the two-fuld ai>pect of a ^r^tem of 
for'e-'iirfrftions and a sy-tcra of axes of moment*, six linos in involution in 
ftjitwre are on the one lian'I tlie analoi'Uf.* of throe for< o-<liro, ri. n- in u |iliiMO in 

•T>ii>i <1" t< rrniri itil ' win t) i» •iitfi' j<-ritiv ••*nii>u->. I have f'^un i ^incc going to priT^. iuw* lufn given 
>'i<.i ' u. li^' in^-'.u u! lit.- ■-••'r.iiii.tt'-^. t '.till, i'liii. TrniML, inai. witirh ii Mmndljr taMd 
uixiii tn} r:»iuttri|i ti»t»« <-<inDi-'-t<.'<l with Ute |>robleni of Ijitoliiti'Hi. 
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involution, i. e. meeting in a point, and on the other hand of three points (centres 
of moineat.s) lyinf» in a right line ; and as coii'-inren'- - is the polar correlative to 
ooUinealioii we ought to expect to find iuvolutioa in space to be its own polar 
oorrelatiTe ; %. e. that the polar reciprocal of a system of linea in involution in 
respect to a general quadrio should be another such system : and sudi is the fact : 
for, as I have shown in the Compter R'udwi, the necessary and sufEcicnt condition 
of six lines being in involution is that they shall respectively intersect pairs of 
corresponding rays in two homographic pcacihj lying in two planes whose in- 
tersection contains the centres and two corresponding (ooinctdont) rays of the 
two pencils — a condition which will not be affected by any polar transformation. 

This leads to the remark that we may change the sigiiidcation of the symbol 
(ii.ji') in the equation Xaai indicated without destroying its validity as the condi- 
tion of involution : viz. we may suppose two planes to be drawn through eacli lino 
instead of two points being fixed upon it : and then if we understand by the 
determinant of two linen iu space the determinant fbnnod by the coefficients 
of tlie two pairs of C(inations which denote the linos, we may interpret (/,/) to 
mean the determinant of itj and sum up the result obtained in the following 
proposition : 

The deUrminanta formed nx linea in itnolHtion, taken two and Am togetker, 
are rt1ate<l in preciwit/ the mtme manner ae the tguareddietanBee from one another <^ 
eix jmnfs in four-dimensional space. 

The legitimacy of the second reading of (i,^) may be proved directly, as 
ibllowa. For greater deamess let when read with reference to pairs of 
planes through t and /, be called (/, J). Then 

• • • • 

»* »r ». h 
i. t\ t\ «\ 
/. /, /. /. 

r, p, p, p, 

will constitute an example of what in the .fohns Hopkins University Circular 
for May, 1882,* 1 have called a uplit malrir, inasmuch ns each of the first tWO 

* Baltimore: John Murphy & Co.— It is intereating to notice (m there iudicatm]) Uukt the tatmm 
tiMory of Uie iiplit matrix bt-ro applied to meohuiical involution has an important, olttvough quite • dif- 
leraat kind «( bewiJiK on Uw dwoiy o( ntgabraical inTotntion. Hw two Uworict «C iavolatktt knvn « 
iwiMiMtinlito ■IHiiitj to innli nUiir groiinillinrnM iimI fliilr ooalBnlMili In Uw niwltnn nf Hiwrccna— ■ 
tiQBinftoam VUaty, bting ngvdod w the ualogaMor qiMe-dinetioiwnBd th* ftwoMMcnitadH 
neUngnkagfhMBiatiwathar. (8aaX H. U. Otoenlir, Jann, ISOlL) ItmMtheMancCttdsooBnactloB 
whkh oi^OMd me to Uiraw a retrospective g<aac« on th« Umikj «< ta/tebm^Satl Involottaii, abaadonnd by 
ne liaoe Uw renols dnie of tlieappearsooeof my papmnntbvMAIeattBflMClMyrfttJiMAit. loaght 
to mention that I owe the idea of applying the split-matrix thaoiy to tht pnat ot Qm polnr ympwliir oC 
an involution-«yctem, to a niggcetitjon of ProfeMor Cky^y. 



ivust ti"~-. Vrni u.* .*r zrr** ;r>i^»r» «ik3« ssa 

w vf . w-^ '.v ^us '^♦;#>C** <k.:lj.>:* ij:.:f s. ti* V.»»r 

r*.*>/ V. '/ . '• iikr^ 

aeui */! v,'^T¥k 'jjt iikZA «rir:i':Iu»>^ ^??''J W2«n /. ^ uke tbe {Caee of 

/; fu/Bt h 'ss.rTtihi'jifi''.T fellow* titt 

(*.Jj:'I. = J;: / 

l«t is> « , (SeV:!?:^;^^:::. ^iL h^ » ev^:«<i to sen. e»c^ element 

isi ac/ 1^ 9>I-j2aa t«» n. ./.If . ^\ tLe^ azkia ekdi e>iDeat in aoj ^ 

t/j Muzi«; t;-»r«! I j'A:;<rf:j wIIJ not »f<:<rt tie e'.uklitr to »ero of 

t.'>; d'-rf-rr;. '.isr.r *'■ '.'*"'r'n of lii* c^jt:;' ir.*-i niu!-;j '.;':^*.:':>QS will 

l/e t/j t.iMii^ iLe « :.t in tri*,- f-* r^w a:.d jT* oolusia, ri*. (i.y i. into 

i I, J], I. e. iiito il, J). Tliijj? it is proved that we m»v put from the first 

rea^Iing of the (l.j) '!>•''■:;:.' . ifjt to t.'ie f^f-oui: zii-l tLL- in it5 turn 5>erves to 
prove that if nix ljric-i« are in involuiioa their pokn in r^pect to any quadric 
muet alNO be in involution. 

Tbe tbeoiy of inTolutioo maj of eouiw be extended to • iptem of 

- — line* in ii'dimenwonal qwoe. 



Note on Detenninants of Powers. 

Bt 0. H, IbVOHILL. 



If a>/?>y>^, then 



a a' or 

6* f h> b* 

flC ci» <^ 

^ ^ 



if ff o* 

6» 6' 

^ ^ ^ 

^ ^ 



a" 



a' 



a' 



3» 



0» 



3» 
2> 
1» 
0» 



3« 
2* 



temiBt off jwrifiw (0*=!). In briefer notation, representing tlie first two 
determinants by their principal diagonals, «nd writing ^^{Zt ffi s, <) for 
(»— y)(x-«) (»-«) (y-2) (y-O {z-t), 

and the like ia true for detorminanta of any or«ier. Calling the left-hand mem* 
ber Q,, the subscript denoting the order of tho determinants, Qt tomj be 
ezpresaed in a linear function with positive ooeflScients of similar quotients, Qt; 

and by succes^ivo applicutiona of this formula ^, is expressible aaXa^l''r''<I', 
where p, q, r, t are functions of the two hcIb of expontuil.s, o. j3, y, h and 
3,2, 1,0, and of (4 — 1) ! variables whose limiUi in the summation are certain 
functions of a , /9, y, i. And the like is true for determinants of any order. 

For a proof of the preceding, consider the expression for as given by 
Prof. Cayley, Salmon'a Higher Algebra, p. 292, viz : 















//.-, 






a. 


(a Wrf») ~ 





















E E E ' 



/./v^^, ^ ^-^ £r. F, F, 

p.t • ? -4 fc.'."! '.'.Ti>T ',f y 1 =y — ^ c'-Ar r'-^ ;Le 

r» -> '/f t':^*':Jt.'A u.h-.'/^.t ; >i'.:.-:ti t?.* ':>rrrrr.;'„k--.-» f."-^ . -I ;r. fua- 
/.-.*'. '/r. f'/t I'/Wff tj.; ^« '/f X x-.i ff *:'r':.^T t*..-.'--. ': i r LiT> j o " i^i^s 
v.*. *«t;;t or 'J ;<*.•■// »r<vr.';r hj X-w't^.. K.*Zi'>iri 'jf fek-.h jriir <il5«rKi5 
fr'/.'A '/*^i«r ht.lj \fy ut Ui*^r*Aia.ts« of two coI-sKr-a. la Cb?:. vbkterer x 
w»»/ U<« <l«t*r»- '.A' t f/ '1 bjr puttibg 5= M, r= m. v*- l-Les identic 
» :^ / iK,if yi':i'i»;'J bjT |fiii;.in;r y = m , z = n, b d-ii'.roved br the oiic having 

y . «, t~ m, Utt variab]<: Riulupjl<:r, </•, bein? tfi-^ '.'trrie for each. Of Umm 
«lf;<«nniriaiitii whi<:h remain, iius one ottMJwd b>- p itting x=f and either jr or 
VMiiirboM i'J«iiU<aJl7, and tbe one haring je= f, jf=sM,s=i*,tf destroyed 
hy o).': whfiM je=n, Jf^'t 2=)', ify— i>/>y — A — 1, I'Ut by that 
»(fi»; of wlii'li z=:)ri,y=w,2 = /, if I <C y — ^; ^'i'i variu'jie d Hiffi.-it.-nt. 

not inU;rf<;f«i t^i j<r«v«;ijt ui-.' i'il ']<i«iruclion of the <|iiiiutjiies obiained 
iu t\t»t mimifiati^/n, nince $sa + ,S + y — Si — 8 — (x + jr + z). For those 
rfift<;nnifi8fitii trhich tittw remain, x >y >x, and we have 
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By saooemTe applicatioiM of this fbrmola w« get, ' 



^= r E r r r e^*-*. 

Wban (tti + a, + oa + a^ — 3) — 4ai — (xi + X, + ii) + (oi), 

J = («k + + a% — 2) — Ifai — (ji + S^b) + (o* + ai) , 

'•=(i'i + yi— 1) — 2^1— (m) + («4 + a*3 + y»)i 
0) - - (0) + (a, + + «0 . 

The notation is slrjitly ohan;;c(l, and the values of y, r, « arc written in 
a somewhat redundant form, iu order to show more clearlj the law for detcr- 
mioaDts of higher orders. 

Snoe the number of terma in the of n letten is expreaaed by the 
binomial coefficient Cr^r~', the number of terms in the summation above 
(i. p. the stun of the coefiiGientfl, all of which are positive) is equal to the deters 
minant 

obtdned ftom the fl^teiminanl As an example, 



whichh«»42,=-f!JJ'^'^J-, terms. 

^1 (2, 1, 0) 



If a,, a,, etc., be the n roota of x" — P^x' + P^"^* — etc. = 0, by aub- 
stitttting the roots and solving for P, we get 

' (ar-»a?-» . . . a;-'fl;r{-» . . . i^_,a:) * 
Thus l^y^^ =Saflfi and nnoe the number of terms m Safe is Ctf, we get 

the following ezpresBi«m for the value of the binomial coeflbitent» t^, vis : 

^«__CM->.3,2,0) 
Ci (3» 2,1,0) • 

And, iu general, wc have 

CM»»>«— !>• • — r+l,!! — r— 1, . . .2,1^) 
'~ 1,11—8,7. .ii—r,«—r— 1,7. .2)1,0)' 
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•..•.r 2.7 - , -c ••«• rt' -. •'■».z.>-i w'i-.t*. T:-;^*- '^f • y 

• f .V-...- .-. 'jryy,'*. ;-. r K^'.'* •.'•jr> t ^ ;r.T-: »-i*a 

»,f •.v* ;.fv*< -r i-'J r w. ■•-^ '2,T;iil rt*-- -.r '.t - t <i — 

it — «. v.* *i^yy-.;.-J r',w vv::. »- ,'.-»,v*./fri frn,a tie i.-y: a::! reicit 

Z/-'^'/. ' t^** d«t«n/iirjAi<t on th* n?Kt U »t ccoe redu<red bj combiiM- 

•I'/fi '/f row* to tfi»! ^iriiilar d'-'crHiiniUit a)r<:adj c^/rieidered hi wK]- h each row 
iiivo]v<:ii «;v»;ry l<:iu;r, ait'i whi'.b u oh'Aiwzi in tiie leil-bo'jk*. a." far as 1 iuve 
<r><«enr«<i, only by an indirect proowa. The metluid obviously appliei to deter* 
wtiuefiti of snj order. The follotring erideut identltr i« used in tlie redaction : 

limit, «,d,0,. . . x) — > e,d,9, . . .2) = (ft —b) Bm^i{a, i, c, . . . s). 

The above proceei of redaction above that the Talne of the iMeterminant 
ia the aame fur every dUtribution of the lettera among the rows, subject to the 

W)ii'!i(ioii« (1) that lliD lc(tf;rf< of every row are contained in e:i -h of tlie pre- 
♦Mt'lin^' roWM, ari'l (2) tliat no row corituiiiH than u — r + 1 letters, where u ia 
tlic orriur uf ttic dctc-riuinant, aiid r in tiie uuuiber of the row, counting from 
the top. 
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Ddermfnation of the Finite QuatemUm €Hroup9» 



By W. I. Stringham, 

Ftofluor of Molhematics U (lie InivertUy of Cuii/ornia, 



If we apply lo a act of quatoniiou^ the dclinitiou of a group as given in 
tho Theory of Substitutionfl, then a quaternion group of the m"* order means a 
Mt of m qaaternionfl (scalar unity always included) whose products and powers 
are also quaternions of tho mmc set or group. The object of the present paper 

is to determine all the possiMe finite qimterniun tfioiips. 

These groups, or raliier their lumhjgue.s in liie ordinary Theory of Functions, 
have usually been interpreted geometrically aa the liiieair transfonnations of the 
plane of complex variables in itself— otifosiorjiAis tnuui/bmationg. The formulae 
for these linear transformations were first given hy Professor Gordan in his paper 
"Uehor I'ndliehe Gruppen linearer Traiisf'orniafiDni'n eiiier Yerrindt'i'liclnni."* 
The quaternion formulae, although they have their exact correspundeiiUj in 
Gordan's algebraic fbrmulae, ham, when interpreted geometrically, a more gen- 
cral character, in that they represent certain automorphie linear trsnsformations 
of a threc-diini'nsinnul infinite homoldidal npacc, or what is the same thing, of 
a three-fold extended sphere. The determination of these formulae might bo 
made to depend upon Oordan's solution, but the following is a shorter and 
simpler solution than that of Qordaa, and indddes it as a spedal case. 

Some Gtmral Forninhu', 

Lctq, r represent two quaternions belonging to a finite gi'oup. In order 
that the group may be finite, the tensors of fj, r, etc., must be unity, so that 
q and r may be written in the form 

<; = co8^ + %6in^, 

r = ros 4- + sin ij^ . 

* MiUh. rftiiK. lUl. XII. pp. 23-16. ("onipare jiImi i,':iv1i'.v "On tlip finite (ir<iii|ia of lint-iir Transfor- 
niationa of a Vuriable," Math. Ann. \M, XVI, pp. i>lH) fi:!, I-HO-IO. Tlif pnnif i.'i>tictTiiiiig lli<- niiniUT 
and cliMMter of the poaaibto giouj* wtui siven by VtoL Klein, Math. Aim. BO. IX, p|t. lU3-3(Ni : 
" UclNr binira FanMa nlk limMa TnMtMmitigaaii ia liah MllMt." 

VoblV. 



X fiyr^^^.^A ft tew »ry:s:-K,* » a is'i -.f 'ie zn iT. 'i^r are i*-.*?- 
ir..:.fA '.J reli'I'-r..* 

(■.1) ^*=es« fiif + A iiz n^. 

K.r.-.^: t:..'^ y,^':r of 3 *L ,--H rejr >!>» lije iir/^'j — c «. uz_;:t — to thaSf 
e, = 1 : f » *Jm ft rft'i'.CAl K -I Ji-'.* cf c ; n k call«i t2* penod <^ 

ifMfrn%lorjt 0/ tit tfjwtt yrV f I 'r*. tJne lamit cueu, eoA d^tev^ ie Kritkm m 
yim«n um and 'le mune f£K aUniAA. 

limitM Ae Ptriedi. 

AmnMpit tLe qofttenuou of the group t^ere is one sec— or ose qaoeniioa 
•t kftNt— 'Who^e ftrg>anerit b the sm^Iest which th« group contaifift. Let f be 
n'.'Ti a o 'latfrrTii'on, and mon-^^ver fi- h tJi^t ■•j axis >L forms wi:h eome other 
!^z..' u of the group the ez&all'^v angle ^'J.e caie = exoIuie>i) which the 
ftziA «ff «r»jr q*iftt«iT.ion of the froup with the fcullest argumect can foiB witb 
ongr other ftzi* of the groap. Under this hjpotheais we hftve, if r be the qaB> 
VuiMitt whoiO ftxa is « 

rr.t/rrr7r> jTJiji. 

From the product rqr is <2'. I . .'i'l ea-^ilj 

Y,uYrqr= 2T^ . 
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In order that the condition TV.ftUVrgr^ 7FA^ may be fulQlled, we must 
therefore hnve 

(vi) V*g> V*rqr, or S*q<8'qt', 

i. e. cos'^t S 003*0 , 

where 0 is the urgumont of rqr; ^, however, is by Hypothesis the smallest argu- 
ment whicli the group can possess, so that the only possible suppoiiiliou ib 

cos'^ — cos* & , or Stjr* = dz Sq. 

Remembering that S'r—'V*r=l (since Tr = I) and that rss Sr+ Vr, W9 have, 
if the sign before the second member be plus, 

(rii) Sr.Sqr=0, 

but if minus, 

,S.rqrVr=0. 

The latter of these conditions, however, would give 

. tan ^ = tan ^ ; 

now as ^ by hypothesis cannot be smaller than ^ , we should have 

£9l^= db 1 , i«. jk= ± , 

and r would be a power of 7 , a case wc evidently do not need to consider. Wc 
have reTnniiiin<; therefore only the former Condition Sr.Sqr^iO, which com- 
pels us to write either 

SrszO, or SqrssiO. 
The case Sr= 0 afTords a possible solution, and dclcrminGs for r the period i. 

But perhaps Sipr^O is also a solution. On the supposition that it is, write 
or in the form 

I 1 I 1 

This equation shows that the axes of {r and qrrqi make equal angles with the 
axis of q. This angle cannot be smaller than the angle between X and n, and 
we have, if we rewrite the condition (vi) for this case, 

(vi)' S*qr>S*r, 

so that the coiiilifion Sf/r= 0 deiniuuls also that *SV = 0; that is, the two condi- 
tions in question are equivalent, and /■ hus in any cose the period 4. Wc 
have therefore the following result : 

II. 1/ 7 antt r belong io a finite quaternion group, and if the argument of qU 

thr /trnftUeKl ir/u'rh (he (/roup cortldlns, find {/ (fie nin/Ie Ixtinrn (he ares of q mid r is 
the umaUest one existing bduxxti i/te axis of a quaternion toitit, tlui smaUest argument 



uad anjf dhtr axit the group {the anjk urv or ziji tjxt^Acdj, tli-.u Sr = 0 ami 
thB»<^ ntemiUg ike period 4. 

One quKlernioD belonging to the group it 

5'= rqr-*zs 00* ^ + fin f , 

where X' = //>.'i~'. If now we fonn the pnKluct which ni L-t aL«o bo a 

qtiutoniion (>f tlio group — we shall God, bj the moe proceM u thai bj which 
(v) wa« found, that 

(vy F.x^^vvv=;;^^.n^ 

and ftincc ^ is the 6iuaUc':it arguuicul of the up. 

from whidi and the preceding equation it foUowa, that 

(viii) 2*7. X UVqifq < TVJtX. 

Tbia last inequality abows that the axia of q^q^ if it do not eoindde with X or 

X', intiat lie between (hem and therefore coincide with «, for u is the only axia 
lying betweca these limit.-^. We have therefore three possibilities: 

777 = 7 or 777 = -y", or y/7 = u', 
whore x, y, z are integers. The case if/j = v''f if wo develop Uio equation 
qt/ — and operate with F.% on the result, i^ves 

0= F.M'ctnf + r.xm', 

(ix) ^=y.>X fAsk^—X' — XSXK\ 
and finally, by means of the operation S. 7.' , 

wliich means simply— according to (I)— that 7' is a power of 5. The second 
case (jf^q = <f and the case q^'q = /x' = d: 1, give a similar result, since ^ 
becomes respectively q' = (f"' and ^^^q~*. We therefore condu^ 

IIL ThU ^ qmiUmion quqtr^q , if it bdiutg to a Jbtile grtmpt w tUktar a 
jmcer of q, or is equal to ±l u; iirorlilnl u , at romjtarcd with all the other OJce* of 
tlie group, forme vtiUi axis 0/ q dte minimum angle. 

Oroupe tekich iate a period greater iiAon 10. 
In order that the equation 77*7 = q'' (or 7' =: 7''*) may be satisfied, we most 
have /tXft~' = db X, which dcmnnd:^ furihcr, that cither 

(x) V'A.:i= 0, or 

(xi) SXit=0, 



SnuMaHAM : Ddermmatioii &a JfWie Quaternion Ortmpt. 849 



thftt is, id either parallol or perpendicular to ^ If however q^q — ±. ft should 
be BMtiflfiAd^ ih«n 

(zii) i9M' = — ctn^ctn2^. 

T!t» smallMt value whkh^eaahere aasume is-^ » andoonreqKnidingtodiie 
value we Iwre 

S7JJ= — \, ?: = X = ft = t/'; 
that is, r is a power of , a case wc do not consider. The condition qi/g = zb fi , 

therefore, is only possible when ^ is greater than -^tue. when q has a period 

less than 12; and since it will be shown in the sequel (p. 353, VI) that the largest 
I)eri<)il of a finite trrotip luiving more thiiii a single axis must be an even period, 
it follows that the cunditiou in quciitiou can exist only when the period of j does 
not exceed 10. We have, therefore, if the period of 9 be greater than 10, 
the angle oonditioii (xi ;, the condition (x) being irrelevant. Since of all the 
axes of the group u has the greatest inclination to the axis ot q, it foUows from 
the results just obtained, titat 

nr. ^ q haa a period greaier than 10, aJltke am* 0/ ihe group, except that of 
q Uaf/, He in tha pkmo—paatinff l&ivi^ the mrtgin-^ wAieA tke asdt of qi» per- 
f.end{cular. 

It will next be slinwn, that 

V. Of a group containing a pt rioU greater l/ian 10, all t/ie qiuUerniom tckidt 
mt not pomn «/ q have oHker^ period i or i. 

If there be a quaternion • of the groiqi, whose period is daflbrant froa 

4 or 2 and which is not a power of q , then there nuLst bo .several such — with 
(lillereMt axes, but with the same argument — wh'u li tun be formed by mean.s of 
the tiivnsfurmations ■ • • i*ct us suppose, tlicrefore, that tliere 

are two such quaternions « , / with the argument x aud the axes v , V. Then by 
IV, cither TW coincides with % , or else it lies in the same plane with Vo and 
Vtf i that is, we must hare cither 

s.vrH>/ = s.r' iw=o, 

or S.vtnw = 0. 

Tlicsc two equations are eijuivalent respectively to 

l).8in 2^ = 0 
and 7W.ain*x=0. 
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EUtiereqiatioa would be MtisSedlsj&v'sl* or vbub tiie aiae thio^ 
lij Vtt'=0, in which awe, howeTer. t xtA -.' wouIL - rarj to hjpociiMiiy 

r/iiti'-ide; hence mn-t ' i chi>*eQ u to nuke either *.a 2^ or jin T4nl*h, 

thatiitOMy, miut beuiiaUgral muluple e;Uterof O. or of Q.E.D. 

Cyrloifmie{KitMitJu 'J'ini] ) Gnuj^. If the condition 97'^=^*, £.& T3l|i=0, 

be fulfillod. all the axes of tl.o crro-ip coiri'^I'le wi-h /. . 

The group cootaiiu then oiiijr powers of a fi»gle (^.latenu'^a q. If ^ be 
written in the form 

A = CM |-3k.8:n — . 

' m "« 

we may Xiwume as the gcucTAtor of the gr< :j> anv piw.t-r <>f 7 of the f rm r'. 
where a is prime to m ; the powers of ^ form a cvdotomic group of the m * order. 
Hinoe there ere ^(et) numbers prime to ei, there are ^(n) soch cydotMuc 
groupe composed of powers of q. Regarded as a whole, such groopaare repeti- 
tions of each other wri'TfTi in difT-Tent or'l«-r. 

If, besides the powers of q , there exist, as beion^ng to the group, onlj 
qnatemtons of the period 2 , sudi quaternions are erideotlj all identical with 
each other and equal to — 1. Ifthis be combined with all the qoatemionsi^ a 
cydotomic group of even order, eay m , the resulting group will b< a crclotomic 
group of ordtT 2m. coiup^ii^'J «f the jiowcrs of { — >/) . If. on the other hand, 
a cjclotomtc group of even order be combined with — 1 , the result will be the 
same cydotomic group again. 

ne JknMe-Pyramid Onupt. If besides the m powers of 9, ai bdng 
even, there exists in the group a quaternion having the period 4 . whi 'h we may 
represent hy the vector u — and ft is in this case also perpendicular to a — 
then, by combining n wiili all the powers of 9 , wc can form m other quaternions 

fiq, lif/, . . . ur/', 

(or what is the same thing gn, (f[i, . . . . q'^i, i-hwa u/ = q~'it) whidi 
together with the m powers of q eompoee a group of the order 2m. It, how- 
ever, m be odd. then bc:-idcs the 2m quaternions jost mentioned, the group will 
contain 2m other quaternions 

h''J . , . • . • «*'/" D** = ~ 0 

/'''y » f*Y ..... f»''i" Cf<* = — f»] . 

and the group will therefore he of the (vder 4m. Henoe the order of ereiy 
quaternion group of this tjpc is a multiple of 4. 
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Suppose l;;; to be tlic order of a doublc-pyraniid proiip. Then q has the 
period 2rfi , aud wc have just seen that there are ^ (2»i) difTeront powers of q , 
rapimented by ^ (where a is prime to m) my one of which will genente the 
cydotomic group of the 2m*^ order. We can use any one of these powers q' as 

one of the gonerators of the dmible-pyramid protip of (lio 2»«"^ order, fi being 
the other generator, and can thus obtain thiB group also in ^ (2in) different 
Ibmw. 

0roiup9 contamiHff no Period greater than 10. 

The Period 10. If 9 haa a period not exceeding 10, we have then, for the 
determination of the an^e between X and ^, the condition (xii), p. 340, vis: 

(ni) i9.(;tfi)*Si5UL'= — ctn^dJi2^. 

For the period 10, therefore, we have 

— ooa a/~ - cte ctn nr^ » 

if %f denote the angle which ;tmake8 with i «. if / he the an^o between X 
andfi. Hence 

whore c= Lt*" . If wc write fi = i and make the plane of (A, fi) that of 

{i, k), wc sluiU iiud tlie values of % uud to be 

a. = icoa/-i-^Bin/= J ^^^ , 

e . - . 8 t+i—^k 
<,=eo.^+Xrin-j- = ^t^. 

where <.''= ^ I5y combining (ji and / and llioir powers and iskhIiu Is in 

all possible ways, we shall generate a closed group consisting of 120 dillereut 
qaatemion» : — Uie Double- 1 k-asa/udron Group, q and t are called the generators 
of the group. (Tlie quaternions of this and the following groups are written 
out in full in the aocompanying tables /. — , pp. 354, 355.) 
Having chosen ft = wc might then have written, instead of 

K = i COS f+k sin /, 

this value: 

;i = t COS /+j sin/. 
The latter assumption would evidently — on account of the KviiinH-try "f 
the i, j, k, in their relations to each otlter — ix'sult in a group isiuiilur lo the 
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one determined by the former value oC X. It will be found that the two 
groups differ only by an interchange of « and J, and it i» also easy to show 
that the former group become* the latter by applying to it the tranaformation 
(1— (1— tliiit by writing, in the former group, for uxh quatcr- 
luon q the quaternion {1 — k).q.{l — Two such groups are called 
similar and isomoriiluo*. 

l%e Period 8. If q luis the period 8 , then 41 = -^ and 
<85W/=— cosV=— ctn-j ctn|-=0, 

4 

Writing X = » , we have 

1 +i 

and ainoe ^ forms with X an angle of 45°, wc may assume 

g and n will then be the generators of a dosed group of 48 quaternions:— the 
Douik-OkaAedron Chomp, The choice = could etridcntly equally well 

i+h 

have been made ; it turns out however that q and ■j^=^ generate the same group 
as o and — ' , • 

The Period 6. If 6 be the period of q, then ^ = y and 
jSU' = — COS Vss — otn -|- eta ^ = y . 

Here, if we write ^ = i and determine the piano (X . fi) in such a way that 
it bieectti the angle between^' and k, we shall have for t)ie values of X and q 



* C. Jontaa, TMM 4m aMMaUMH «k te HMrtlnnii algubriquva, iip. 8S, sa 
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q and i arc the generators of a group of the 24"* order : — the Double- Tetrahedron 
Group. 

77ie Period i. If q have the period 4 , then q=X. If the condition (xii) 

be applied to this caae, we find Sg^q = 0 = SM! , /= -j- , and thus obtam the 

same value of / wluch gave rise toihe doableniktehe&on group ; and we should 
in Jhot obtain this same groap for the above value of / in the present case. 

This results from the fact that the product would bo a quatcrnii n liaving 8 
for its period. We may tlicrefore throw aside the condition (xii) aud applying 
(xi) — t. e. SXfi = 0— write 

X = i, fi=J, 

which two quaternions are the generators of the well-known group of the 8'" 
cnrder, vh. dr 1, dsi, ±k. This is a special example of the double* 

pyramid type. 

T7ic PiriiKh- 11 , 9, 7, 5, 3. In order to prove that the above eiuiinera- 
tiou of the iiuito quaternion groups is exhaustive, it will only be necessary to 
show, 

YL l%at the ffreuM period cmlauwd iu tmjffinUe qwOanion jfrem^ wHmA If 
not a ei/dotmie groups it even. 

The smallest aigumentwhidi can belong to an odd period «i is — • If audi 

an aigoment however belong to a finite group which possesses mora than a single 
axis, it cannot be the smallest argument in the group ; for if 9 be the quaternion 

whose aigument is — 1 m being odd, and if ft be as before the axis most inclined 

to that of q, then qm*q'~f~ = — q * belongs to the group, and since 
— q * = — cos 9 — A, Sin - ^— 9 

ss ooe(2md + 1-) + X sin (2mQ 

ss cos + A ani — > 
m ^ m 

therefore the group ccmtaios the argument — > which is half of — 1 and thus the 

proposition i.s proved. With tliis demoDstrallon ends the possibiHty of forming 
any other clikss of finite quaternion groups than those above enumerated. 

Vol- IV. 



TiMet of the live Different Types of Groupt. 

The explicit formalao which Qomstitute the five different typos of groups are 
oontained iu the following tables. N~ order of the group. 

I.. 

The Ojfdobmie Oroupt, 

These hare the fonn 

I?*, i?**, .... 7""; N= m, a prime to m; 

wheie q is any quaternion having tbe period m . 

1. l%e DoMe-Pymmid Chroupa. 

Tlieae have the form 

8^1 5^1 

Itft ci** • • • • MS**"; i^=4nt a prime to 2n; 

where 7 is any quaternion iiuving the period 2;> , and where ft is a vector lying 
in the plane perpendicular to the axi^ of 7 . [-S^ = 0.] 

2. Q^: Til' i-j-k Group, viz: 
±1, J, i. 

This is a special case of 

The Doubh-Ibtrahedron Group, 

6=1,2,3,4; 17 = 1,2,3,4,6,6; N=2i. 

<?«. 

77ic Double- Oklahedron Group. 

(^)- (x^^y- (7^)' 

vvrJ' tvt;* C-^r?;' 

(vf)' (W)' Cva)' 

c = l 8; }7 = 1 6; ^ = 1,....4; A^s 48 . 
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Qm- 

1. The Doubh-Ikoaahedrm Chttup. 

(H^ti^j. (L±4±f)'. (i±^y. 
C^^)' (^^-0' ('^J- 

(l±^)-, (Lzi*±«)-. 
(i±i+i±i)'. (-lzi±*y. (i±i:=i^y. C-:^)'. 

(i±^±^*y, (i+^+^iy, ^ i+«+<>y , 

V — 2 — I — 3 — ir -;' 

(i±4±iy. (H^tiy. (i±^y. 

e=l 4j >7 = 1 6; f=l 10; JV=120. 

e g— . 1 

2. Q'm : A second Double-Ikoflaliedroii Oroup diflTeriog firom the above hy 

the intcrchungc of c witli f' . 

Tlic grou^^KS ^, ami (^,, arc coiiUiinod in , iiiul in as iiLM iiiutiilile 
sub-groupa.* Alao a doublc-pyraniid group of the itn'*' order contains a cyclo- 
tomic group of the 2m"' order as a permutabfe (ausgenichnet) aub-groap. The 
group oontaina no pcrmuiabJe sub-group except the groi^^ 1 of the 2* order. 

The vectors of the quaternions of these various groups represent geometri- 
cally the axes of symmetry of the corresponding regular polyhcdra ; that ih, they 
are the diameters of the circumscribed sphere, which psiss either tliroiigh summits, 
or middle points of faces, or middle points of edges. 

• < .1 rOjui, "TkaiMdMrnbakitBtiunN i jr i ..o; umi w. Bjywk, "OiB|i|iBiuia lirwHpBrtiWi 
lOuiuium iwliM lUobeB," JHWa. .^mh. U<1. X VU, ii. m. 
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Thfi Orf/tiji^ of }f',r^m'nt4 of th' R' rpjat P<J'jjM»Jra in tAnx-dtny^ioanl S^ifKt, 
It f- wf-Ii know ri that any 'i!-; I ii^'^m»?nt of a sphere a^^j'it iy centn? u a 
fixi-A ]«>iril can \>e r»;|jlaced by a sim;-!-,* rotation a!>5ul a determinate axi*. and 
that audi • rotation is represented by the operator 9 ( ) 7 being a quatenuon 
irho«e axifl ia the axui of rotation and the double of wboee angle is the tfrnonnt 
of rotation, from the fore'^oinj? dis("i:--ion, therefore, it (bUom immediately 
that all the finite groups of aiitomorj l.io traa«fonna:ion3 of the sphere are re- 
preaented hy the varioua fjroupa of opemii-juj of the form q ( )q~^, when, for a 
ghren groop, 7 anrnnea all the values 4^ the different quaternions in Mme one 
of the above enumerated quaternion groups. The linear transformations of 
Gordan are therefore represented in t}ie ful! iwirs^ «rheme. 

/.()/"'. If J a^ume all the values of the quatemioo^ of a cyclotomic 
group of the a/* or 201** order, m being odd, then the operaton of 9 () 
^( .... )f * represent the m morements, or rotations about the 
axis of f/, which trun-port anjr vertex of a polyiron of m sides — wh.»f=e plane is 
perpendicular to the axis of 7 — into all the other vertiws of the polygon suc- 
cessively. These rotations I call the automorphic or ^If-con^uent movements 
of the polygon.* 

<^*>()<^te'' If 9 assume successively the values of the quatenru>n.<< of a 
douhle-pyraniid group of the order 4h , the resulting rotations g{)q~^ will re- 
pre.Hcnt all the liclf-congrucut mo%'ements (Beweffuntfcn ia nch) of a double 
pyramid having in all 4n faces. 

^0 ^M*- If 9 assume suooessively the values of the qoatemions of the 
group Q„, then tli<- r operators '/Ov' represent the 12 self-oongnient move- 
ments of the tetrahedron, such that its four summits 

i+j + k -i-j + k i-j-ib -i+i-* . 

its four centres of faces 

_ i+J+i -«-/+* _ 

and its six middle points of edges 

±», ±i, ±*, 

arc separately permuted with each other. 



•1 call n fipirf iwlf-consrui-nt. wh«-n wiUioul iiniliTKuiriK iiny i Iuhik'' wlinlo. like parte— as 

|at>iiiti« with iMiitit-t. liiii-H « ith liiii-n. i ti:.— ari> iiitt-rrliaagctl. tjulX-cwnt;nicut muvuinvnls or ruteliuaa are 
tliiM wlitrli |ir<Hlucu HIK li ail iiiti>rcluiD;;t' uf like ( lomflOta i llm all Um Wlllillt— 4lC S IflHW SImNU ttS 
ccnUii as a lisinl pMat arv BcU-cuuipnicul ntuvenivuto. 



QmOQii^' If ^ quaternions of the group be substituted for g in 
q ( )^*« the resulting transformations will be the 24 self-ooograent morements 
of the oktahedron. The summits of this oktahedron are 

±i. ±y, 

ite centres of faces are 

. . — »— j + t ■_ i—j — k . —i+ j—k . 

and its middle points of edges are 

. J±k . *±» . »±J ■ 

and the movements in question permute these ftkf elements with euch other. 

^iJo( ) Qui- Fi'ially> y ( )'/"'> V nmdc to assujnc all the values in 
Qaot the result will be tlie 60 self-congruent movements of the ikosahcdron. 
We have here for summits 



toT centres of faces 

*^vf^' 

and for middle points of edges 

±1, ±y, ±k, 

.i±^j±.di ,j:iz<!k±.ti ,k±M±i 

^— — • =t — * — a • 

The above scheme contains all the possible finite groups of aatomorphic 
linear transformations of the sphere, or what is the same things of the plane of 

complex variables. 

SoawAiSBACB, SAZomr, atpttmlbtr, 1881. 



The C&umier'Piedal Surface of the EUifeoid, 



T}.*i pMttcuIar surface investigated in tLe pre*er.t [ it - r I* t:.:n.'.y or e of a 
» whor* profo-T''- M do n'i' ■^.■♦?:n ro liave fie^n s*.';i:<i<i: iLere ii ac I-^a.-: no 
tc^' iKti'vn to the a .ri'i'.e* in ar.y WMrk4 tlat I *rn a^-um:e-i iri'.h: fur/ner, 
I'f^f. Cajlej expre.-.-^ii Lu t^jllef liat the suSject u quhe new. The d^uuiuoa 
of ««ounter»pe<laI lurfiice u obtaiDed from the deSaiUoa of » pedal sorfkce bj a 
*«rf ulig^it change of the woHing. thus: a pedal furface is the lorm of ihic inter- 
section of th': tangent planes to a giren a'lrfa^^? with titrai.-'.t line* drawn from 
a giren point parallel to the normal; the ci>unier-pe<hil eurlace id the lociu of 
the inteneetioo of the Dormals to a given •iirCtee with planes drawn throng 
a given point parallel to the tangent planes. We can have in like manner pedal 
tpirvn^ and counter-pedal curves. Pr-Mcms ccnne'ned with counter-pedals, 
whctfif?r curves or firfnc;-. will in tr-ricral !c nijre ditliciilt than th<:>sc connected 
with p*;flal9, za it would r<.«:m tlat in general ii»e degree of the count«r-|)eda] is 
bij^er than that of the pedal. Before taking up the analjtical' part of the work 
I mrut first expre.-ia my great oblign'iorii to Pr'jf. Caylcy fur iLo a^i:>tance he 
has given mc in thif connection, especially in Cndiiis; the eqiiation of the surface. 
I hifl fou.id the equation of the surface, but in a complicated form and enciun- 
Ifcred with a factor of the sixth degree, which I knew must exist but could not 
find. On presenting my difficulty to Prof. Cayley, he was good enoo^ to work 
out for me the equation of the suHacc in another and simpler form. The inves- 
ti;.'a'ion l/<:Iow to firid the equation <*f the surface is, with ><orae insicrnificant 
cliangCH, entirely due to Prof. Cayley. I have al.so recei%-ed assistance from him 
on many other minor {K>ints in working out the properties of this aorfaoe. I 
have not as yet done mueh on the general theory of coimter-pedal surfoces and 
mrvnn, hiit if one may judge anytliitii^ from analogy in the ca.se of the oounter- 
liedals of the ellipHc and cl)i|>8oid, tlicse new curvus and surfaces seem to be more 



Craig: f%e Ootmkr-PeM Surjaee lAe £IKjmo«?. 



869 



olosely related to negative pedab tlian to the direct peduk. For example, the 
degree of the negative and counter-pedals of the ellipee is lix ; the degree of 
the negative and connter-pedab of the ellipsoid is ten ; while the degree of the 

pedals is in each case four. In both of those cases the pole is supposed to be at 
the centre. If for the ellipse the pole is taken at the focus, the negative pedal is 
a curve of the fourth degree having the lines + ^ = 0 for stationary tangents. 

The oounter-pedal surface of the ellipsoid, as considered in the following, ia 
the locus of the intersections of central plane* parallel to the tangent phnes oS 
the ellip.soiil with the normals at the corresponding points of contact. The 
ellipsoid is given by the equation 

The length of the central pttrpttidiettlar upon the tangent plane to the 
ellipsoid at any point may be denoted by P ; then 

fiirther write 

o, /3, y = J» — c», f> — a\ a*—h*. 
Denote by x, // , z the coordinates of a point on the couiUcr-pcdat corres- 
ponding to a point ^ , >; , ^ on the ellipsoid, thcu it is obvious that these are 
given by the equations 

In order to find the ecpuitiou of the counter-pcdol we have to eliminate 
^, ri, i between these equations and 

^+|-+-^='- 

It is to be noticed that these equations give 

«« + !W + <=a? + »* + ^. 

«' ^ 6' ^ 

The geometrical meaning of these equations is obvious ; one should be able 
to eliminate between these and the equation of the ellipsoid and find the equa- 



^.js»x lixr.^^ -j^^-jAi '-f li* :^rr«: t~ I i s:: £ii tbe 



ft'«a *;>>i«ft T;/ «Ii cf 



.>-r:- r--- I 

For jrr***^«.5.Ter;4r.ce refl».»jt*. y*, «*, «*. i*. <* -jx, jr. i, m, 4, e, 
tita V/ £:.'! rv^?;!?*'! e^iUAriis w« tare to eli=u=aae i be:v««a 

— +— + — =1 



«J*;cb it to be eomtbed with 

. a 4- 1/ ^ 1 6 + 1/ ^ ,e + H - * • 

We b»v« thai to elimiaate ( between e eextie and a qtuidtatie equktioa. 
TuK ma'Jbod followed bj F>o£ Cajley to effect tius elumnatioa b w follows: 

Expttdiag tbe quadntie H it 

f« + jr + sji' + [fft + (« + «) Jf + (a + f + fcr+ovjr -h ak=0. 

Write thii aa 

/'f-H + £ = 0- 

De&ote bjr ^ and the t'^>u of tL> qua'iratic, then we have 

/¥ + + = - /, .v' — O . 
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The iniuimuin vuluc of < iii of coui-i$c — a, oud ila uiaxtuiuiu value — c. 
Hoke < = — a, then we have 

«'(*+ff+»)-*o(6+ca+e+a y+o+6 s)+S«r+eajr+a&8=P(a+^)(ff+'i) 
and obviously 

+ (a + - ; V 

P{c + U){c + U) = -ai3z 
The quMtitj (fi — ^)* will be needed ; this w given by 

Vi — h) — ^ 

Substituting for P, Q, i2 titcir values, tliis in 

It . ^ — + W + r*^ - V.V- - 2^9iiy — 2r«CT 

or say 

The values of d and ^, aubetituted in the sextio equation, will lead to the 
ezpfession required for the equation of the counter^pedaL The sextio expanded 

is 

Wrile Uiid as 

denote by the suifix 1 or 2 the result of subetituUn^ for / its vulues ti and 4 ; 
multipljing together the two identiciil equations tims obtaiucd we have 

ibis expanded is 

+ + B,Ci) heut + (^,(7, + cazx + (jIA + ^A) "fay 
— (JiA + -d,Z>i)aaB — (AA + iJ^) Ay— 0'iA)«= 0. 
Using the above equations pving the values of y, s, the coefficients 
in this are «eadily found. 

ilA = (6 + <,)• (6 -H d)» (c + (e + li)" = 5^ . ay^ 

AA = (« + 0' + V- • + = '12" • «y 

Vou IV. 
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= (a + (" + ',)' [('^ + )• {f> + + (c + /,)» + M'] 

= (" + (« + f,Y [a' - /,)• + 2 6 + . b + tt . c + ti .c + Q 

+ + (c + (« + t,y {h+t^{c-k-hy 

= (i + (/> + '.)• (c + 'l)' (c + i(<i + tt)* + (tt + <|)'J . 

-^'"V^Lpf- J.J 

The renuuniDg values arc written down by symmetrjr. Subfltitution of these 
values in the above equation givea 

+ xyz '^1- {{bae + ixtjf + ufe) y + 2aya [Ac^y + caya + aba^} | 

The whole ezpreMion dividea bj the fketor 

effect this division, then multiply out by p* and reduce further by noting that 
+ &/9 + <7= 0. The terme in the reault contuimng f^a^ aa a fiwtor are 

easily seen to bo 

P'xfjz [«V + b*^ H- c*y» + + 2}'aai + 2o^o6] = I*xifz{aa + b^ + cy)»=0. 

The terms remaining arc now 

This is the equation uf u xkuw surface of tlie fifth degree. The principal 
section in the plane of a-y is the cubic 

(a — byxy - (ix + ay) (x + i^)' = 0 , 
Thie has an asymptote 

which meets the curve in 
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There is further on asymptotic parabola 

(x + y)* = ax + hi/ + ub , 
and this meets the curve in _ i „ _ 



+ 



{e + tf 
e 



.=.1. 



The discussion of this surface is reserved for the present, but wo may just 
notice the values of the ooSrdinates of a point on aaj of the prindpol MMStkMa 
oorreapondittg to « given value of < . We have 

a J- fjif 

For the section in the phne «=:0 we may write 

»_ (A +<)(«+<) 

Introduciiif]; tli'iH value of J/ wc have the vahios of y and 2 coiTCsponding to 
a; = 0. Siiuilarly the counhaatos of a point in tlic other two planus may be 
given. Amnged in tabular form these are 



then 
and so 









(« + <)(« + <)' 




(a + J)'(6 + <) 








(o-a)t 








(6-e)* 


y=0 


(« + <)'(«+<) 


y = — 


(a + 0(4 + 0' 
(a—b)l 




(6-c)t 


s — 


(o-a)t 


s = 0 





The equations of tite sections of the skew surihce comeponding to these sets 
of values of «, s are 

(6-c)V- (qr + + 2)' = 0. 
(c — a/M! — (as + <a) (s + = 0 , 
(a-6)Vy- (te + a^Hx + yy= 0. 
Tf ill the cfiuatioii of llio skew surface we replace x, y, z, a, b, c by the 
fipiarcs of these i)uantitiea wo have at once the i*eqiiire<l equation of tl»c oounteiv 
pcdul. The corrti»[>ondcnco between these two surfaces is such that to every 



364 



CbaW: Tit CouM^'PtJtil &u/aet </ tkt EHi/moid. 



jpnermUir oo the ruled nir&ce ooi respouds m certain curre oo the comter»pedaL 

The nin'e am! ^i>«nit<*r mre (iHind bv tnvins / a rcrtoin co:i«iaQl value in both 

<-ri- - Til" li:,' - -> , ;>io frinpafMi] >rre?<tion>lins; tij a given Tulue of larereadilj 
found. Kecjuired tu find the line ou 

ff» i' *• 

«» ^ 4^ ^ «» * 
for which f , t. e. — has a cnn<tuiit value, saj — 4: this ^trea 

the required cam ia then the intersection of the two oUipaoidt 

H ,! ^ 

+ + V = l 

U' Ij' (- 

<r« V/ '4' ^ J 

« 6 <• 

Tlic jirojcftions of this ciin-e oii thf 'iMT'linafo planes are evideoUy OOuics; 
the projcctiuii ou the plane of j- tor exainiilo is iLe }iv[« rbula 

Yvitm th<?ir di'linitinii, th(;.«<; cnrves arc obviou^lj lV>in.*ot"s pollhoilcs. For the 
value /, = h* the cun'e on the ellipsoid is the ae^nUiujf |H>llhode ; its projection 
on the plane a ia the pair of lioce 

? a»— V ^ 

"a* • ~? 

The pollhodc iteclf coiuistd of two ellipses wboee planes pass through the axis 
of p . The curvea on the ooimter-pedal oorreaponding to a certain omiBtant Talue 

of f, Lf.— arc found K\ in^ off on the normals to the ellipaoid along the 
corrci<i)on'liiiir pollliodc td • IrnL'tli /'. Tlie oTtretnitii's of these lines also lio in 
that parallel to the ellip.soiil fur which the modulus = the liftcs on the a>uuter- 
pedal are then the intersections of the inner sheet of the parallel surihoe with 
the eonnterpedal. These are only partial intersections, and I have not been able 
to determine the degree of tlic curve. 

Tlie equation of the counter-pedal is obtained from that of theskewam&ee 
as alHtvi: indicated, and is 

- (<i*a'ys!» + y^it» + c»y»x»i^) (a V + + y^i* — 2o.3xjf — 2?ygt — 2yasx) 



L iju,^ jd by Google 
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The eoiinter-pcdiil is thorcfore of tlie teiitlidogrcc — the pume degree as tlmt 
of the negative pedal of tlie ellipsoid. The terms arc grouped into thoflO of iho 
sixth, eighth, and tenth dejiprocs respectively. Writing 

A=\Xafy, J = 2aV, 0=7»ihf, 
DzsZeMi^, E^XSafijf^, G^icf^jfj^, 
the equation may he written 

or, writing 

B-E=-L, AC—D^M, 

the equation is 

The L is the v of the above. For G = 0 with M= 0 we have the principal 
flections of the surface — complete in the planes ^ = 0 and .r= 0 , Imt na we shall 
see not complete in ^ = 0. Thc$e principal sectiouu are the cuuuier-pedalh of 
the principal sections of the ellipsoid together with, in the phme y = 0 , a certain 
pair of straight lines. The equations of the oounter>pedab of the prindpal 
ellipses are 

(I? - c>y i/^ - (cv + 1?^) (z^ + = 0 , 

(c»-a«)»8»a* - (ay + cV) (a« + = 0 , 

The eoftrdinates of a point on each of these sextic eurres are given hy the 
table 



(A' — 
(6» — c')/ 



(c' + f)(a*+ <)» 

2^ = 0 



z = 0 



It in important to notico that those valnes go in pair?. For values of — t <C fi* 
the fuxt and second columns give real value.s of x, ^andz, while the tliird 
gives iuiaginnry values; for — t=ib* the first and third columns vanish; fur 
values of — < > the first column is imaginary while the second and third are 
real. This remark is important in making a drawing or model of the surfiioe, aa 
it shows just what points in the three cross sections are to be united. 




Tun y,t*'i',h OBA '/ i.i pLi:.* jf = 0 cffm*i'tz.'h to nJaes of 

I Jy:* <rw» — A' fcf.l — U t/> <y>rT*?;<i^:::z poit'j- in lie loop JT; 

»;.'• v .: of t;,'; '/-rr = -y,r.'l^.',;r ff'jir.'* in OiVil »t4 i'- '-'i fn^ra like abore 
t*'/>. T/i'r y.T^.'.i) fjCA I- j'/i :.'-.'] hi I ke rnan&frf to Z/. The -irijl". !>?tiers indi- 
c*'/! 'y*rr«;';^*/*'iif.;{ liit.h'-A mA tAinn Ut auow coat^pl^telj hoir • drawiag or model 
f$f tilt p'irftif:n may t«« or/iittnicted. 

fit wMkiriK • 4nwi$*ti »ijr&« it will of ooune be derinble to woric 
(l.'r rmni'rri'al vsilufi of a f»;vr of ;5,<r cfjlTT-fKiri'lirig p<^»:r,T.-< though the lines 
Mi'-rn Will Icivi- to I," fll!'-'! iri ! y thf; — nr;!- — iii'I<f--<l one chooses to 
go lUKiu/Jt a v<;ry tcJioiii* f:oiit|"iUtioii to find the intermediate poiuia through 
wUuii Ui Uaco thorn. 



. o^ jd by Google 
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The lines 

are dearly double lines on the surfiico ; & section of the surface through the point 
a of Fig. 1 will omMisl of two curves like Fig. 2. 




FigJl. 



This section gives only eight real points of intersection with a right lino. 
There are four real ringuhr points of the nature of triple points in the plane of 
y = 0 and an equal number of imaginary ones in the othertWO plaiicH ; llu- orij^in 
is a singulu: point of » very high order and will hardly repay study. The double 
lines 

on the counter-pedal correspond to the sepwratingpollhode on the ellipsoid; the 
ptojeetion of these lines has been shown to be 

a» ■ a' c» ' c» ' 
the angle between these projectioiiH luid the double hnus being called 0, we have 

cos e = («» + c») Var{a* -f. c') -foV + cy. 

This is a right angle only for ellipsoids of revolution, as wc can only have 
c(»sfl = 0 fora = 0 ory={). The projection and the double lino will coin- 
cide with each other for CO8 0 = I ; this gives 

The double lines are at rig^t an|^ for an ellipsoid whose axes are conneebed 
by tiie relation 



I thought that the mnbilics of the ellipsoid might correspond to the above 
mentioned triple points or the counteivpedal ; on testing I found that they did 

not correspond, though there is a singular relation between the coordinates of the 
points corresponding to the umbilics and the coordinates of the triple points. 



tfae Tftl'je of I f<>r t!^«4« yiii.'* jt — ^- ^ •uSrh \us xa tbe aeeoad coloin 

of tbe ahov* Uble w« hftvc 

a» = -^. y=0. i»=— 

The c»&rdiaat«« «f tbe triple p<>i::ta oa tLe e&^jiter-pedkl are fi»d lij 
■ekiftg f s — i^; tbejr are 

^=-.i;;.. ,=0. ^=-g. 

Tiievaliieiofztuiidzf^>rthet«0 9«rie9of {N>iaueie jofc ioteidieag^ Tke 
ooaditioB that the umbiUca on the ellifnwid *a->uld oone^oud to the triple poinia 
on the eomter-pedal ia 

Betides the two stiai^ doable tines on the surface there are t«o other 

douhk litic^ who«c projectioTi-i an? "f a quadrifoU shape, the c ur re a in apace 
having the .<!amc ahape only Ijc-nt to tit the eurbce. 

The existence of thejse liue^ i« readiljr inferred from Fig. 1 ; thej are 
produoed by the intenection of the portion of the aorfiwe j<nning the loop E 
to the partial loop OB A with the p.riion which joins tho Iwp D to the partial 
loop OCA. The detiTcc of th''-'<" nclal lino" I have not hx-t^n able to determine. 

The lines of curvature on the couQter-pcdal to the ellipeoid are its interaec- 
(iona with the eoonter-pedals to the two eonfocal {MiriioloidflL I have not hem 
able to dednoe any resulta of eonseqoenoe oooeeming the cwrature of thia 
surface, hut in tlie next few pages I have given the values of all of the quantities 
employed by (tuust! in his invL-ti^riitioiis on the cun'ature of surfaces. These 
values will certainly be accessary in any future study of the cur^'ature of the 
oounter'pedal, lo it ia worth while giving them here, althoo^ I have not been 
able to determine in a simple manner the radii of conrmtore. 

Denoting by nnd r the curvilinear eoordinatea of a point on the mu&ce 
of the ellipsoid, wc have 

-/3yf = o»(a« + «)(a» + r). 
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Let Pt Pi» P» denote the three perpendicukn from the oentre upoa the 
tangent planee to the three oonfocal quadrios at their oommon point i,fit?t then 

JL- ^ 4- -I. C 



or in terms of u and v these are 

tw * 

j^^ («<'-h«)(6'+ti)(<^-H.) , 
* t»(« — e) 

The element of length (b pren in the form 
is of oourae for the ellipeoid 

2 V P} + i« • 

Denote hy ^ , jf , o the quantitiee which on the oounter^pedal oormpond 
io £, F, (r ou the original surface : 
then 

a )■+(!)' 

da ^ dy djr ^ d» di 
(hi dii <ib <fii lb 



Kow 
and therefore 



▼oblV. 
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SttlMtilutiug in the uxpresj'ion fur '/ we have 

To reduce litis, observe that 



* 5 ~ «» • d» ~ "JT * VduJ 4 «« ' 

Making these and other obviouB reductions we Itave 

or 

uf course it follows from the ajmimctrj of .V un'l that 

The reductions to be performed in order to find are * little diffbrent firom 
the above, but thi il> is no dilBcoIty in getting it; all three of these quantities 
maj be written as follows : 

__ i" / 1 . i'V . 1 J - 

•«~ 4 ciW' — 4 «• ' 
The element of length on the counter-pedal being now given bj 

becomes 
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Now 



The element of area of the counter-pedal is 



Thia ia eaaily brought into the form 



or again 



oraajr 

the element of area ia now 



d2 = 



1 r 



and for the total area we must have 



— •» -»• 

of oouree the area of the clUpeoid is 

dudp 



The ratio between correspouding elements of area ou tlie ellipsoid and ita 
counter>pedal is 

ds •'• 

Denoting by (a„ yi) and (a,, t',) the dinetiemxMuieB of the normals 
to the ellipeoid and eounter^pedal reapeetively at oorreaponding pointa, we have 
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or finally 



—k 



c 



6V 



du 
if 



du 
d9 



du 



The Tallies of ff and 0 mey coune be written down at onoe by eymmetiy. 
There are three other quantities necessary in obtaining the ezpreflrions for 
the radii of curvature, Ao^ by Gaues's method, viz. 



ft 






c/«' ' 




tlx 


<h 




./« • 


du ' 


(ifi 


rir 


dy 








4» 



&C., 



or 



A? 



cfs 



The values or these ezpresBod as determinants of the fourth order are essily 

found ; they are 



3*= 



da? 
da 

d. 



du' 

d? 
dr ' 



d'5 
du* 
d9 

d, 
diT* 



d«: 

du' 
du 
dv 



+ 2 



dk J 1 d,- 
dii ( a* du 
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If <ir nf^r v> *iA p«dhl. ve Lire $:>r «I«=ie£i of lec^ oa ibax 
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and l{^iea for the olemeut of length on the couiitiM -jioihil 

writing 



the last term vn da* becomes 

/J l\r*^_*h. 

It would be interesting to find an interpretntion of this last term, but I 

see DO means of doing it 

Denoting by dX the element of area on the pedal, we have 

also 

calling the quantity under the radical sign V* we have 

and for the ratio between the elements of area of the pedal and countor^pedal 
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Calling rzj, f'i.. :ui«l /J,, y, the diro<'(i(iii-co^iiics of the norma, at cor- 
rc8|H>ading puiubi to tho counter-pedal and pedal respectively, this ratio is the 
value of the determinant 



djt 
dx 



A 



Let f = 0 represent any Hurface, and denote bjJ|, F„ F( the deriva- 
tives of F with rL>«jK;ct to f , r,, ^. The equation of the tangent plane to this 
surface is (jc', y, denoting current coordinates in the plane) 

(« - « + (Jf - 1?) -P; + (« - 0 i« « 0 ; 

taking the origin as the pole we have for the perpendieular upon the tanguit 
plane 

where ^=FJ-{- F* + Ff. 

The direction-cosines of the normal, and therefore of p, are 



and the eofirdinatea of a point <m the pedal surlhoe are 



Writing = ft we have for the coordinates of a point on the eounterwpedal 

The cHuiiiiation off, *}, C litiwccn tliese equations and J^sO will pve tho 
equation of the ooimter^pedal of 2'^= 0. 



Write tiie oodrdiuates x, z in the form 

«ss{+», ]f=v + y, «=? + » 
nnd we hare tbtS* £* O the geneml valuee 

the qiMtttitiee-^i pcoportionol to the direction-ooMnea of the 

tangent to the eiirve ws const traeed on the original aurfiMW ; and . ''^'^ ^^'^ 

nre proportional to the direetion-ooeiiies of the tangent to the owrreapondiug 
curre v=cooai tnoed on the pedal; ealfing $ the angle between these two 
taqgsnts the ahova value of 2* is 

+7+ 2^/j^oos 9, 
Writing 9g={u, «), we may ako write 

The whole set of vnloes is then 

jj" = J + B + 2V «w 0, , 

£s=F+ F+ 'Weo cos 4>, + 2V£ g COS ^, 

« = -f- + (; cos 0,. 

It would be interesting to find the Kurfaccji for w!il< li du' i^ciuare of the 
element of length ou the oounter-pcdal in equal tu lliu t$iim ui' ilie s(j[uare8of the 
oomsponding elements on the given surboe and the pedal, i «; the surihoea 
which i^ve the relation 

or 

The conditions for tUs are obvbosly 

OOB0^ = O, CO8(^=0 

and 

Vi; ooe ^1 + V;^^ oos ^ = 0 ; 

Vok IV. 
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or otberwiae 

— rfc fix ^ fi^ fix ^ 

The quantities F> ITi «> my be written in the Ibnn 

There are mauj other general formulas that oae might write down, but it 
it haidly worth wliUe to do m. 
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Tables for the Binary SexHc. 
Tk$ Leading Oo^ghimtf 4/' the J%«< IS Oe 2& Cfooanantt. 
Br FionHBOs Oatlit. 



IndudiDg the Mxtio itMlf, the number of oovuiaiits of the binaiy wztio ia 
= 26, as shown in tliu table p. 296 of Clcbadi'e "Tfaeorie der Inniren ftlgebra- 
ischen Fomen," Leipoig 1872 ; vis. thii is 
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0 
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Obdeb. 
4 6 
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10 


12 


1 








/ 








3 


A 
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H 






8 
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(/. »■) 
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B 






(/. 0 




(if. 0 




6 






(•■.') 




0 






e 


Au 
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(/. 












8 
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((/. *•). 










10 


(/. l\ 


{/. l\ 












12 




((/. 0. 












15 


((/. »•). 1% 
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we have 

6, Coeff.a*=ae — b6 + c)' — d^ + ea, 
Z **=5a«-2fiy + 8ci9— 4cla, 

IT, ' x» = 2tt'i — /3V + — 2i'a , 

7, " SB* = 280a"f — 3r, + 1 0/'y — 205"/3 + 21f"a . 

Similni ly the invariant W and the lca<iing cooflioients of X, Y (Icpcnd on the 
coeihciculs of A, G and E*; and the invariant Z depends on the coeificieats of 
Q Mkd J^. But theae two inwrianta W and Z have been alreadj cateukted ; 
Tis., aa already mentioned, IF ia Salinon'a invariant D, and Z hia invariant Jff, 
given each of tliern in the second edition of his Tlijrher Algebra (but not repro- 
duced in the third edition): on iicoouiit of the trrciit lonr^th of theae ezpreasiona 
it has been thought that it wu^ not expedient to give them hero. 

For tiie reaaoD appearing abotve, I have added the ezpreaaionB for the 
lenuuning coefficiento of 0, B, Q. 



A, ^ 




(7, ^ 


J}, 7f 


E, 


F, at* 


G, a> 


E, a» 


a+1 


ng + 1 


ae + 1 


ar + 1 


actf + 1 


arr -\- 1 


nV + 1 


n\l + 1 




a*hf— 6 


a'bd— 4 




d/ —3 


</» — 1 


uie — 5 


abc —Z 




oc + 15 


c» + 3 




e» + 2 


a«i'e— 1 


«/ + 2 


oV +2 




<f -10 






«7,V — 1 


M + 2 


a%*d + 8 












ic/ + 3 


c» — 1 


6c» —6 












Me — 1 
















(»e —3 
















+2 
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1, ^ 






JC, 




A. 










0, 


aetg + 1 


«'/» 


+ 1 


• t 


+ 


\ 


«iV + 1 




1 


.Pr/g — 1 


fl»crf^ 0 


cr -1 




— 10 


'/ 




1 




— 1 


fffg — 

'-'.'/ + 


fi 


d,g + 1 


«/ — 1 


iP.j — 1 


«// 


+ 4 


itbrif 


— 


3 




— 1 


8 


+ 3 


d»/ + 3 


def +2 


«• 


+ 16 


iif 

he 


— 


2 




— 2 


e/» — 


3 


*y — 3 


— 2 


^ — 1 


<P«. 


— 12 


+ 


6 


+4 


aAV — 


1 


ab*/g + 1 


if 

+ 1 


— 1 


aW/H- IC 




+ 


9 




_ 1 




f> 


}^eg + 2 


h^r + 1 


/>V 


+ 0 


ale 


— 


17 




+ 3 




34 


i^r — 3 


Ik'<i 0 


hcdg + 2 


J 


12 


tP 




8 


Wed 


— 6 


^//'' + 


48 


UPg — 4 


— 14 


beef — 2 




-70 


a'Vg 


+ 


2 




•X- ^ 


/-Y — 


18 


bdtf — VI 


ice* +11 


MY —2 


ImP 


+ 48 


}?cf 
h*de 




6 








18 


ie» +15 


i<Z»e + 1 


+2 


c'e 


+ 48 




2 






cy — 


45 


^dg + 1 


ey + 9 


(•V — 1 




— 32 


ic»« 


+ 


6 






«/•(/ + 


4 


c»«/ + 9 


<Mi — 14 


'W + 2 










4 






cdef + 


78 


«V + 4 

nh* —21 


01? + 6 


+ 1 
















o-* — 


3G 


a%*cg 0 


cfPe —3 
















<Pf - 


48 


+ 8 


+ 8 


<f +1 
















«Pti> + 


28 


rtVAj _ 3 


— 9 




















0 


+ 6 


//•cV— 6 
b*rde +16 


















h*cPg + 


64 


/,'«■/+ 9 


















141 


+ 82 


/A/' — 8 


















+ 


81 


Ifd^ — 89 


6c»« — 3 


















h^h}— 


96 


h<*g — 9 


6c»<P+ 2 




















1 (18 


hMf— fiG 




















/>nP/ + 


9ti 


/,r',^ + 18 




















Mt* — 


126 


br<Pe + lQ 




















biPe + 


16 


hP —32 




















c*g + 


36 


cy +27 




















c»d/ — 


72 


,,V,' — 4r) 








ft 












cV — 


27 


c»<f +20 




















<^e + 


96 






















c* — 


32 
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an 




1 
X 


defy 




A 
u 


fa 




4 


% 


J. 


4 

it 






Q 
u 


ahct[<^ 




A 
D 


bceffj 


_1_ 


1R 
i_o 






10 


wijg 


4_ 
T 


19 


Oficg 




1 

LSi 


wrj 


1 


a 
li 


eg" 




4 
& 


&^g 




94 


cra/g 




1 


crej 


4. 


in 


(xPcg 


T 


us 


fXiJ 




19 


oc 




49 




19 


d*g 




90 


OCej 


1 

+ 


OA 


Of c 




o 

a. 


d o ug^ 


T 


4 


Oe/g 

;.»/' 

• "J 




19 


4. 
T 


Q 

a 


0 <rg- 




a 


crvt y 






IrCf'j 




OA 


o u vg 




19 


Irdj 




OA 


vrwrj 


1 

-T 


nil 




97 


iK/y 




ft 


hi^il^g 




49 


txrttj 


1 

+ 




tXj t J 






ocUrg 


1 


OA 


OCtl IJ 






hcd^ 


+ 




IM J 


1 


OA 






2A 


<*tg 


+ 


12 


c*r 

c\Pg 




22 




8 


f?def 


+ 


fiii 






& 


<>(Ff 




21 






as 


ifVe 






d* 




8 





Q 




R, 








— 1 


efg 

r 






+ a 






— a 


a*bc^ 






+ a 


hdfg 






— 21 


ht*g 






- i5 


hf* 






+ fifi 


^fg 


— 


2 


+ a 


cdeg 


+ 


& 


+ 4fi 


cdf* 


+ 


6 


- 12 


c^f 


— 


2 


— fii 


iPg 


— 


3 


— 1£ 


(Pef 


— 


3 


+ 3fi 


d(? 


+ 


1 


- a 


aVg' 




0 


- 2 


b'cfg 


+ 


i 


+ 12 


h*deg 


- 


5 


+ 122 


mp 




fi 


— Ifi 


lff*f 




1 


— Ul 


bc'eg 


— 


5 


— IM 


bc*P 


- 


6 


+ 18 


baPg 


+ 


1 


- 18 


U-d^f 


• 


m 


+ 21 


bee' 




23 


+ 222 


ypf 


+ 


ao 


— 18 




— 


33 


— 81 


c'dg 


— 


1 


+ 12 






as 


+ 153 


L>d^f 


— 


az 


— 3fi 


(?dt? 


— 


5a 


— 309 


ctPe 


+ 


12 


+ 312 


d* 




2i 


- fil 


a%*fg 




2 


0 


V<^g 
b*cf* 
l\Pg 


+ 




0 


+ 


6 


0 


+ 


2 


— 221 


b\1ef 




22 


+ 111 


b\^ 




22 


+ 51 


U>c'dg 




8 


+ aafi 


V<'ff 




32 


— IM 


VtxPf 




&a 


+ aai 


l?cd^ 


+ mi 


— 684 






22 


+ HI 


bc*y 


+ 


a 


— 12fi 


be'df 


+ 


M 


— C48 


icV 




21 


+ 432 






IM 


+ 564 


bciP 


+ 




— 288 


cV 




22 


+ 222 


c'dc 


+ 




— 450 






2Q 


+ 2iia 
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a/+ 2 

— 6 
erf + 4 



ay + 1 
cc — 9 



</— 6 
4 



«y + 1 



litmainitig CoefficiefU« C, E, 6. 

s o 



ay 




+ 1 


Cft/ 


— 1 


beg 


— 1 


Mf 


— 8 




+ 9 




+ f 




- 17 


<P 


+ 8 






+ 1 




— 1 




- 3 




4- 3 




+ 2 




— 1 




-8 


d>« 


+ 2 



jYufr. —In th» tables an thio |WKOi Q 
baa beentr«M«dUk«Uu»atli«rlettBn*, 
on the preoedias MM, tt* : 
of a hftTM 

Um flnt cf CfTClT MilM «( ( 
taioingst 



+ 
+ 

+ 

+ 



1 

2 
19 

8 
6 
44 
80 



ade 

hot 



7 
14 
14 

0 
21 
112 
70 



aeg •\- 1 

ad/ - 28 

— 14 

/k/ — 42 
Ixh + 108 
c'e — lOu 



adg 
aef 

l>cg 



0 
35 

35 
0 

105 
105 



aeg 

M.J 
H 

«// 



— 7 

— 14 
+ 28 
+ 42 
+ 14 

— 168 
+ 105 



a?y« 



<t/<J 
bey 
hf 
cdg 
ce/ 

c2e* 



- 7 
+ 14 

0 

+ 14 
+ 21 

— 112 
+ 70 



f>/9 

<Pij 
dr/ 



— 1 

— 2 
+ 19 
+ fi 

— 8 

— 44 
-J- 30 



deg 
dp 



+ 



The final result is that we have the values of the iovariants B, I, P, W, Z 
aad the leading coefficients of the oovariants A,CtD,B,Ft O, S, J, it, £, 

Jf, y, 0, Q, It: abo (he iiiciitis of aih^iilaUng the leading coefficients of the 
remaining covariauta S, T, U, V, X, Y. 
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